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Introduction

In 1957, while studying Hilbert’s famous thirteenth problem, A. N. Kolmogorov
[86] obtained the following remarkable result. Set I = [0, 1], R = (—o00, +00).

KOLMOGOROV’S THEOREM. There ezist increasing functions ¢pe(z) € C(I),
p=1,...,n,q=1,...,2n 41, such that an arbitrary given function

f(wlx'“ :xn) € C(In)

can be represented in the form

2n+1 n
(0°1) f (wla v awn) = Z 9q (Z‘Ppk (:Bp)) )

g=1 1
where g, € C(R) depend on f.

Thus, every continuous function of n variables can be represented by super-
positions of continuous functions of one variable and the simplest function of two
variables, namely, the sum of the variables. Earlier, Arnold [4], [5] showed that
fecC (I 3) can be represented by superpositions of continuous functions of two vari-
ables, while Kolmovorov himself [86] proved that f € C (I™) is always representable
as a superposition of continuous functions of three variables. Arnold’s theorem has
given a negative answer to Hilbert’s conjecture. (About Hilbert’s problems, we
refer the reader to [72], [143-144], [145], [125], [95], [97-98].)

Later on, Kolmogorov’s theorem was extended and improved by a great many
authors. (Of course, continuity is an essential requirement for representability by
superpositions to become a deep and important result. When it is removed, the
possibility of such representation is almost trivial. Let, say, f (z1,22,z3) be an ar-
bitrary function on I3, and let z; = ®;(t), zo = ®2(t) map I on I2. Ift = & (z;,x2)
is any single-valued branch of the inverse map, it is necessarily discontinuous. Con-
sider a function g(t,7) = f (®1(t), ®2(t),7) on I?. Then

f (.'171,1?2,1?3) =g [q> (1?1,.1}2) ,173],

and we obtain representation of an arbitrary function of three variables by a su-
perposition of functions of two variables, although @ is a discontinuous function
here.)

Besides problems of finding precise expressions for a given function in terms
of a combination of functions of fewer variables, it is natural to consider problems
concerning the best approximation of functions of several variables by combinations
(of a special type) of functions of fewer variables. Back in 1938, Denisyuk [37]

1



2 INTRODUCTION

considered the following approximation problem: for f(z,y) € L? (I1?) find

inf - - 2 dzdy.
v r // |f(z,y) — ¢(z) — ¥(y)|" dzdy
yeL?(r) I?

The space L? being a Hilbert space, we can easily compute the best approximation
1 1
02 @@+ = [ feniy+ [ fed- [[ 1
1'2

A similar problem in the space C (I2), first studied by Diliberto and Straus [38], is
much more delicate. Independently, the latter problem was studied by Aumann [9—
13]. In Ofman’s paper [113], presenting results of Kolmogorov, Smolyak, Arnold,
and Ofman himself, this problem was also studied independently of [38], and I2
was replaced by an arbitrary set in the plane. In their paper, Diliberto and Straus
initiated study of a natural procedure, a “levelling algorithm”, for the construction
of the best approximation ¢*(z) + 4*(y) of the function f(z,y). The same process,
“by analogy”, was suggested in [38] for the case where the number of variables is
greater than two. However, Aumann [13] showed that already for the case of three
variables, this algorithm does not lead to the corresponding best approximation
and the calculation of its values. (Unfortunately, this work has not been widely
known.)

Golomb’s paper [64] can be viewed as the starting point of a systematic study of
approximation of functions of several variables by various combinations (including
nonlinear ones) of functions of fewer variables in the L2-metric and in C. He has
also described a more abstract version of the algorithm of Diliberto and Straus and
an extension of that version to the case with a greater number of terms. However, in
[13] it was also shown that this abstract version of the Diliberto—Straus algorithm
cannot be extended to the case with more than two variables.

Aumann suggested calling such approximation problems “approximate nomo-
graphy”. As is known, for a functional dependence to be nomographable, i.e.,
representable by a special system of graphic images (cf., e.g., [45a]), it is neces-
sary that it admit a representation in terms of superpositions of a special kind
(g9 (p(z) +¥(y))). According to this viewpoint, consideration of precise represen-
tations (similar to (0.1)) is “nomography”, while approximation by certain super-
positions is “approximate nomography”. In [37] it is also noted that the problem
appeared due to the necessity of being able to approximate nomographically. How-
ever, one has to keep in mind that Hilbert himself, while stating in his thirteenth
problem ([72]) the question on superpositions, associated it directly with nomog-
raphy, which had just then appeared in the fundamental treatise of M. d’Ocagne,
“Traité de Nomographie”, Paris, 1899.

Also, note that in [38] the authors point out that their problem appeared in
the framework of studies carried out by the Rand Corporation (and quite likely was
associated with the possibility of the most economical storage of information in the
memory (of a quite modest size) of contemporary computers).

The above results on representation and approximation of functions of several
variables by combinations of functions of fewer variables can be included (for the
C-metric) into the following scheme. Let compact spaces X, {X;} and continuous
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maps ®; : X — X;, i =1,...,N, be given; we wish to study properties of the
subspace D C C(X) that consists of the following sums of superpositions:

N
(0.3) D={Zg¢°‘1’i($), giGC(Xi)>i=1,---,N}-
i=1

We are interested in the following properties of the subspace D: conditions
when D coincides with C(X), i.e., D = C(X); density of D in C(X), closeness
of D in C(X), proximinality of D, etc. The question is posed as follows: what
requirements must one impose on the configuration (X, {X;},{®;}) in order that
D possess one of the above properties? The problem can also be interpreted as the
study of properties of the sum of closed subalgebras in the algebra C(X). For the
study of equality D = C(X), the most crucial step after Kolmogorov’s theorem was
an approach based on duality introduced by Sternfeld in [133—136]. It turned out
that the conditions ensuring the equality D = C(X) are realized as properties of
the system ®,,...,®y to separate points or regular Borel measures on Y in some
quite strong sense. Starting out from this observation, Sternfeld, in a difficult paper
[135], showed that the number of terms in the Kolmogorov theorem (0.1) cannot
be made smaller than 2n + 1. (Some preliminary results in those directions can be
found in [132], [133].)

Besides the above questions concerning properties of D, it is of interest to study
the annihilator D in C(X)*, approximation of an individual function f € C(X) by
functions in D: duality, existence and characterization of the best approximation
of f, its uniqueness (which almost always fails in such problems in the C-metric),
and algorithms for constructing the best approximation. Similar questions arise for
more general subspaces

N
(0.4) D= { > k(@) [gi 0 @i(2)], g € C (Xi)} ,
1

where the hi(z) are given functions on X. Functions like those in (0.4) are called
linear superpositions (A. G. Vitushkin). The most important example of linear
superpositions is the following. Let (j) be a set of indices selected from N =
{1,...,N); (j) denotes a complementary set of indices to () (in N). Set Y =
Xi1 X"'XXij, where (J) = (il,... ,ij), andY = X3 x---xXpn. Let (.71); ,(jm)
be given index sets such that none of them completely includes another (non-empty
intersections are allowed, though). Let H’ be a finite-dimensional subspace in
C(Y(;), and

(0.5) D= f:Hj ® C(Ys)):
1

In particular, for H7 one can take trigonometric polynomials (of several variables),
provided that Y is a finite-dimensional Euclidean space. In that case, functions in
D are sometimes referred to as generalized polynomials, or quasi-polynomials.

The list of problems discussed above (with some obvious modifications) is
equally worth studying for other function spaces, as well. However, I have chosen
to confine myself exclusively to the spaces C and £*°. Only in §3 of the last chapter
do I present a result regarding the space L?, one which provides a far-reaching
extension of the solution (0.2).



4 INTRODUCTION

The problems that we are dealing with in this monograph have attracted the
attention of a large number of investigators, and the theory continues to develop
actively. On one side, theory of approximation by linear superpositions provides
a rich soil for models and development of general methods in Banach spaces, and
contains a number of difficult problems. On the other side, it itself contains many
possibilities for various applications (including numerical computations). Some
developments of the theory were presented in the 1985 monograph by Cheney and
Light [94], where approximation problems for a subspace D of (0.5)-type in two
variables (N = m = 2) were considered. The book [94] also contains an extensive
bibliography. The subject is, however, much larger than presented there, and, in
particular, some important new results were obtained after [94] appeared. This
allowed me to select the material for the present book in such a way that the
overlaps with [94] are minimal. Formally, it overlaps with [94] only in §7 of Chapter
2, where we study the algorithm of Diliberto and Straus. Though we only consider
the case of the uniform metric and the subspace of sums (0.3) (N = 2), we go into
much greater detail than [94] does. (In [94] the authors also considered not only
subspaces (0.5) for N = m = 2, but different metrics as well.)

In principle, investigations of superpositions of differentiable functions initiated
by A.G. Vitushkin and later on studied in his joint work with G.M. Khenkin and
by numerous other investigators, form an important part of the theory of super-
positions. We have not pursued these developments here (let us cite the surveys
[144], [145], [137], [95], [98)).

Throughout the book, all propositions (theorems, lemmas, corollaries, etc.)
are enumerated with the number of the section in which they appear and the
number of the proposition itself in the section. Whenever we refer to a result from
a different chapter, we also specify the chapter number. In some cases, for the
reader’s convenience, instead of referring to the preceding exposition, we reproduce
the basic setting under investigation once more.



CHAPTER 1

Discussing Kolmogorov’s Theorem

§1. A. N. Kolmogorov’s theorem

The statement. The statement of Kolmogorov’s Theorem given in the Intro-
duction has been improved by many authors. G. Lorentz [35] observed that one
could choose the functions g in (0.1) to be the same. Sprecher [123] showed that
the functions ¢,q in (0.1) can be replaced by Ap¢, with appropriate constants .

So, one can talk about representing an arbitrary continuous function f on I™
(where I = [0,1]) in the form

2n+1 n
(1.1) fxy,...,zn) = Z 9 (Z ApPq (zp)) .
g=1 p=1

T. Hedberg [71] and J.-P. Kahane found a proof of (1.1) based on the Baire category
theorem.
Let us introduce some terminology:

Quasi-all points. Let X be a complete metric space. We shall say that a
certain property holds for quasi-all points in X (holds quasi-everywhere in X) if it
holds for all points of a set U C X which is a countable intersection of open dense
sets in X. (Therefore, the complement of U is a F, set of the first Baire category.)

Rationally independent numbers. Real numbers Ay,... , A, are called ra-
tionally independent if, for an arbitrary n-tuple of rational numbers 7y, ... ,7r,, not
all of which are equal to zero, the following holds:

AT 4 o AT # 0.

Rationally independent numbers Ay, ... , A\, must all be different, and at least n—1
of them are irrational. Quasi-all vectors A = (A1,...,A,) of the space R” have
rationally independent coordinates. Indeed, any vector A = (A1,...,A,) with ra-
tionally dependent coordinates must belong to a hyperplane

A+ A, =0

with a normal vector r = (ry,... ,r,) with rational coordinates. Each such hyper-
plane is a closed, nowhere dense set in X = R™, and there are countably many of
them.

If we introduce a norm in R™ (for our purposes we do it by setting |[A| =
37 |A]), then quasi-all vectors on the surface & of the unit ball have rationally
independent coordinates. The (n — 1)-dimensional Lebesgue measure of the set I'
of those vectors equals the full measure of the surface X.

5



6 1. DISCUSSING KOLMOGOROV’S THEOREM

Kahane’s reformulation. Let @ be a set of continuous, non-decreasing func-
tions ¢ on I = [0,1] such that ¢(0) = 0, ¢(1) = 1. Since it is a closed subset in the
space C[0, 1] of continuous functions on [0, 1] (with the usual norm), ® is a complete
metric space. It is not hard to see that quasi-all functions in ® are in fact strictly
increasing. Indeed, if 0 < 71 < r2 <1 are two rational numbers, then the set U, r,
of all functions ¢ € ® such that ¢ (r1) < ¢ (r2) is open and everywhere dense in ®.

The intersection U = ﬂ Uy, r, consists of all strictly-increasing functions, and is
T1,T2
an intersection of a countable number of everywhere dense sets on ®.
Set @27+ = {(¢1,... ,2n+1), Where p; €®, i=1,...,2n+1}. ®2"*! s
a complete metric space as well (it is a closed subset of [C(I)]?"*1).
In Kahane’s reformulation, the Kolmogorov theorem has the following form:

THEOREM 1.1. Let A1 > 0,...,\, > 0 be rationally independent numbers,
n
Z)\p = 1. For quasi-all n-tuples (p1,... ,Pn+1) € 2"+ the following statement

h:»lds:

For any f € C (I™) there exists a function g € C(I) such that the representation
(1.1) holds. This is true whenever C (I"™) and C(I) are simultaneously taken as
spaces of real- or complez-valued functions.

Free interpolation in the choice of an outer function. As was observed
in [71], [74], [95], one has a great deal of freedom in choosing an outer function g
in the superposition (1.1). For example, g could be chosen among all restrictions to
[0,1] of functions g(z) = § ("), z € [0, 2x], such that §(z) is analytic in the disk
{2z : |2|] < 1} and continuous in the closed disk {2 : |z| < 1}.

We are going to associate this observation with a possibility of so-called free
interpolation in choosing g. Let Y be a subspace of the space C(K) of functions
continuous on a compact set K; let E C K be a closed subset. We say that ¥
interpolates freely on E if for each H(z) € C(E) there exists g € Y such that
g(z) = H(z) for z € E. We say that Y interpolates freely on E with a constant ¢
(¢ > 1), if for each H(z) € C(FE) there exists g(z) € Y such that

(12) 9(z)=H(z), z€B, |gllow) <-clHllow)-

If Y is a closed subspace in C(K) that interpolates freely on F, then free interpo-
lation always occurs with a constant c.

An important example of free interpolation is given by the Rudin—Carleson the-
orem (see, €.g., [55]) concerning boundary values of continuous analytic functions.
In relation to our situation, this theorem can be described as follows. Let Y consist
of boundary values g(z) = § (¢2™**), 0 < z < 1, of functions §(z) analytic in the
unit disk {2z : |z| < 1}. Then Y interpolates freely with the constant ¢ = 1 on every
closed set E C (0,1) that has measure zero.

THEOREM 1.2. Let A; be as in Theorem 1.1, and let Y be a closed subspace

2(n+1)

in C(I) that interpolates freely with a constant ¢ < on a nowhere dense

n
closed subset E C (0,1) and on all sets obtained by adding finitely-many points from
[0,1] to E. Quasi-all (2n + 1)-tuples (p1,... ,P2n+1) € D21 have the following
property: for any f (z1,... ,2,) € C(I™) and any H € C(E), there ezists a function
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g(z) € Y such that (1.1) holds and
(1.3) 9(z) = H(z), z€E.

COROLLARY 1.3. In particular, the conclusion of Theorem 1.2 holds for Y =
{g(a:) g(z) = g (e**) }, where §(2) is analytic in {2 : |2| < 1} and continuous in
Hlzl <1}

If f(z1,...,z,) satisfies f(0,...,0) = f(1,...,1), then one can choose Y =
{g9(z) : g(z) = § (¢™*) }; the reason is that in the proof of Theorem 1.2, one must
construct a functlon g that interpolates the value f(0,...,0) at the point z = 0
and the value f(1,...,1) at = 1, while a function continuous on the circle must

satisfy g(0) = g(2n).
Lemmas. Consider a map ) : R® — R defined by

(1.4) a €R" - Aa) = (\a) = zn:)\kak,
1

where A = (A1,...,An) is a vector whose coordinates satisfy the assumptions in
Theorems 1.1 and 1.2, and a = (ay,... ,an).

LEMMA 1.3. (1) Let Q be the set of all points with rational coordinates in R™.
The map X is injective on Q.

(2) A(I™) =1, A(I§) =ITo (I =[0,1], Io = (0,1)).

(8) A™Y(E) is a nowhere dense closed set.

PRrOOF. (1) follows from the rational independence of Aq,... ,A,. (2) is obvi-
ous. If we assume that A\~!(E) is dense somewhere, then it contains a ball S. But
then E D A(S) must contain an interval, since a linear map ) is an open map.

LEMMA 1.4. Let A be a restriction of A onto I"™. Then:

(1) A—I(O) = (O)- .. ,0), A_l(]-) = (1a~ . al)'

(2) The set U = A=1 (Ip\E) is open and everywhere dense in I™.

(3) Let U;,..,, (31 < --- < ig) be a set of points in U such that their coordinates

with indices different from i1, ... ,ix are fized. For a point a € U;, .., , denote by o’
a point in R* whose coordinates coincide with free coordinates of the point a (i.e.,
coordinates with the indices iy, ... ,ix). The points a’ form an open and everywhere

dense set.in I*.

n
PRrOOF. (1) follows since all A, > 0 and Zx\p = 1. (2) follows from statement

1
(3) of the preceding lemma. Let us focus on (3). Let a;,,... ,a; be those coordi-
nates of a that are free to vary, and b;, j # ¢1,... i, be fixed coordinates of a.
Then,

(1.5) = (\a) ZA"% > A
J#i1se ik
It is clear that (1.5) defines an affine map A of I;, x --- x I, into I:
A:d =(ai,... a,) — Aa).
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As in (3) of the preceding lemma, we can show that A-1(E) is closed and nowhere
dense. Hence, U;,..;, = A~! (I)\E) is open and everywhere dense in I*.

LEMMA 1.5. Let 0 =ay < az < -- < @y = 1, m > n+ 2. Let a number
€ > 0 be chosen so that 2¢ < l<1_'r<1in l(ai.,.l —a;). Set S; = (a; —¢€,a; +¢) for
<i<m-—

i=2,...,m—1, and S; = {0}, Sm = {1}. There ezist intervals o; C S, © =
2,...,m—1, so that (for the sake of notational symmetry we also define o1 = S; =
{0}, om = Sm = {1}) the Cartesian product of any n of the intervals o1,... ,0m
belongs to the set U = A=! (Io\E). Moreover, at different places in those products
we can take the same intervals, and the order of the terms in the product need not
coincide with the order determined by the indices of those intervals.

ProoOF. Consider all possible permutations with repetitions of n numbers taken
from the numbers 1,...,m. Let (¢3,...,i,) be such a permutation. The paral-
lelepiped S;, X -+ x §;, C I"™ contains a parallelepiped o}, x --- x o} , o} C Sy,
that is entirely contained in U. If there are no ones or zeros among the numbers
41,... ,ip this follows from (2) of Lemma 1.4, while if there are some ones (or zeros)
it follows from (3) of Lemma, 1.3. The upper index denotes the number of the step
of the argument. Let us now take another permutation (j1, ... ,j,) with repetitions
out of the indices 1, ... ,m. Taking the product S;, X --- x §j,_, replace in it factors
with the indices that have already appeared in the preceding set (iy,... ,4,) by ol.
For example, if j, has already been chosen among i, ... ,i,, then we replace S;, by
o},. Once again, according to (2), (3) of Lemma 1.4 there exists a parallelepiped
07 X ---x o} that entirely belongs to U and, moreover, o5, C S;, (£ =1,...,n).
For those numbers from the first collection that are not included in the second,
we simply change the upper index from 1 to 2 for corresponding intervals o. Take
the next set of indices (k,...,k,) and consider the product Sk, X --- X S,. For
those indices that have already been chosen in the first or second collection, replace
the factors in this product by smaller intervals oZ. Once again, there exist smaller
intervals of C Sy, so that their Cartesian product is contained in U. For those
indices from the first two collections that do not belong to the third collection, now
simply replace for the corresponding intervals ¢ the upper index 2 by 3 and pass
on to the next set of indices. After N = m™ steps, when we have considered all
possible permutations of n indices, we obtain intervals oi',... ,0N satisfying the
statement of the lemma (and we can remove the upper index).

The Main Lemma. The following lemma plays the major role in the proof
of Theorem 1.2. It is a natural extension to a more complicated situation of the
main step in the proof of the Kahane-Hedberg Theorem 1.1.

LEMMA 1.6. Let the numbers \i,...,A,, a set E, a subspace Y C C[0,1],
and a constant c satisfy the assumptions of Theorem 1.2. Choose a number &g,

0<eg < , (1—ep)c < 1. According to the conditions imposed on c, we

2(n+1)
have

(1_ 1 )c= 2n+1 c<l

2(n+1) 2(n+1)’ '
So, if €o is less than but sufficiently close to m, we shall have (1 —ep)c < 1.
For all F (z1,...,2,) € C(I") and all H(z) € C(E), denote by QUF,H) the set
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of all collections (p1,. .. ,Pant1) € @27+ for which there exists a function h € Y
with the following properties:

2n+1 n
(1.6) ‘F(zl,... 'Tn) = Y h( Ap®q (z,,)>
g=1 p=1

1.mn h(z) = 2e0H(z), z€E, |h| £ 2eocmax(||F|, |H|l)-

< (1 —eo) cmax (|FI||HJ) ,

Then Q(F, H) is an open everywhere dense set in ®2"+1.

PRrROOF. The fact that Q(F, H) is an open set is obvious, since when condi-
tions (1.6) and (1.7) hold for some collection (¢9,...,¢9,,;) € ®**! with a
function h € Y, they will also hold for all collections in ®2"+! sufficiently close
to (¢9,...,9%,11). Let us check that Q(F, H) is everywhere dense in ®*"*!. Let
P be an arbitrary open set in ®27t1, We have to show that the intersection of
Q(F, H) and P is non-empty. Denote by 6 = 6(¢, P, F, H) a small positive number
to be chosen later and consider (2n + 1) intervals

I, ={1,(5)} = {lg6 + (2n + 1)j6, g6 + (2n +1)j6 + 2nd]},

(1.8) :
j=0,%1,...; g=1,...,2n+1.

Note the following:
1°. For a given g, the intervals I,(j) are disjoint and separated by intervals of
length 4.
2°. Every point in I = [0, 1] is covered by intervals of all series I, except perhaps
for one value of q.
Consider now the series of cubes P, of dimension n:

(1~9) Pq = {Pq (jl’-“ ’]n) = Iq (.71) X Iq (.72) X X Iq (Jn)}’

where (41,...,Jn) is an arbitrary permutation with repetitions of indices j.

According to 2°, each point of the unit cube I™ can fail to be covered by cubes
P, out of no more than n series, and hence is covered by cubes P, of at least n+ 1
series. Let A be a set of collections (p1,... ,pan+1) € ®2"F! such that ¢, are
constants on intervals of the system I, and linear on the intervals in-between I,(3)
and I(j + 1). Now choose § > 0 so that the following hold:

(a) The oscillation of F' on any of the cubes P, does not exceed ¢||F|| (in the
case when F is a complex-valued function, by the oscillation of F' on P, we
understand the diameter of the set F' (F,)).

(b) PNA#0.

Clearly, (a) and (b) are satisfied if we choose 6 > 0 sufficiently small. Let
(€3, ,¥3nt1) € ®**1 belong to P N A. Denote a constant value of J on
the interval I,(j) by ¢3(j). We can assume that the values of all functions ©J are
different, i.e., 4 (41) # ¢r (j2), provided that g # r, or that ¢ = r but j; # jo. This
holds for all intervals, except for those containing 0 or 1 (if the series I, contains such
intervals), because ¢3(0) = 0, (1) = 1 always. Apply Lemma 1.5, taking for the
numbers a; the values ¢9(j). Accordingly, we can replace the values ©J(5) on I,(5)
by rational values r,(j) that are arbitrarily close to ¢3(j) (and hence are different)
and such that the point (¢, (51),..- ,9q (jn)) for each permutation (ji,... ,Jn)
belongs to the set U = A~! (I[j\E) (Lemmas 1.4 and 1.5). Interpolating linearly
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between the intervals I,(j), we obtain functions ¢, such that (¢1,...,pan4+1) €
PN A. Now consider the functions
n
(1.10) Pe (T1,... ,2n) = Zx\,,(pp (zp) = A(pq (1), .. , g (z0)) .
p=1

On each of the cubes Py (j1,...,jn) the functions 1), take constant values

A(pq (1) s 1pq (Jn)) € Io\E,

provided that the cube P, (1,... ,Jjn) does not contain (0,...,0) and (1,...,1).
If (0,...,0) or (1,...,1) belongs to that cube the values of 14 will be 0 or 1,
accordingly.

Finally, consider a map X (g; j1,- .- ,jn) Of all sets (g;J1,... ,Jn) into I defined
as follows:

X (G50 5dn) = %q (@1, Tn) = Alpg (21),. -, g (2n)),
(fEl,... ,mn) qu (jl)-" 9]"1)

If Py(j1y---+dn) 2 (0,...,0), then X (g;j1,...,4n) = 0. If Py(j1,... ,Jn) 3
(1,...,1), then X (g; 41, .. ,Jn) = 1. In both cases, the n-tuples (j1, ... ,jn) clearly

contain the same numbers. X maps injectively all other selections (g;j1,. .. ,Jn)
into Io\E (because the values ¢q4(j) are different rational numbers, while the num-
bers Ay, ..., A, are rationally independent).

Taking a cube P, (j1,...,Jn), define on it the value M (q;j1,...,jn) of the
function F(z1,...,zy) as follows: if P, (ji,...,Jn) does not contain (0,...,0)
and (1,...,1), then M (qg;j1,...,Jjn) can be any value of F (z1,...,2z,) on that
cube. If P, (j1,... ,jn) contains (0,...,0), then M (g;j1,... ,jn) = F(O,...,0). If
Py (j1,... ,Jn) contains (1,...,1), then M (g;j1,... ,Jn) = F(1,...,1).

Now we construct a continuous function h on the interval I satisfying the

following interpolation conditions. At points X (¢;j1,... ,jn) (the number of such
points in I\ E is finite)

(1.11) h(X (g1, .- 1dn)) = 260M (g3 51, - .- 1 Jn)

and

(1.12) h(z) = 2eH(z), z € E.

According to the assumptions of the lemma such a function can be chosen from the
subspace Y C C(I); moreover, in view of the choice of M (g; j1,... ,Jn),

(1.13) Al < 2epcmax (|| F||, || HI|) -
Let z = (21,... ,2n) € I™. If £ € Py (j1,... ,Jn), then

h (g (%1, ,2n)) =h (X (¢ 41, - »Jn)) = 260M (g; J1, - - 1 Jn)
=2eF (z1,... ,2n) + 260 (M (¢; 41, - -+ yJn) F (21, .. ,Zn)]
=2eoF (z1,... ,Zn) + pg.

The oscillation of F' (z1,...,2,) on Py (j1,...,Jn) is less than &o||F||, and hence

|pq| < 2€5||F .
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(M (g;71,- .. ,Jn) is the value of F on Py (ji,... ,Jn)!) Since every point z in I"™ falls
into at least (n + 1) cubes of the system Py, ¢ =1,...,2n+1, and g < m,
we shall have

2n+1

F(z1,...,2n) = Y h(hy (21,... ,2n))
1

2n+1 n

F(z1,... ,zp) — Z h( Apq (:v,,))
q=1 p=1

<|F @1 sma) = D By (o1, m) |+ [D B (a1, 20))|

where 3" is taken over (n 4 1) of the g¢’s for which cubes from the series I, cover
the point (z1,...,2,), and E” contains the n remaining ¢’s. Let us continue the
above estimate:

<|F(21,... ,2n) = 260(n+ 1)F (21, ,2n)| + 265 (n + )| F|| + nl|h]|

<(1 - 2e0(n+ 1)) | F| + 265(n + 1) || F|l + 2neocmax (|| F}, | H]])

< (1—2e9(n+ 1)+ 2€3(n + 1) + 2neo) cmax (|| F|, | H]|)

< (1 - eo) cax (|| Fl, || H][) -

Thus, the set of functions (1, .. ,2ns1) € @271 we have constructed belongs to
Q(F, H) and at the same time to P. We have proved that Q(F, H) is an everywhere
dense set in ®2"+1,

DiscussiON. Clearly, the crux of the above construction was the possibility
of guaranteeing that for an arbitrary point from I™ the number of series of cubes
covering it is larger than the number of those that miss it. According to a well-
known theorem of Lebesgue from basic dimension theory (cf. [72a] for the principles
of the theory), if “small” cubes cover I™, then there is a point in I" that is covered
by (n + 1) cubes. So, less than (n + 1) series cannot possibly be enough to cover
I™, although we needed 2n + 1 such series.

Another important point was the rational independence of A4, ... , A, that pro-
vided injectivity of the inner product (A, a) : a € I" — (A, a) € I on a set of vectors
with rational coordinates. It is plausible that when choosing A;,... , A, one could

require only injectivity of (), a) on vectors a whose coordinates consist exclusively
of zeros or ones, and then construct an everywhere dense set of real numbers con-
taining zero and one such that the inner product (A,a) is injective on vectors a
with coordinates from that set.

Finally, let us draw attention to the importance of constructing the values of
g (z1,... ,2,) in such a way that those values did not fall into the set E. This
required a whole new set of tricks that would not have been necessary for the proof
of Theorem 1.1.

COMPLETION OF THE PROOF OF THEOREM 1.2. Now let A = {F,}, u =
1,2,..., be a countable, everywhere dense family of functions in C (I™), and let
B={H,},v=1,2,..., be a countable everywhere dense family in C(E). We can
assume that whenever H,, H,, belong to B, then so do H, + H,, (e.g., B could be
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the set of all polynomials with rational coeflicients). Set Q = ﬂﬂ (Fy,H,). Clearly,
v

() contains quasi-all collections (1, . .. ,Pant1) in @2+, For each f (z1,... ,Zn) €

C (I™), each arbitrary set (¢1,...,p2n+1) € Q, and every H € C(E), let us show

that there exists a function g € Y such that (1.1) holds and

(1.14) 9(z) = 2e0H(z).

Obviously, (1.3) and (1.14) are the same condition. Choose a number ¢; so that
0 < e < é€g, but (1—¢;1)e < 1. For every f € C(I™), it is possible to find a
function F' € A such that

(1.15) If = Fll < (eo—e) IS, IFI <AL

Taking an arbitrary function H € B, and applying Lemma 1.6 to F' and H, we find
h(z) € Y satisfying the following conditions:

2n+1

f(xl" . ’wn) - Z h (z ’\p‘Pq (xp))

h(z) = 260H(r), z€ B, |h| <2e0cmax(|If], IH])-

We shall denote such a function by h = (f, H) (there are many such h’s for a given
f and H, so we take any one of them). Finally, let us take an arbitrary function
H(z) € C(FE) and expand it into the series
H(z) = Ho(z) + Hi(z) + -+  + Hn(z)+---,  H; € B,

Il < [e(l—e)P B, B=max(||fll,[H]])-
This can be done by choosing a sequence of functions {Sn,(z)} C B approximating

H(z) sufficiently fast and setting H,, (z) = Sm(z)—Sm-1(z), m = 1,2,..., Ho(z) =
So(z). Construct recursively the sequences {f; (z1,... ,z,)} and h;(z) € Y:

< (1 —e) emax (||fIl, [1H]1) ,

(1.16)

(1.17)

(1.18) fo (z1, ... ,Zn) = f(T1,--- ,Zn) ; hj(z) =~(f;,H;), j=0,1,...
2n+1
(119)  fit1 (@1, 530) = £ (@1, ,@n) = D b (Z)\ﬂpq (%))-
=1

In view of (1.16)—(1.17), we obtain the estimates:
Ifill <e (1 —e1) B;
[Ifall <c(1 = 1) max ([l fll, |1 H1 )
<max (¢ (1-e1)* B,c(1-e1) 1Hil]) < (1—e1)* .
In general,
(1.20) If5l <fe@—e)P B, =12,....
The norms of the h; can be estimated similarly:

lholl < 2e0cmax (|| ]I, | Holl) = 2e0cpB,
a1l < 2e0cmax (|| f1l, [|Hill) < 2e0cB (c(1 —€1)),
Rzl < 2e0cmax (|| fall , [|H2ll) < 2e0eB[c*(1 —1)?].
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In general,

(1.21) Ihjll < 2e0clc(X ),  F=12,....
In view of the estimates (1.20) and (1.21), the series

(1.22) ho+hi+---+hm+---

converges in norm in C(I), while f,, — 0 in C (I™) when m — oo. Let g(z) and
gm(x) denote the n-th partial sum and the sum of the series (1.22), respectively.
Adding up the equalities (1.19) for j = 0,... ,m, we obtain

2n+1 n

fm+l (mly e ’wn) = fO (zla e ,mn) - z dm [ )‘p‘Pq (wp):| .

g=1 p=1
Taking the limit in the last equality as m — oo, we obtain (1.1). Moreover, g €
Y since g, € Y, m = 1,2,..., and Y is a closed subspace in C(I). Also, the
interpolating property (1.12) holds according to the construction of the functions
hj. The proof of the theorem is now complete.

REMARK. Instead of quasi-all collections (1, ... ,9p2n+1) € ®2**! in Theo-
rem 1.1, one could consider quasi-all collections from [C(I)]?"+!. The proof remains
the same.

A geometric interpretation of Kolmogorov’s theorem. Let Ap,...,\,
be the same as in Theorems 1.1 and 1.2, and let (¢1,... , p2nt+1) be a collection of
functions from ®2"*! that provides the possibility of representation (1.1). Define
a continuous embedding of I” into R?**+! by setting

n
(1.23) Xe=) Ag(zp), P=1,...,2n+1
p=1

The image of I" in R?2"*+! under this map is a compact set I" inside 12**+1. According
to (1.1), for an arbitrary f € C (I™) we have the following representation:

2n+1

(1.24) f@1,..zn) =) g(X,).

1

This, in particular, implies that the embedding (1.23) is a homeomorphism. Indeed,
if two different points z' = (z},... ,2}) and 2? = («%,... ,22) correspond to the
same point (X1, ... ,X2n+1), then, taking a function f so that it assumes different
values at z! and 22, we would have been unable to represent it by (1.24). We can
interpret (1.1) and (1.24) as formulas that allow us to extend to I?"*! an arbitrary

(continuous on I') function by the formula

2n+1
(1.25) Y 9(Xy), gec.
1

In other words, the subspace Z C [(I?"*!)] that consists of all functions (1.25)
interpolates freely on I'. Thus, Kolmogorov’s Theorem admits the following geo-
metric interpretation: there exists a homeomorphic embedding of I™ into I?"+!
such that the subspaces Z of type (1.25) freely interpolate a compact set I', the
image of I"™.
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Ostrand [114] and Tikhomirov [87] extended Kolmogorov’s Theorem to arbi-
trary n-dimensional metric compact sets. Namely, if K is an n-dimensional compact
set, then there exists a homeomorphic embedding ¢ : K — IZ"*1 (X, = p4(z),
z€K,q=1,...,2n+1, pi(z) € C(K), p(z) = (p1(z),... , pant+1(x))) such that
the subspace of functions (1.25) interpolates freely on the compact I' = p(K) (cf.
Theorem 2.15 below).

The fact that any n-dimensional compact set K can be homeomorphically em-
bedded into I?"*! had been known much earlier. This is the Menger-Néobeling
theorem (cf. [72a], p.84). However, the Kolmogorov-Ostrand-Tikhomirov theorem
gives much more, since the compact set I' is shown to possess an important addi-
tional property.

Let us make a remark concerning the geometric structure of I'. Consider a
continuous curve v in R2"*! defined by the parametric equations

(1.26) Xq = pq(t), 0<t<1l, g¢g=1,...,2n+1.
Formula (1.23) for coordinates of points of the compact I' shows that I' is a convex
combination with coefficients Ay, ..., A, of n copies of the curve +.

Fridman’s improvement. Quasi-all collections (¢1,...,p2nt1) € ®2+1

consist of strictly increasing functions. So, we can assume that functions ¢, ...,
¢2n+1 in Theorem 1.1 are strictly increasing. Consider a curve <y given by (1.26)
with such g, so it is in this case a simple arc. Since the functions ¢4 have bounded
variation (they are increasing), v is a rectifiable curve. Let s be the arc length
parameter on v showing the length of the arc corresponding to the segment [0, ¢]

of the parameter ¢, and let S denote the total length of . Setting o = g e can
define v by the natural parametric equations

(1.27) X, =,(0), 0<o<l, g=1,..,2n+1

s

Let oy = %, oy = ,5'—2 be two values of the parameter, and X ;, Xg the correspond-
1 2

ing values of the coordinate function X,. Clearly,

(128) |} = X2| = lpg (01) — 0q (02)] < Is1 — 52 < So1 — ol

so the functions ¢, satisfy the Lipschitz condition of order one.
Since I' = YT ApYp, where -, are copies of 7, we have for (X1,...,Xont1) €T

(1.29) Xy = Z Appq (o).

p_.

Therefore, we have the maps

(xla"- )wn)4—} 01y ’an)

N

(X150 Xont1)

where the diagonal arrows are homeomorphisms of I™ onto I', while the horizon-
tal one is a homeomorphism of I" onto itself. The functions f (z1,...,z,) € C(I")
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pass into the function F (01,...,0,) € C (I™), and for any F (o1,... ,0,) € C (I™)
we have

2n+1 n
(1.30) F(oy,...,00) = Z g (Z ApPq (a,,)) .
g=1 p=1

Thus, for any F' € C(I™), the functions ¢, in the representation (1.30) can be
chosen to be strictly increasing and to satisfy the Lipschitz condition of order one.

The possibility of choosing Lipschitz functions for inner functions in Kolmogo-
rov superpositions was first established by Fridman [52]. It required a significant
improvement of Kolmogorov’s original construction. An observation showing that in
fact such a possibility follows automatically from Kolmogorov’s original statement
is due to Kahane [74]. Some deep investigations of Vitushkin [143—146] show that
if the ¢4 are continuously differentiable, then the representation (1.30) is impossible
for certain f € C (I™).

§2. Duality in problems concerning representations by superpositions

From now on C(T') denotes the Banach space of real-valued continuous func-
tions on a compact Hausdorff space T'. The space C(T') is equipped with the usual
uniform norm (if g € C(T'), then ||g|| = max|g(t)|,t € T). By B(T) we denote the
Banach space of real-valued bounded functions on an arbitrary set T'. In that case,
for g(t) € B(T), llgll =suplg(t)|, t € T.

In connection with the contents of Section 1, it is natural to consider the fol-
lowing problem. Let X, X;,..., Xy be compact sets, and ¢; : X — X; continuous
maps. In C(X) let us consider the subspace D consisting of the following functions:

(21) D={91°‘P1($)++9N°<PN(37)}, giGC(Xi)’ 7:=1,...,N.

What conditions should be imposed on X, {X;}, {¢;} in order to guarantee D =
C(X)? In other words, under what conditions can one claim that for each f(z) €
C(X) there is a representation

(22) f@)=giopi(z)+--+gnopn(z), 9 €C(X)?

The same question appears when one considers more general subspaces D. Let the
functions h'(z) € C(X), hi(z) Z 0, be given, and consider the subspace D given by
(2:3)

D= {h (z)gropr(z) +---+ WV (z)gn o on(z), 9: €C(X)i=1,...,N}.

Again, we raise the question of what conditions would imply D = C(X). Instead
of finite sums in the definition of D, one could also use infinite series.

Let the compact sets X, {X;}, ¢ = 1,..., continuous maps ¢; : X — X;, and
the functions h'(z) € C(X), hi(z) # 0, be given. Consider the subspace D C C(X)
that consists of functions

(24) f(@) =) K (2)gi(@) 0 pi(),
i=1

where g; € C (X;) and the series

(25) 3 [ gl < +oo
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converges. (In the case when the sequence {X;} is finite, (2.5) does not impose
any additional restrictions on the selection of g; € C (X;).) Functions (2.3) and
(2.4) are called linear superpositions. The given functions h*(z) are called basis
functions, while the functions g; are called coefficients. Thus, the question that
interests us can be formulated in the following way: Under what hypotheses does
a subspace of linear superpositions coincide with C(X)?

In the case when all basis functions hi(z) = 1, the latter question, in view
of the well-known Stone theorem (see, e.g., [40]), can be interpreted in terms of
function algebras: in C(X) there are given closed subalgebras A;,...,Apn, each
one of which contains the constants. Under what conditions does their algebraic
sum

(2.6) A+ 4 Ay

coincide with C(X) (cf. §1 in Chapter 2 for more details)? In this form the question
readily extends to the case of a countable set of such algebras.

Subspaces similar to D can be constructed out of merely bounded functions as
well. Let X, {X;} be arbitrary sets, ¢; : X — X; arbitrary maps, h'(z) € B (X;),
hi(z) # 0, given functions, i =1,...N,ori=1,2,.... In the space B(X) consider
the subspace BD defined by one of the following:

(27) BD={giopi(z)+ - +gnopn(z)}, gi€ B(X;), i=1,...,N;

BD = {h}(z)g1 0 p1(z) + - -+ + W (z)gn 0 on ()},

(2.8) .
giGB(Xi), i1=1,... ,N;

(29) BD = {ihz(z)gt(z) ° (,01(-’1:)} ) gi € B (X‘L) ’ = 1a2) ey
i=1

where the g; satisfy (2.5). The question that interests us then is, under what
conditions do we have BD = B(X)?

The above questions turn out to be dual to the problem of distortion of certain
classes of measures under the mappings ;. On X, let there be given a real, finitely
additive measure p defined on an algebra M of subsets of X and having total
variation ||u||. (In the sequel we only consider measures with finite total variation,
and for such a measure u, ||u|| denotes its total variation.) Let ® : X — Y be a
mapping of the set X into a set Y. Let v = ® o u denote the measure defined on
the algebra N of subsets of Y such that E € N if ®~1(E) € M, while

(2.10) v(E)=pu(27H(E)).
Clearly,
(2.11) 1@ 0 ull < flull,

since under the mapping ® there is a possibility of mixing up the images of those
sets on which p is positive with those where it is negative.

It turns out that the answers to the questions raised above concerning coinci-
dence of D with C(X) or BD with B(X) are associated with whether the maps
{pi} provide, for an arbitrary measure p in a certain class, not too large a damage
from such mixing for at least one ;. Note that if a bounded function g(y) defined
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on Y is measurable with respect to the algebra NV, then g [®(z)] is measurable with
respect to M and

(2.12) [ om@ldu= [ swir@on.

THEOREM 2.1. In order that the subspace D of functions (2.4) satisfying (2.5)
coincide with C(X), it is necessary and sufficient that there exists a number A,
0 < A < 1, such that for an arbitrary, reqular Borel measure p on X,

o ()|

(2.13) sup leio (Wm)]] Alll-
i 1A

PROOF. First, recall that the dual space C(T)* of the space C(T) (T is com-
pact) can be identified with the space of regular Borel measures on T with the
norm equal to the total variation of measures. (This is the well-known theorem of
F. Riesz, see, e.g., [40, Chapter IV].) Another important needed fact from func-
tional analysis is the following. Let V and W be Banach spaces, V* and W* their
duals, A : V — W a continuous linear operator, and A* : W* — V* its adjoint. In
order that the operator A be surjective, it is necessary and sufficient that there ex-
ists a positive number A such that ||A*p|| > A||g|| for all x € W*. In order that the
operator A* be surjective, it is necessary and sufficient that there exists a number
A > 0 such that ||Av|| > A||v|| for all v € V. (The latter part of this criterion is not
needed here, but will be used later on in this section.)

To prove Theorem 2.1, we argue as follows. Let Gy,... ,G;, ... be asequence of
Banach spaces, and let {n;} be a sequence of positive numbers. Consider a subspace
G, whose elements g are sequences {g;}, g; € Gi, i = 1,..., such that

(o o]
def
(2.14) lgll =" millgsll < +oo.
1

With the norm (2.14) G becomes a Banach space. The dual space G* of G can
be identified with the space of sequences L = {L;} of linear functions L; € GF,
i=1,...,and

L.
(2.15) ||| = sup |_|_’”
i T

(Obviously, only those sequences L are included in G* for which ||L|| in (2.15) is
finite.) A functional L acts on elements g = {g;} as follows:

(216) (9, L) = L(g) = 3 L (95) = > {95, L)

The series (2.16) converges absolutely in view of (2.14) and (2.15).

In the context of Theorem 2.1 we take G; = C(X;), i = 1,..., 3 = ||hi||,
and construct the space G as above. Define a continuous linear operator A : G —
C(X) by associating to each g € G, g = (g1,--- ,9is---), 9i € C(X;), a function
Ag = f(z) defined by (2.4). In view of our construction and (2.14), the series
(2.4) converges in C(X) and ||A|| < 1. Find the adjoint A* : C(X)* — G*. For
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an arbitrary regular Borel measure p on X (defining a continuous functional 4 on
C(X)) and any g € G we must have

(Ag, ) = (9, A1)
From (2.4), (2.12), and (2.16) it follows that

(Ag,p) = /X (Z R (z)gi o %(w)) dp = Z /X gid [ps o h'p] .

Hence,

(2.17) Ap=(...,pi0 (R'n),...).

Since by (2.15) with 7; = ||h¢|| we have

(2.19) a7 =sup 1222 L,
i

the criterion for surjectivity of the operator A has the form (2.13). Since

llo: o (W) | < [1Rwll < [|2°]| el
we obtain for A in (2.13) the estimate 0 < A < 1. Theorem 2.1 is proved.

The space B(T)*, dual to B(T) (T is an arbitrary set), consists of finitely
additive measures of bounded variation defined on the algebra of all subsets ([40,
Chapter IV]). So, introducing some obvious changes in the above arguments we
obtain the following result.

THEOREM 2.2. In order that the subspace BD of functions (2.9) satisfying
(2.5) coincide with B(X), it is necessary and sufficient that there ezxists a number
A, 0 < XA <1, such that (2.13) holds for any measure u € B(X)*.

Finitely additive measures that are elements of B(X)* do not represent a con-
venient object. Hence, Theorem 2.2 is not very useful. There is a more convenient
result in this direction that deals with a significantly simpler class of measures
£(T), the subspace of discrete measures on T So, u € ¢! (T) means that

(2.19) p= Zﬁi6tn llell = z |8i| < +o0,
1 1

where {t;} is a (countable) sequence of points in T, {f;} is a sequence of real
numbers, and §; is a delta-mass at point t. It is known that B(T) = ¢}(T)* (cf.
[40, Chapter IV]).

THEOREM 2.3. Let the assumptions of Theorem 2.2 regarding X, {X;}, {@:i}
hold, let

(2.20) d &S ||R]| < +oo,
i

and let BD consist of the functions (2.9) for which instead of (2.5) the condition
(2:21) sup [|gil| < +o0
1
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holds. In order that BD = B(X), it is necessary and sufficient that there exists a
number \, 0 < A < d, such that for any u € £*(X) the following inequality holds:

(2.22) Z [l o (hm)|| = Allell.

PRrOOF. First, note that the series (2.22) converges. Indeed,

(2:23) S liio ()| <X 1wl < el X 14| = dilu,
1 1 1

and we obtain an estimate for the number A.
Now consider a Banach space F of sequences v = (v1,...,V;,...), where v; €
2 (X;),i=1,..., such that

oo
def

(2.24) Il =Dl < +oo.

1
Then the dual space E* consists of all sequences g = (g1,... ,8i,...), where g; €
B (X;) and
(2.25) llgll = sup [|gi|l < +o0.

2

A functional g € E* acts on an element v € E according to the formula

(2.26) o =3 /X v,

In view of (2.24) and (2.25), the series in (2.26) converges absolutely.
Further, consider a continuous linear operator U : £}(X) — E:
(227 pel(X)-Up=v=(n=pi0(h'n),...,vi=gpio (hiy),...).

It indeed follows from the estimate (2.23) that U maps ¢! (X) into E (and, moreover,
lU|l < d). Let us calculate the adjoint U* : E* — ¢1(X)*. For an arbitrary
p € £1(X) and an arbitrary g € E*, we must have

(1, U*, 9) =(Up, g) E/ gid [p1 0 (h'u)]
= ;/X gi 0 () - b (z)dp = /X (;gi op;i(z) - hi(m)) dp

So,
w .
(2.28) Urg = Z h*(z) [9: o wi(z)] € BD.
1
In view of (2.24) and the definition of the norm in E* in (2.25), the series (2.28)
converges absolutely and converges in norm in B(X), and its sum indeed belongs to

BD. Now the questions we are interested in, namely when BD = B(X) and when
U* (E*) = B(X), are identical. In other words, they both reduce to the question:
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When is the operator U* surjective? According to the general functional-analytic
criterion cited in the proof of Theorem 2.1, this holds if and only if

(2.20) WUl = Allall, Ve £1(X)
for some A > 0. But in view of (2.27) and (2.24), (2.29) coincides with (2.22).

Consider one more space. Let co(T") denote the class of bounded real-valued
functions z(t) defined on an (arbitrary) set T such that for any € > 0 the set
{t € T : |z(t)| > €} is finite. ¢o(T) is a closed subspace in B(T'), and ¢o(T)* = £}(T')
([35, Chapter II, Section 2]). We say that a map ¢ : X — Y has finite rank if
the full preimage of any point y € Y is a finite set. The system of mappings
i+ X — X;,i=1,..., has finite rank if each mapping ¢; has finite rank.

Let the assumptions of Theorem 2.2 hold in relation to X, {Xi}, {¢:}, {h¢},
and let the system of mappings {¢;} have finite rank. Form a subspace coD inside
B(X) that consists of functions

(2.30) Y hi(@)giopi(z), gi€c(Xi), i=1,...,
1

such that (2.5) holds. According to those assumptions, coD C ¢o(X).

THEOREM 2.4. Under the above assumptions, coD = co(X) if and only if one
can find a number A > 0 such that (2.13) holds for all p € £*(X).

If hi(z) € co(X), i = 1,..., then in the definition of coD take an arbitrary
g; € B(X;) so that (2.5) holds and the statement of Theorem 2.4 is true even
without the assumption concerning the finiteness of the rank of the system {¢;}.

For the proof one has to repeat the arguments in Theorem 2.1, letting in this
case G; = ¢g (X;). (In Theorem 2.1 we took G; = C (X;), while in Theorem 2.2 we
had to take G; = B (X;)). In the case when the subspaces D or BD consist of finite
sums, Theorems 2.1-2.4 can be stated in a more unified fashion. It is convenient
to separate those results.

THEOREM 2.5. Let X, X;, i = 1,...,N, be compact sets, p; : X — X;
continuous mappings, hi(z) € C(X;). For the subspace D of functions (2.3) to
cotncide with C(X) it is necessary and sufficient that there exists a number A > 0
such that for all p € C(X)* the following holds:

(2.31) sup lloi o (h*u)|| = Alull.

If a subspace D has form (2.1) (i.e., all hi(x) = 1), then for the equality D = C(X)
it is necessary and sufficient that there exists A, 0 < A < 1, such that

(2.32) sup [lpi o pl| = Alul|-
1

THEOREM 2.6. Let X, X;,i=1,...,N, be arbitrary sets, p; : X — X; arbi-
trary maps, hi(z) € B (X;), h*(x) # 0. For the space (2.8) the following statements
are equivalent:

1. BD = B(X).

2. There exists A > 0 such that (2.31) holds for all p € B(X)*.

3. There ezists A > 0 such that (2.31) holds for all u € £}(X).
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In the case when the subspace BD has the form (2.7), condition (2.31) becomes
(2.32) with0 <A< 1.

Comparing Theorems 2.5 and 2.6, we obtain an interesting corollary.

COROLLARY 2.7. Let X, X;, 1 =1,...,N, be compact sets, let p; : X — X;
be continuous mappings, let hi(z) € C(X;), and let the subspaces D and BD be
defined by (2.3) and (2.8), respectively. If D = C(X), then BD = B(X).

PROOF. According to Theorem 2.5, D = C(X), provided that (2.31) holds for
all y € C(X)*. But this implies, of course, that the inequality (2.31) holds for all
u € £1(X). Then, Theorem 2.6 states that BD = B(X).

In particular, we obtain free-of-charge the following analogue of Kolmogorov’s
theorem (Theorem 1.1) for bounded functions.

COROLLARY 2.8. Let A\ > 0,...,A, > 0 be rationally independent numbers,

n
Z)\i = 1. For quasi-all collections (¢, ... ,P2n+1) € ®*F1, the following state-
1

ment holds: an arbitrary function f(zi,...,2,), bounded on I™, can be represented
in the following form:

2n+1 n
(2.33) F@y.zm) =) % ( Ajipi (wj)) , g €B(I).
i=1 1

Jj=

Yet, we are unable to guarantee that all the g; in (2.33) can be replaced by one
and the same function g similarly to (1.1). However, the possibility of doing this
will be established later (cf. §6 of this chapter).

Naturally, one poses a question converse to Corollary 2.7. Namely, does coinci-
dence of BD and B(X) (under the assumptions of Corollary 2.7) imply coincidence
of D and C(X)? The answer turns out to be negative. An example will be pre-
sented in §8. One may think that if (2.31) holds for all 4 € B(X)*, which is
necessary for the equality BD = B(X), all the more so should (2.31) follow for all
u € C(X)*, which is equivalent to D = C(X). However, the heart of the matter is
that variations for measures in B(X)* and those in C(X)* are defined differently:
in the former case, for arbitrary partitions of X; in the latter, for partitions of X
into Borel subsets. Nevertheless, in the direction opposite to Corollary 2.7, one can
establish the following result.

THEOREM 2.9. Under the assumptions of Theorem 2.1, let each f(z) € C(X)
admit the representation

[eo]
(234) f(@) = Y K (@)gi o pila),
1
where the g; are bounded Borel-measurable functions on X;, and (2.5) holds. Then

D = C(X), i.e, for all f(z) € C(X) (2.34) holds with continuous g; (9; € C (X;)).

PROOF. First of all, note that the set b(T") of bounded Borel-measurable func-
tions on a compact space T is a closed subspace in B(T). Let G be the subspace
constructed in the proof of Theorem 2.2. Construct a subspace b in G by defining
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g = (91,-..,8i,...) € bif and only if g; € b(X;), ¢ = 1,.... The space b is a
Banach space. Consider an operator A : b — b(X) defined by
i .
(2.35) g Y hi(@)giopi(z), ¢ €b(Xi).
1
By the assumptions, A(b) C C(X). Let b = A~1(C(X)). Then, b is a closed

subspace of b, and so it is a Banach space. Cons1der the restriction A of A onto b:
A : b — C(X). The adjoint operator A* : C(X)* — b* is defined by formulae (2.17)
that were used to define the operator A* in Theorem 2.1, since the calculations we
made to establish (2.17) also hold for bounded Borel functions g;, not merely for
continuous functions. In addition,

(2.36) L;i(g:) = /x gidvi,  vi=p;o0 (h'p)

is a continuous linear functional on b (X;) having there the same norm as on the
entire C (X;), i.e., the total variation ||v;]|. Let ¢ be a subspace in b generated
by the sequences g = (g1,...,:,...), where g; € C(X;). Clearly, b D c. If
b(X;) is a natural projection of b onto b(X;), then it is obvious that C (X;) C
b(X;) C b(X;). Therefore, the norm of the functional (2.36) remains the same
on C(X;) as on b(X;) and equals the total variation ||v;]|. Thus, for v = A*p =

(v1y...,vi=pio (hipn),.. ) we have ||v|| = sup |I||h:|||| The equality A (5) = C(X)

sup ”hillll > Alull- So, for all p € C(X)* condition (2.13) holds, and hence, ac-
cordmg to Theorem 2.1, D = C(X).

The contents of this section are based on the work of Sternfeld [133, 134].
(1),(8) of Theorem 2.6 when h* = 1, i = 1,..., N, and Corollary 2.7 are proved
in [183]. Theorem 2.5 (also, for h = 1) is proved in [134]. The more general
formulations presented here did not require any new ideas.

Theorem 2.9 with finitely many terms and h* = 1 is Theorem 4 from [131).
However, its proof there is based on the erroneous Theorem 3 in that paper. A
counterexample to Theorem 3 from [131] is due to V. A. Medvedev (cf. §8).

§83. Separation of points and measures

Various types of point separation. We have already noted in the previous
section that the criteria obtained there are associated with a certain separation
under mappings ¢; of images of sets on which a measure (from some class C(X)*,
B(X)*, £}(X)) is positive from those where it is negative. In this section we are
going to study this phenomenon in detail.

Let X be a set and F' = {¢} be a family of functions defined on X. In general,
each one of these functions may have its own range, and the precise nature of those
ranges is unimportant for now. The family F' = {¢} separates points in X if for any
two points z, € X, 2 € X, 71 # 2, there exists ¢ in F' such that ¢ (z1) # ¢ (z2).
If F consists of scalar-valued functions, then we say that F' strictly separates points
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in X if F separates points in X; and for each z € X, there exists ¢ € F such that
©(z) # 0 (the latter condition appears in the theory of function algebras).

Again, let elements of F' be arbitrary (not necessarily scalar-valued) functions
on X. F strongly separates points in X if for any two disjoint finite sets with the
same cardinality A = {z1,...,Zn} and B = {y1,... ,ym} (for all m) there exists
¢ in F' so that p(A) # @(B). Obviously, strong separation implies separation: it
suffices to take A = {z1}, B = {z2}.

Uniform separation of points. For our theme, however, an even stronger
type of separation will be the most important. We say that a family F' = {¢}
uniformly separates points in X, if there exists a number A, 0 < A < 1, such that
for any two disjoint sequences z1,...,Zm and y1,...,Yn (Ym € N) of elements
of X there exists ¢ € F satisfying the following property: if we drop from the
sequence @ (Z1),...,¢(Zm), ©([¥1),..- 9 (Ym) in ©(X) the maximal number of
pairs (¢ (zi),¢ (y;)) for which ¢ (z;) = ¢ (y;), there will remain at least A2m
members of that (joint) sequence of images, and hence the number of pairs removed
does not exceed (1 —A)2m. (Thus, in each of the sequences ¢ (z1),...,¢ (zm) and
@ ®1),---,% (Ym) there will remain at least Am members, i.e., the number of terms
removed is at most (1 — A\)m.) Of course, the number of terms in the sequences
“thinned out” according to these rules remains the same.

Let us illustrate the removal procedure. Let ¢ (z1) = ¢ (z2) = o, ¢ (z3) =
p@)=6,B8# o) =vW) =, o) =6, p(ys) =7, v #a, v # B
After removing the coinciding pairs, we have left ¢ (z3) (or ¢ (z4)) from the first
sequence and ¢ (y3) from the second.

ExAMPLES. 1. Let X = {(u,t), 0 < u, t < 1} be the unit square and let F' =
{1,902}, where ¢1(u,t) = u, @2(u,t) = t, be coordinate functions. Clearly, F'
separates points, but not strongly: taking A = {(0,0), (1,1)}, B = {(0,1), (1,0)},
we have 1 (4) = {0, 1}, ¢1(B) = {0, 1}, ¢a(4) = {0, 1}, v2(B) = {0,1}.

2. Let X be the boundary of the triangle in R? with vertices (0,0), (1/2,0),
and (1,1), while F' is the same as in Example 1. Then F strongly separates points
in X, but does not separate them uniformly.

Examples for which uniform separation holds will be given later.

It is probably worth pointing out that we had to distinguish between the con-
cepts of a set and a sequence, in order to cover in the case of the latter the possibility
of identical elements. At the same time, the order of elements in a sequence (usually
quite important) makes no difference to us. In view of this, it is convenient to use
the concept of a multi-set.

Multi-sets. A multi-set is a pair (A, a) that consists of a set A and a function
a(z) defined on A and taking values in the set of non-negative integers. (Intuitively,
a(z) shows how many times the point x appears in A, i.e., the multiplicity of z in
A.) The cardinality |(A, a)| of a multi-set (A4, a) is defined by

(3.1) (4,0)] =) a(a).

TEA

The intersection of multi-sets (A, a) and (B, b) is the multi-set (AN B, a A b), where

(3.2) (a A b) (z) = min {a(z),b(z)}.



24 1. DISCUSSING KOLMOGOROV’S THEOREM

If (A,a) is a multi-set and ¢ is a function defined on A, then ¢[(A,a)] is the
multi-set ¢ [(4,a)] = (¢(A), ¢ o a), where

(3.3) poa(y)= Y al(z), forye pA).

z€p~1(y)

LEMMA 3.1. A family F = {¢} uniformly separates points in X if and only if
there exists A\, 0 < X\ < 1, satisfying the following condition. Let (A,a) and (B,b)
be two disjoint multi-sets, |(A,a)| = |(B,b)| = m < co. Then, there exists ¢ € F'
satisfying the inequality

(3-4) le[(4,0)] N [(B,b)]] < (1 —A)m.

PROOF. Write down the multi-set (A4,a) as a sequence zi,...,Z,, where
each term is repeated as many times as the value of the function a(z). Simi-
larly, represent the set (B,b) by yi1,...,ym. Then, the set ¢ [(4,a)] N [(B,b)] =
(p(A)N(B), poaAypob) is precisely the set that is removed from ¢ (z1),...,
¢ (zm) and @ (y1),...,% (ym) according to the process described in the definition
of uniform separation of points. So, if (3.4) holds, then after the removal, each one
of the sequences ¢ (z1),...,¢ (zm) and ¢ (y1),. .. , ¥ (ym) Wil contain at least Am
terms. Conversely, if there are Am or more terms left, then for the number of terms
removed (3.4) must hold.

Separation of measures. Let X be a set, M an algebra of subsets of X,
(X, M) a measure space. For a real-valued (finitely additive) measure y on (X, M),
||£]l will denote the total variation of 4. We shall only consider measures with finite
variations. If ¢ : X - Y and N = {E C Y : ¢~}(E) € M}, then the measure popu
on (Y, N) is defined by

(3.5) pou(E)=p(p~'(E)), EeN.

Clearly, |lp o p|| < ||u||. Formulas (3.4) and (3.5) show that under a mapping ¢
multiplicities in multi-sets and measures are transformed according to one and the
same rule.

Let S be a class of measures p defined on X and F = {¢} be a family of
functions defined in X. We shall say that F' uniformly separates measures of class
S if there exists A, 0 < A < 1, such that for each y in S one can find ¢ € F so that

(3:6) llpopll = Allpll-

The fact that (3.6) does define some sort of “separation” is intuitively obvious.
Indeed, in forming the values of @ o u, the values of u are “mixed”, and to the value
of p oy on a set E there may be contributions from values of x4 on disjoint sets
¢~ Y(E), on some of which y is positive, on others, negative. Hence, the decreasing
of ||l o p| in comparison with ||g||. The inequality (3.6), on the other hand, states
that such “mixing” is not very significant. More precisely, this is seen from the
following. Let A and B be two disjoint sets in M such that u takes positive values
on subsets of A and negative values on subsets of B: p(A4;) > 0 for all 4; C A,
Ay € M; u(By) < 0forall B C B, By € M; u(H) = 0 for all H € M,
HN(AUB) =0. Set C = p(A)Np(B), D = p Y (C)NA, E = ¢~ }(C)N B,
Ay = A\D, A" = ¢ (A1) = ¢(A)\C, B1 = B\E, B' = ¢(B1) = ¢(B)\C. The
term “separation” will be justified if we show that some characteristic of the set
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C in terms of the measure y is small. Naturally, we assume that all of the sets
introduced above belong to M or N, accordingly. In particular, this imposes certain
restrictions on the properties of X, M, ¢, and u. For P C C, let P’ = o~}(P)ND,
P" = p~}(P)NE, and

(3.7) O(P) = min (u (P"), —u (P")).
Consider a partition of C' into subsets P;, ¢ = 1,...,m, such that P, N P; = 0,
m
1 # 7, UPi = C, and define the number © by
j=1
(3.8) ©=inf) O (P),
1
where the infimum is taken over all partitions of set C. Clearly, © represents a

certain characteristic in terms of the measure p of the quantity ¢(A) N ¢(B).

LEMMA 3.2. With ,u and © as above,
(3.9) oo ull = llull — 26.

PrOOF. We have
lpoull =llpoulls+lvoule+ lleouls
=pou(A)+|lpopllc —pou(B')=u(A1)—pu(B1)+|leouls,
m m
lpopllc=sup_lpou(P)=sup ) |u(P)+p(P")
1 1

(sup is taken over all partitions of the set C, P! = ¢~ (B,)ND, P!’ = ¢~ (B,)NE.
The P give a partition of D, while the P}’ give a partition of E). Continuing the
above equality, we have

looplle=supd (u(P) - n(P}) =20 (B))sup [u(D) — u(E) -2 O (F)
1 1

= p(D) — w(E) — 2inf Y _ O (P,) = (D) — u(E) - 20.
1

From the latter equality we obtain

llo o pll =p (A1) + p (D) — (u(B1) + u(E)) — 20
=p(A) — (B) — 20 = ||u|| - 20.

From this we immediately deduce the following analogue of Lemma 3.1.

LeEMMA 3.3. If a family F uniformly separates measures in the class S, p € S,
and the assumptions of Lemma 3.2 hold, then there exists ¢ € F' such that

(3.10) 20 < (1= )|ull-

If S consists of countably additive measures, then in order for a family of func-
tions F to uniformly separate measures in S, it is necessary and sufficient that there



26 1. DISCUSSING KOLMOGOROV’S THEOREM

exists A, 0 < A < 1, such that under the assumptions of Lemma 3.3 the inequality
(3.10) holds. Indeed, in the latter case we can use the Hahn decomposition of the
measure p:

X=AUB, ANB=0, A CA=pu(A)>0, B CB= u(B)<0.

In addition to the classes of measures C(X)*, B(X)*, £}(X) introduced in §2, we
consider several other classes. By £} (X) we denote the class of those measures in
£1(X) that are supported on finite sets. If S is a class of measures, then by Sy we
denote the subclass of S consisting of those measures u € S for which u(X) = 0.

LEMMA 3.4. Let S, S’ be two families of measures on a measurable space
(X, M), with S’ dense in S (with respect to the norm). If a family of functions
F = {p} uniformly separates measures in S', then it uniformly separates measures
in S as well.

Note that no continuity assumptions are imposed on functions in F'

PRrOOF. Let u € S. For any € > 0 there exists u’ € S’ such that ||u — p/[| <e.
Also, there exists ¢ € F such that ||po u/|| > A||¢'||. We have ||popu—@op| =
oo (u—w)ll < llu—w'll < e Hence, [poul 2 lpop| —e > M|l —e >
Allp]l = (1+ A)e. Since ¢ is arbitrary, there exists ¢ € F satisfying || o u|| > N||u|
for any N < A.

Comparison of uniform separation of points and measures. Let X be
an arbitrary set and F' = {¢} be a family of functions on X.

LEMMA 3.5. The following statements are equivalent.
1. F uniformly separates points in X.

2. F uniformly separates measures of class £y .

3. F uniformly separates measures of class £(X).

PROOF. Let us show that 1 = 2. Let u € {5, and let z;,... ,zx be those
points at which atoms p; of the measure y are positive while y1, . . . , y, are the points
where u; < 0. In the latter case, set v; = —p;. Obviously, in view of Lemma 3.4
it suffices to prove the inequality required in the definition of the separation of

measures for the case when all numbers p; and v; are rational. Find the common

TP . i .
denominator D for all those numbers, so u; = -1%, 1=1,...,k, y; = —5', 1=
1,...,#¢, where r;, R; are positive integers. Since u € Z},, x(X),

k 4
(3.11) dori=> Ri=0.
1 1

k ¢
Denote the common value of Zri = ZR" by m and consider the multi-sets (A4, a)
1 1

and (B,b), where A = {z1,... ,zk}, a(z;) =ri, ¢ =1,...,k; B = {y1,... , ¥},
b(y;) = Ri, i =1,...,¢, s0 |[(A,a)| = |(B,b)] = m. Since family F uniformly
separates points, there exists a function ¢ € F satisfying (3.4).

Let us study the measure @ = Dy and its image § = poa. Atoms of a
at points of the set A coincide with the multiplicities r; of those points, while
at points of B they coincide with the multiplicites R; taken with the minus sign:
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k ¢
llell = Z” + ZR" = 2m. Consider a measure 3. According to the choice of ¢,

i 1
(3.4) holds. If z € p(A)\p(A) N p(B), then the atom of § at a is given by

(3.12) B)=poa(z)= >

z;€p71(2)

Similarly, if z € p(B)\(4) N ¢(B), then

(3.13) B(z)=poa(z)=— Y R

yi€p~1(2)

Now, let z € p(A) Np(B) and

Mci—ifcpoa(z)= Z i Nd=ef<pob(z)= Z R;.

zi€p~1(2) yi€p~1(2)NB
Consider the multi-set
(3.14) C=op[(4a)Ne[(B,b)] = (p(A)N@(B), poaApob).

(3.4) implies that |C| < (1—\)m. An atom of measure (3 at point z equals £|M —N|
(“4+” if M > N and “—” otherwise). The contribution of that atom to the variation
of 3 is given by

(3.15) |[M —N| =M+ N —2poa(z) Apob(2).

Indeed, if M > N, then poa(z)Apob(z) = N,and [M—N|=M—-N = M+N-2N.
The other case can be treated similarly. Using (3.12)-(3.15), we obtain

k I3
(316) IBl=Y"r+> Ri-2 Y  poa(z)Apob(z)=2m—2[C|
1 1

z€p(A)Np(B)

(In fact, the argument shows that the number © in (3.8) for the measure a coincides
with |C|.) From (3.4) it now follows that ||B]| = |l o | > A2m = A||e||. Since

measure 4 = -, the required inequality ||¢ o p|| > Al|u|| follows as well.

Let us show that 2 = 1. Indeed, if there are given two multi-sets (4, a) and
(B,b) with |(A4,a)| = |(B,b)] = m, define measure o by assigning to each point
z; € A the atom a(z;) = 7, and at each point y; € B the atom b(y;) = —R;. If
¢ is a function in F such that ||8]| = |l¢ o a|| > Alle||, then from (3.10) we obtain
|C] < (1= A)m,ie., (34).

The equivalence 2 < 3 follows from Lemma 3.4. Since all of the above classes
S of measures contain the class £j j, uniform separation of measures of any such
class S implies uniform separation of points, and, all the more so, strong separation
of points. Now we can somewhat refine Theorems 2.5 and 2.6.

Uniform separation of points and discrete measures and superposi-
tions of bounded functions. Let X, X; ..., Xy be sets, and let ¢; : X — X,
i=1,...,N, be mappings. The following theorem is a refinement of Theorem 2.6.
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THEOREM 3.6. The following conditions are equivalent.
1. An arbitrary function f(z) € B(X) can be represented in the form

(3.17) f@)=giopi(x)+---+gnopn(X), g¢g€B(X:), i=1,...,N.

The family F = {¢1,... ,on} uniformly separates points in X .
The family F uniformly separates measures of class £*(X).
The family F uniformly separates measures of class £§(X).
The family F uniformly separates measures of class £} (X).
The family F uniformly separates measures of class Z}{,o (X).
The family F uniformly separates measures of class B(X)*.
The family F uniformly separates measures of class Bo(X)*.

© NS N

PRrOOF. The equivalences 1 < 3 < 7 are contained in Theorem 2.6. The
equivalence 3 < 5 follows from Lemma 3.4. Let us show that 1 <> 8. Let R! be, as
usual, the set of real numbers interpreted as a closed subspace in B(X) or B (X;).
Consider the quotient spaces

B(X)=B(X)/R!, B(X:)=B(X:)/R.

Clearly, (3.17) is equivalent to the same equality understood in terms of equivalence
classes from B(X) and B (X;). As in Theorem 2.2 (and also 2.1), construct the
space G only using B (X;) instead of B (X;). The dual space of G is G* = Bj (X1) x
-+ X B} (Xn), where for v = (v1,... ,vn), v; € B§ (X;), we have ||v|| = Jax [lws ]

Then, following the scheme of the proof of Theorem 2.2, we find tha,t_(?:17) for
equivalence classes is equivalent to existence of A > 0 such that for an arbitrary
1 € Bj(X)

; >
a0l 2 Al

ie, 1 & 8. Similarly, arguing as in the proof of Theorem 2.3 for spaces B (X;)
we show that 1 & 4. But from Lemma 3.4 it follows that 4 & 6, whereas from
Lemma 3.5 4 < 2. The proof is now complete.

Uniform separation of regular Borel measures and superpositions of
continuous functions. In the case when X, X;,i=1,..., N, are compact spaces
and ¢; : X — X; are continuous, we can slightly extend Theorem 2.5.

THEOREM 3.7. The following are equivalent.
1. For all f € C(X) the following representation holds:

(3.18) f(z) =g10p1(z) + -+ gn o pn(X), gi €C(X3).

2. The family F' = {¢1,... ,on} uniformly separates regular Borel measures
(i.e., measures of class C(X)*).
3. The family F uniformly separates measures of class C(X)§.

PROOF. 1 & 2 follows from Theorem 2.5. 1 < 3 is seen by applying quotient
spaces as in the previous theorem. One has to consider spaces C (X;) = C (X;) /R!
and argue according to the scheme in the proof of Theorem 2.1.

All the notions and results in this section are taken from Y. Sternfeld’s papers
[133] and [134].
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84. Constructing function families separating Borel measures

Let us first agree on some convenient terminology and notation.

(a) A family of subsets U of a topological space X is called discrete if all the
closures of sets in U are pairwise disjoint.

(b) A function ¢ separates a family U of subsets of a topological space if for
any twosets Vi1 e U and Vo € U, ¢ Wl] Ne [72] = () (here, we are dealing with
yet another type of separation).

(c) If Uy,... Uy are k families of subsets of a set X, we say that they cover
X n times (n < k) if all z € X belong to some sets from families Uf; for at least n
indices 1.

(d) If U is a family of subsets of a metric space X, then § (/) denotes the least
upper bound of diameters of sets in U.

The following lemma is obvious.

LEMMA 4.1. Let X be a set and {U;}5_, be k families of subsets of X. The
following statements (a), (b), (c), (d) are equivalent, and all of them imply (e).

(a) {L{i}le covers X n times.

(b) Any k —n+ 1 families out of {L{i}f=1 cover X one (sic!) time.
{ l, z€E,

0, zeX\E, is the char-

k
(c) Zlui (z) > n for all z € X, where 1g(z) =
i=1
acteristic function of a set E.
(From now on, we often shall not distinguish between a system U; and a set of
points from the union of all sets in U;.)
(d) If allU; belong to an algebra on which there is defined a probability measure
1, then

k
> o uth) =n.
i=1
(e) Under the assumptions of (d), for any probability measure p on X there
exists 1o, 1 < 19 < k, such that p (Ui,) > n/k.

The following lemma sheds some light on constructing systems of functions
separating Borel measures.

LEMMA 4.2. Let X be a compact metric space, and let F' = {cpi}'f be a family
of continuous functions on X. If for each € > 0 there exist k finite discrete families
U, ... ,Uy of subsets of X such that

(4.1) {U:}r_, covers X [£]+1 times,
(4.2) 6 (U;) <&, 1<i<k;
(4.3) the ; separate sets of the system U;, 1<i<k,

then the family F' uniformly separates reqular Borel measures on X (with constant
A=1/k).

PROOF. We must show that for any p € C(X)* there exists an index 4,1 < i <
k, such that ||o; o p|| > (1/k)]||u|l- Let w = p* — p~ be the Jordan decomposition
of the measure p € C(X)*. Since measures in C(X)* are regular, those measures
for which the closed supports S(u*) and S(1~) of u* and = do not intersect form
a dense (with respect to the norm) set in C(X)*. In view of Lemma 3.4 it suffices
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to check our condition for those measures. Let p be such a measure, and € > 0
be the distance between S (u*) and S (™). Assume |[u|| = 1, and hence |u| (the
variation of p) is a probability measure. Consider the families U;, 1 = 1,... ,k,
that form the covering guaranteed by the assumptions of the lemma with the given
€. Since 6 (U;) < €, none of the sets in the system U; can simultaneously intersect
S (ut) and S (p™). In view of (4.1) and (e) of the previous lemma, there exists i,
1 <1y < k, such that

1/[k 1/k 1 1 1
. . > - — — | = _ ] == —
(4.4) |u|(u,o)_k([2]+l>2k<2+2> 2+2k
Since each of the sets in U;, can only intersect one of the sets S (ut) and S (u™)

while p;, separates sets in U;,, we have

1 1
Ui, o”” = I,LLI (uio) 2 9 + 2%

(4'5) ”‘Pio
(Here, @5, Iu,.o is the restriction of ¢;, to U;,.) By (4.4),

1
2k

N =

(4.6) |l (X\Us, ) <

Therefore, in view of (4.5) and (4.6) we obtain

1 1 1 1 1
lpio o bll 2 [|iq ety © 1| = Il (X\Uso) 2 3t o~ (5 - 5;) =%
and thus F' uniformly separates Borel measures with constant A\ = 1/k.

Ties to dimension. In view of Lemma 4.1 (for n = [£] +1) each of k — [4] =
[ﬁzi] families U;, 1 < @ < k, forms a covering of X. Naturally, for each of those
coverings no more than [%i] < [g] + 1 of the covering sets have a non-empty
intersection (one from each family U;). So, the presence of the systems {Lli}'f with
properties (4.1) and (4.2) implies that dim X < [£] (cf. [72a]). We shall make use
of the following converse statement from dimension theory (Ostrand [114]).

LEMMA 4.3. Let X be a compact metric space, dimX =n and k > n+ 1,
while € > 0. There exist k finite discrete families {Ui}llc of subsets of X covering X
k —n times such that § (U;) <e,i=1,...,k.

Constructing separating families (continued).

THEOREM 4.4. Let X be a compact metric space of dimension n. Quasi-all
collections (1, - . ,Pant1) € C(X)?"+! uniformly separate Borel measures on X.

PROOF. According to Lemma 4.3 construct the systems {U;nm}, i = 1,...,
2n+1, m=1,2,..., satisfying the following properties:
(a) Each U; n, is a finite discrete family.

(b) For each m, the families {l/{,m}f:'l"l cover X n+1= [
c) Asm— 00,6 (Uim)—0,i=1,...,2n+1.
() :

2
";’ 1] +1 times.
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Denote by Ay a subset in C(X)?"+! consisting of the collections (i1, .. , P2n+1)
for which there exists m > N such that {¢;} separate sets in the system Uf; ,,
i=1,...,2n+ 1. Let us show that Ay is an open and everywhere dense set in
C(X)?+1, Let (¢1,... sPant1) € Ay. For some m > N the functions ; separate
sets Uim, i = 1,...,2n+ 1. If ¢ is the minimal distance between ¢; (U) and
@i (V), where U # V run over Uj,m, then in view of the discreteness of the system
U; m we have g; > 0, and hence € = min;e; > 0. If a collection (1,...,%2n+1)

from C(X)2"+! satisfies ||1; — @] < g, it is easily seen that the 1; separate U; m.

This proves that Ay is open in C(X)?"+1.

Now, let (1, ... ,Tan+1) be an arbitrary collection in C'(X)?"+1. We must show
that arbitrarily close to it there exist collections from Ay. Since § (U; m) — 0, for
all € > 0 we can find m > N such that the oscillations of functions 7; on sets from
U;,m do not exceed €/2.

Consider all the sets U7 that form the system U; ,,, and for each of them define
a rational number 7 such that ||7; — | vi <& Take all the numbers r? to be
different. By the Tietze-Urysohn theorem construct a function ¢; € C(X) for
which ||¢; — 7| < €, while ‘Pt|UJ = rJ. Since all the numbers 77 are different, the
function ; separates sets of the system U; . Repeating this construction for all i,
we obtain a collection (¢1,... ,pan+1) € Ay whose distance from (71,...,Tont1)

oo

is smaller than €. The set A := n Ay consists of quasi-all vectors in the space
N=1

C(X)?n+1, Each collection (¢1,. .. ,pan+1) € A separates sets of systems U; n,, for

an infinite set of indices m. Since 6 (U;n) — 0, according to Lemma 4.2 such a

family F = (¢1,...,92n+1) uniformly separates Borel measures on X, and the

theorem is proved.

A generalization of Kolmogorov’s theorem. The Ostrand—Tikhomi-
rov theorem. From the previous theorem and Theorem 3.7 there follows the fol-
lowing generalization of Kolmogorov’s theorem, due to Tikhomirov [87] and Os-
trand [114].

THEOREM 4.5. Let X be a compact metric space of dimension n. For quasi-all
collections (1, . .. ,P2n+1) € C(X)?"1 the following holds: For any f(z) € C(X)
there exist functions gi,... ,9gon+1, gi € C [pi(X)], such that

(4.7) f(@) = gi (p1(X)) + - - + g2n+1 (P2nt1(x)) .

COROLLARY 4.6. Under the assumptions of Theorem 4.5, for each f(z) €
B(X) there exist functions g, ... ,92n+1, 9i € B [pi(X)], so that (4.7) holds.

Further generalizations. Combining the above arguments, together with
certain considerations used in the proof of Kolmogorov’s theorem, one can obtain
even more general results (Ostrand [114]).

LEMMA 4.7. Let X = X; x -+ x X, where X;, j = 1,...,L, are compact
metric spaces. For each j, 1 < j < L, let {L{,’;,}, m = 1,2,..., be a sequence
of finite discrete families of subsets of X; and 6 (U3,) — 0 as m — o0o. Let Un,
m=1,2,..., be a family of subsets of X defined by

Up={U'x---x UL, U7 eth,}.
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Finally, let A1, ... , AL be real, rationally independent numbers. Quasi-all collections
(11, ,7L) 1 C(X1) X - x C(Xy) satisfy the following property: the functions

L
Q(@1,...,80) = Y My (25)

j=1
separate sets of the system Uy, for infinitely many indices m. If X; = --- = X,
and UL, = - =UEL, then for quasi-all functions T € C (X1), the functions

L
@ (@1, ,3L) = D M (z5)
Jj=1

separate sets Up, for infinitely many indices m.

THEOREM 4.8. Let X = Xy x .-+ x X, where X; are compact metric spaces
L

of dimensionnj, j=1,... ,L. Setn= an. There ezist functions ¥; ; € C (X;),

1
i=1,...,2n+1,5=1,...,L, so that any function f € C(X) can be represented
in the form

2n+1 L

(4.8) f(z1,...,z1) = Z gi Z%‘ (z;) |, where g; € C(R).
i=1 j=1

If X, =Xo=--- =X and \y,--- , A are rationally-independent numbers, then
¥s,; can be chosen to be \jp;, p; € C(X1), and n = myL. For f(zy,...,x1) €
C (X{), we then have the representation

2n+1 L

(4.9) Fl@n..,zn) =Y g | D Xwi(x;)
1 j=1

Setting X; = I, n; = 1, n = L, we obtain from (4.9) Kolmogorov’s formula
(1.1), although, generally speaking, all the g; may now be different.

To prove Theorem 4.8, one has to combine Lemma 4.3 and Theorem 4.4 (the
latter must be applied several times). We omit the details.

COROLLARY 4.9. The last theorem holds if we consider f (z1,... ,z1) € B(X)
and g; € B(R).

The entire contents of this section is taken from Sternfeld’s paper [134].
85. Dimension and the number of terms
in the Kolmogorov representation

The following natural question arises in connection with the theorems of Kol-
mogorov, Ostrand, and Tikhomirov. Is it possible in the representation of an arbi-
trary function f(z) € C(X) on an n-dimensional compact space X by the formula

N
(5.1) f@) =g (i(a)),
1
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where @;(z) € C(X) and g; € C(¢i(X)), to have the number of terms N <
2n + 1?7 For a long time only two partial results have been known, relating to
functions of two variables on the square I2. In [39], Doss proved that for arbitrary
monotone continuous functions pq(z), p = 1,2, ¢ =1,... ,4, there exists a function
f (z1,22) € C (I?) that cannot be represented in the form

4
F(@1,22) = gq[014 (1) + 24 (22)], 94 € C(R).

q=1

Bassalygo [22] showed that for every collection {¢; (z1,z2)} C C (I?), i =1,2,3,
there exists f (x1,z2) € C (I?) that cannot be represented by (5.1) with N = 3.

The possibility of representation (5.1) implies, in particular, that the collec-
tion of functions (¢1(z),...,epn(z)) defines a homeomorphic embedding of the
n-dimensional compact space X into RY. The possibility of such an embedding of
an n-dimensional X into R?"*! is an old result of dimension theory: the Menger—
Nobeling theorem ([72a, p.89]). However, for a particular compact space, the
dimension 2n + 1 can sometimes be lowered. For example, I™ can be embedded
into R™ by the identity map. At the same time, functions ¢;(z) providing the
representation (5.1) not only separate points on X (which is necessary for the em-
bedding to be a homeomorphism), but also, according to Theorem 3.7, uniformly
separate Borel measures. As it turns out, for such systems the number 2n + 1
clearly becomes a rigid characteristic of the dimension n.

THEOREM 5.1. Ifdim X =n (n > 1) and a system of functions ¢;(z) € C(X),
i=1,..., N, uniformly separates Borel measures on X, then N > 2n+1, and there
exists a system of (2n + 1) functions that does so.

Thus, for the representation (5.1) to hold for all f(z) € C(X) when dim X = n,
it is necessary that N > 2n + 1. Theorem 5.1 (its first part—the second part is
the theorem of Ostrand and Tikhomirov) was proved by Sternfeld. First, in [132],
Bassalygo’s result was improved to N = 4; later in [132] the theorem was proved
for n = 2,3,4; and finally, in [135] it was established in full generality by a rather
tedious argument.

Even a stronger result holds:

THEOREM 5.2. Ifdim X = n > 2, then any system of functions p;(z) € C(X),
i=1,...,N, uniformly separating points in X contains at least 2n + 1 functions:
N>2n+1.

Thus, the condition dim X = n is characterized by the fact that in (5.1), or in
a similar representation for an arbitrary function f(z) € B(X) and with g; € B(R),
there are at least 2n + 1 terms. This is a complete solution of the questions about
the possibility of decreasing the number of terms in the Kolmogorov—Ostrand—
Tikhomirov representation (and, moreover, obtained without appealing to any spe-
cial structure of inner functions in Kolmogorov’s theorem for X = I").

The dimension of X and the structure of C(X). For a fixed p(z) € C(X),
consider the set A = {g(¢(z)),9 € C(R)}. A is a closed subalgebra of C(X) that
contains constants and is generated by one element (z). Conversely, any closed
subalgebra of C(X) generated by one element ¢(z) and containing constants is of
the form {g (¢(z)),9 € C(R)}. Theorem 5.1 can be reformulated in the following
way.
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THEOREM 5.3. dim X = n if and only if C(X) can be represented by an alge-
braic sum of 2n + 1 closed subalgebras, each of which is generated by one element
and cannot be represented by such a sum with less than 2n + 1 subalgebras.

§6. Other types of separation

Which notion of separation of measures or points corresponds to those theorems
on representations by superpositions in which, as in Theorems 1.1 and 1.2, the outer
function is the same for all terms? Let X, X;, i = 1,...,N, be compact spaces,
let p; : X — X; be continuous mappings. Suppose that the topologies in X; are
coordinated in the following sense: If X; N X, # 0, then the topologies induced in

N

X;N X, by those in X; and X coincide. Set Z = UX,- with the natural topology
=1

on Z defined by taking the union of the topologies on the X;. To each g € C(2)

we relate a function f € C(X) by the formula

N
(6.1) f@) =) g(pix)).
1

THEOREM 6.1. In order that for all f € C(X) representation (6.1) hold with
some g € C(Z), it is necessary and sufficient that there exists a constant A, 0 <
A < N, such that for any p € C(X)*

N
(6.2) o)l = Allull, wherev =Y giopn  (veC(Z)).
1

PROOF. Consider an operator A : C(Z) — C(X) that associates to each g(z) €
C(Z) the function f(z) € C(X) by formula (6.1). The adjoint operator A* :
N

C(X)* — C(Z)* acts by the formula p € C(X)* — v = thi o u. This can be

1
checked by direct arguments similar to those in Theorems 3.6 and 3.7. Thus, the
inequality (6.2) is a sufficient condition for surjectivity of the operator A. That A
cannot be larger than N follows directly from the inequality ||¢; o || < ||ul|-

REMARK. The reader may be somewhat puzzled by the fact that now A < N,
whereas in Theorems 3.6 and 3.7 it was A < 1. Here is a simple explanation. For
the sake of clarity, let X; = .- = Xy = Z. In Theorems 3.6 and 3.7 we took

N
C =C(X1)x-+xC(Xn), while for g = (g1,...,9~n) € C, ||g|| means z”gill,

1
and accordingly, in C* for v = (v4,...,vN) we had ||v|| = Jmax lvi]|. So, for
_z—-
p € CX)* and v = A*u = (p104,... ,pnop) € C* we had the inequality
[vl| = max [l@; o p|| < ||u|l, and hence A could not exceed 1. This also meant that
1

N
for g € C, 1l = ) _ llg:ll <1, we had
1

< .
< max i o pll < ul-

[(Ag, )| = (g, A*u)| =

N
;Ligid(%o“)
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Now, if all g; = 9,4 =1,...,N, and still ||g]| = N|lg|]| < 1, the latter inequality
implies [(g, V)| < ||u||. However, if ||g|]| < 1, as in Theorem 6.1, this last estimate
increases by a factor of N.

Of course, inequality (6.2) implies to some extent a condition of separation
of measures that is naturally stronger than uniform separation. This separation
can be characterized in a way similar to Lemmas 3.1-3.3. For a measure pu let
X =8tUS~,8tNS~ =0, and for each E C St let u(E) > 0, while u(E) < 0 for
each E C S~ (S*, S~ is the Hahn decomposition for the measure u). Let P C Z

Nl
and E}f = o7 1(P)NS*, E] = ¢;'(P)NS~. For the measure v = Z(p,- o u we
1
have
N

v(P)=) u(B}) +nu(E).

Set
N N
(6.3) ©(P) = min (Zu (BF), ) |w(ED) I) :

Then,

j=

N N
(6.4 w(P) =" (BF) + 3 | (B;)] - 20(P).
j=1 1

Consider a partition of Z : Z = UPj , and let
J

(6.5) Elt =1 (PI)nSY, EI" =y (PI)NS~.

Then for a fixed %, the sets Ef * form a partition of S+, while the Ef ~ form one for
S~. Finally, define the number © by

(6.6) ©=0(u) =infy_©(P’),

where the infimum is taken over all partitions of Z. The next statement follows
immediately.

N
LEMMA 6.2. If a measure v = Z(pi o u, then
1

(6.7) Il = Nl — 26 (1)
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PROOF. Indeed, for a given partition Z into sets P/ we have

Sl )] =X [é“ (5%) + i:; o (5°)| -2 (pf)J

J

=2 [ (E) +u (=) -2 20 (P
=N [1(5%) + | (57)]) ~2 30 (P) = Nl ~23" 6 ().

J
Taking the supremum over all portions of Z, we obtain (6.7).

An immediate corollary is the following lemma.

LEMMA 6.3. The separation condition (6.2) is equivalent to the following in-
equality holding for all p € C(X)*:

20(p) < (N = A)|lwell-
Now, let X, X;, ¢« = 1,...,N, be arbitrary sets, and let ¢; : X — X; be
N

mappings. Let Z = UXi' Arguing as above, we obtain the following result.
i=1
THEOREM 6.4. In order that for all f € B(X) the representation (2.39) hold
with some g € B(Z), it is necessary and sufficient that there exists a constant A,
0 < A < N, such that for all u € £*(X)

N
(6.8) Il > Mull, wherev =3 pion (v €B(2)").
1

The inequality (6.8) is equivalent to (6.2) for u € £2(X).

COROLLARY 6.5. If, under the assumptions of Theorem 6.1, for each f(z) €
C(X) the representation (6.1) holds with some g € C(Z), then for any f(z) € B(X)
the representation (6.1) also holds with some g € B(Z).

COROLLARY 6.6. Under the assumptions of Kolmogorov’s theorem, for each
f(z) € B(I™) the representation (1.1) holds with some g € B(I).

(Corollary 6.6 slightly sharpens Corollary 2.8.)

More on separation. Again, let X, X; be compact spaces, p; : X — X;,
i =1,...,N, continuous mappings. Let D; be a Banach space, D; C C (X;) (the
inclusion is understood in the set-theoretic sense only). We also assume that there
exist constants d; > 0 such that for g € D; we have the inequality ||gllc(x,) <
d;||lgllp;- This implies, in particular, that any linear functional continuous on D;
with respect to the norm on C (X;) is also continuous on D; with respect to its own
norm. Thus, a regular Borel measure v on X; defines on D; a continuous functional,
whose norm on D; we shall denote by ||v||p,. Clearly, it is possible that |lv]| > 0
while ||v||p, = 0.
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Consider the natural question of whether it is possible to represent an arbitrary
f(z) € C(X) in the form

N
(6.9) f@) =) (p(@), g:€D
1

THEOREM 6.7. In order that an arbitrary f(z) € C(X) be representable by
(6.9), it is necessary and sufficient that there exists A > 0 such that for any p €
C(X)* and some index i, 1 <i < N,

(6.10) llpi o pllp, 2 Alul-

Now consider the situation in Theorem 6.1, let D C C(Z) be a Banach space,
and let there exist d > 0 such that for g € D, ||gllc(z) < d||gllp- A regular Borel
measure v on Z defines a continuous linear functional on D, whose norm we denote
by [|¥[|p.

THEOREM 6.8. In order that in the situation of Theorem 6.1 the representation
(6.1) for arbitrary f € C(X) hold with g € D, it is necessary and sufficient that
there exists A > 0 such that for any p € C(X)*,

N
D pion
1

Consider, as in Theorem 1.2, the subspace D in the space C(I) that consists of
boundary values g (¢*), z € I, of functions g(z) analytic for |z| < 1 and continuous
for |z|] < 1. We shall not specify here the precise form of the condition (6.11) in
these circumstances, but simply note that calculation of the norm of the functional
v on such D is itself a popular extremal problem in the theory of analytic functions.
(Note that the results 6.1-6.8 appear here for the first time.)

(6.11) 2 Alull.

Superpositions of functions of one variable. Theorems 6.7 and 6.8 are
not only associated with superpositions of functions of several variables, but can
also be useful for functions of one variable when the question concerns represen-
tation of functions by superpositions of functions having some “good” additional
properties. Let us give here a well-known example. Let X = T be the unit circle
and D = A(T) c C(T) be the Banach space of absolutely convergent Fourier series.
According to a theorem of Kahane ([73, p.122]) an arbitrary f C C(T) can be
represented in the form

(6.12) f=gopi+gops+goups,

where g € A(T) and ¢1, @2, @3 are self-homeomorphisms of T satisfying some
additional continuity properties.

Thus such triples (1,2, 3) provide some kind of separation as in (6.11).
If we take pairs (y1,9s) of conjugate homeomorphisms, then they only provide
representations

f=g1001+g2002

of an arbitrary f € C(T), and therefore such pairs (1, ¢2) only provide separation
(6.10). In addition, since the set of functions g o 1 + g o 2 does not coincide with
C(T) (cf. [73, p.124]), the pair (o1, p2) does not provide separation as in (6.11).
"Hence, conditions (6.10) and (6.11) are indeed different.
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§7. Study of the original notion of separation (continued)

Let us go back to the original definition of uniform separation of measures.
Let X, X;, i =1,...,N, be arbitrary sets and ¢; : X — X; be mappings. We
continue the study of separating properties of the family F' = {(pi}f’ . Let (X, M)
be a measurable space, and let .S be a class of real-valued measures defined on M.
Let |Z| denote the cardinality of a set Z, and for sets Z C X define the following
derivatives:

(7.1) 7t = {zez: |Zn<p{1 (<p¢(a:))| >2};
N

(7.2) T(2)=) 2"
i=1

Thus, Z® is the set of all points in Z for each of which there is at least one more
point where the function ¢; assumes the same value. Operator 7 : Z — 7(Z) acts in
the space of all subsets of the set X. The following sufficient condition for uniform
separation of measures then holds.

LEMMA 7.1 ([138]). Let mappings ; € F be such that for Z € M the sets Z*
(as in (7.1)) also belong to M, i =1,... ,N. If 7(X) =0 for some n > 1, then
F uniformly separates measures in S.

PRrROOF. Use induction on n. Clearly, for n = 0 we can assume that the state-
ment holds. Suppose it holds for n — 1 for measures supported on arbitrary subsets
in M. Let 7"(X) = 0 and set Z = 7(X). Then 7"~}(Z) = 7(X) = (. Hence, mea-
sures in S concentrated on Z are uniformly separated by the family F'. Suppose this

separation occurs with a constant A, 0 < A < 1. Take a number «, [y <a<l,

and let the measure p € S, ||u|]| = 1. By p|z we denote the restriction of u to the
set Z, and by |u| the total variation of . Consider two cases.
1. |pl(Z) > a. So, ||p|z]| = « and there exists ¢ such that ||p; o p|z|| > a).

Since |p|(X\Z) £ 1 —a,
s ol 2 llpi o 1z | — Il (X\Z2) 2 Ao — (1= @) = A+ D) — 1 > 0.
2. |p|(Z) < a. Then, |u| (X\Z) > 1 — a. Recalling that Z = 7(X), we have
N . N .
xX\z=x\[x'=]J(x\x%).
i=1 i=1
Therefore, for some ¢ we must have |u| (X\X*) > I—Ta. Now, note that
@i (X*) N; (X\X*) = 0. Indeed, if y € ¢; (X*), then y has at least two preim-
ages, while y € ¢; (X\X*) has only one preimage. So, on X\S* the mapping is a
bijection. Hence,
i l-a
llpi o pull = lleps °N||¢,.(X\xi) = |lellx\x: = |ul (X\X ) > ——.
So, if A’ = min((1 + M\)a — 1,(1 — @)/N), then, given that ||u| = 1, we obtain
that there exists an index ¢ for which ||p; o u|| > N'. Thus, F uniformly separates
measures on S (with constant )\').
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THEOREM 7.2 ([133]). If F = {p1,p2} consists of two functions, then this
family uniformly separates points in X if and only if 7(X) = 0 for some n.

PROOF. We can assume now that M consists of all subsets of X while S =
£1(X). Sufficiency of the condition 77(X) # 0 has been established in the above
lemma. It remains to show necessity. Thus, let 77(X) # 0 for all n. Let
z; € ™(X) = [7'”‘1(X)]1 n [T"‘I(X)]Z. Since z; € [r"7!(X)], according
to (7.1) there exists T2 € 1" 1(X) for which 1 (z2) = ¢1(z1). Since z2 €

™ X)) = [r"HX )] n[r"2(x )] there exists an element z3 € 7" ~?(X) such
that @ (z3) = @2 (z2). Since z3 € ™ %(X) = [7"“3(X)]1 N [7'"‘3(X)]2, there
exists 4 € 7"73(X) such that ¢; (z4) = 1 (z3). Continuing, we obtain a se-
quence T1,...,Zn, T; € T"ITY(X), and @1 (z;) = @1 (xj41) for odd j, while
@2 (zj) = @2 (z;41) for even j. Set
n

1 .
= n Z(—]‘)J6$j

1
(6 denotes the delta-mass at a point z). Then ||u| = n, and at the same time
llos o pll < 2/n, i =1,2. Thus, ||g;op| < ;”/-t”, and since n can be arbitrarily
large, it follows that the family {1, 2} does not uniformly separate points in X.

We mention in passing that sequences of points similar to that constructed in
the proof of Theorem 7.2 will play quite an important role in the sequel.

Theorem 7.2 together with Theorem 3.6 provides a complete characterization
of sets on which an arbitrary bounded function is representable by a sum of two
superpositions.

THEOREM 7.3. Let X, X;, Xy be sets, and p; : X — X,; mappings. In order
that any function in B(X) be representable in the form

(7.3) f@)=g1op1(z) +g20p2(z), ¢:€B(Xi), i=12,
it is necessary and sufficient that T™(X) =0 for some n.

A question and a theorem of Sternfeld. Now we are able to give a com-
plete answer to the earlier question on equivalence of representability of continuous
functions by superpositions of continuous functions and its analogue for bounded
functions (the question was raised in [133]).

THEOREM 7.4 ([133]). Let X, X, be compact metric spaces, and @; : X — X;
be continuous mappings, i = 1,2. The following statements are equivalent.
1. For any f € C(X) the following representation holds:

(74) f@)=g1op1(z) +g20pa(z), g€C(Xy), i=12

2. For any f(z) € B(X), (7.3) holds.

3. The system F = {1, p2} uniformly separates Borel measures on X.
4. The system F = {1, 2} uniformly separates points in X.

5. The equality 7"(X) = 0 holds for some n.

PRrOOF. First, we shall need the following technical lemma. Here M is an
algebra of Borel sets.
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LEMMA 7.5. If Z € M, then Z¢, i = 1,2, and 7(Z), defined by (7.1)—(7.2),
also belong to M.

PROOF OF THE LEMMA. Let d(U) denote the diameter of a set U. We have
Z'={z € Z:|Zng;" (¢i(z))| > 2}
={z€Z: d(Zﬁ(pi"l (pi(x))) > 0}

> 1
=U {:c € Z:d(Zny;! (pi(x))) > ﬁ}
n=1

Since ¢; 1(p;i(z)) is compact, {z € Z : dZ Ny Y(pi(z)) > 1/n) is closed, and
hence Z* is an F}, set in Z. Therefore, Z* is a Borel set.

PROOF OF THEOREM 7.4. We already know from the preceding sections that
13,24 445, and also 1 = 2. Now suppose 2 holds. Then 5 also holds. But
from Lemma 7.1, together with the above Lemma, 7.5, it follows that 3 holds. The
theorem is proved.

Theorem 7.4 was independently (and in a different form) proved by Khavinson
[80] using different arguments that allow us to remove the assumption that the
compact sets are metric. We shall present that argument later on.

§8. A counterexample

It is very surprising that for N > 2 Theorem 7.4 is false. Examples were given
in [136] and [103]. Here, we follow [103]. Yet, we have to start out from afar.

A free group. Let us be given a countable set of symbols vy,... ,v,,.... Add
to them the symbols v7%,... ,v-1,... and a symbol eq that will play the role of the
identity. From this alphabet we look for words, i.e., symbols, that have the form

(81) F=fmfm—1---f1,

where the f; are arbitrary symbols from the alphabet, and m € N is arbitrary.
Moreover, nowhere in (8.1) do symbols v, and v;!, for any n € N, stand near each
other. We postulate v,v;! = v 1v, = ey (vpv;! or v, v, are “empty” words).
Multiplication of words that is defined accordingly (by writing them in order with
the possible omission of “empty” words) makes the set of all words Gy into a group
with ep serving as its identity. If in the word (8.1) several consecutive symbols
coincide, we replace them by a power, as usual. The group Gy is called a free group
with generators vy, ... ,v,,.... The subgroup of Gy with generators v, ... ,v, will

be denoted by G,,; it is a free group with a finite alphabet {vl VUL 1, U, vyl eo }

An isomorphism of a free group into a group of analytic homeomor-
phism of the semi-axis [0, +00). Denote by G the set of functions v(z) mapping

the semi-axis [0, +o00) onto itself and satisfying the following properties:
8.2) v(0)=0, ' (z)>0 forallz>0, '(0)=1,
' v(z) is an analytic function on [0, +00).

Clearly, for v(z) € G, v~!(z) € G. The set G becomes a group if for group
multiplication of u € G and v € G we take the superposition u o v. The identity
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map e : e(z) = z plays the role of the identity. Right away, let us note an importé,nt
(for us) example of functions in G. Let [a,b] C [0, +00), and let > 0 be a regular
Borel measure on [a, b] satisfying

(8.3) / Cdp=1.

The function
b
(8.4) v(z) == / e“tdps
a

is an entire analytic function and belongs to G.
Choose in G certain functions v, (z), ... ,vn(z), and define a homomorphism ¢
of a free group Gy into the group G by setting

(8.5) p () =vi(z), p(eo)=e

Clearly, ¢ extends naturally to all words (8.1) and is indeed a homomorphism of a
free group Gy into G. If F is a word (8.1) and @F its image, we shall often write
F(z) instead of (¢F)(z), since the presence of the variable z already distinguishes
a function (an element of G) from a word.

The following fact, also established by Medvedev, plays an important role in
his construction.

THEOREM 8.1. Functions v1(z),... ,vn(z) in the group G can be chosen so that
the mapping (8.5) is an isomorphism of Go onto ¢ (Go). Moreover, the functions
v, (z) also satisfy the following additional properties:

(8.6) 0 < o), (2) < vP(2),

forallk=0,1,... and alln.

Auxiliary facts from the problem of moments. The proof of Theorem 8.1
is based on some facts from the problem of moments which we gather in the following
lemma. Let 0 < 21 < 23 < --+ < x,, be certain points, and ¢y, ... , ¢, real numbers.

Let
Q L1y «evy Tp
Cly ..., Cpn
denote the class of functions v(z) of the type (8.4) for which the measure p > 0
has infinitely many points of growth, and the interpolation conditions v (z;) = ¢;,

i = 1,...n, are satisfied. (We denote by P the class of measures 1 > 0 on [a, ]
having infinitely many points of growth and normalized by (8.3).)

LEMMA 8.2. Let the class Q be non-empty. If a point x is different from
Z1,... ,Zn, then the set S(z) = {v(z) : v € Q} is a non-degenerate open interval.
If € € S(z), then € € S(y) for all y sufficiently close to x.

Both statements of the lemma, follow easily from standard facts of the theory of
moments. In particular, one could, with this goal in mind, compare Theorems 3.5,
6.1, and 4.1 in [89].
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PROOF OF THEOREM 8.1. First, let v1(z),... ,va(z),... be an arbitrary se-
quence of functions in G. Let us sort out the structure of words F' inside the kernel
of the homomorphism ¢. If for a word F = f,, ... fi we have pF = e, then for the
word Fy = fifm ... f2 we have o (F1) = ¢ (A1) o(Fe (fi') = o (f)ep (fi') =
¥ ( ffr 1) = e. Hence, if ¢(F) = e, then for all words F; obtained from F by a
circular permutation of the symbols we have ¢ (F1) = e. Thus, if the end-terms f;
and f,, of a word are reciprocal of one another, they can be deleted. If the new
end-terms of the word are reciprocal, we again can delete them, etc. All the terms
in F' will not be deleted; otherwise, the neighboring terms in the middle would be
mutually reciprocal, and this is not allowed for words.

Mark some n € N. By circular permutations and cancellations, the equality
@(F) = e can be reduced to the equivalent equality ¢ (Fo) = e, where Fy has one
of the following forms:

(8.7) Fy=u, Fy =, Fo = upvPup_1vpPt . ug vt

where u,us, ... ,u, are words that do not contain v, and v,;! and are different
from eg, while n,,... ,n, are integers. Construct the required functions and the
isomorphism ¢ by induction. Set, for example, v (z) = ze®. Then ¢, defined on G4,
maps e only into eg. Assume that for some n > 1 we have already defined functions
v1(Z), ... ,Un—1(z) in G and hence ¢ on G, _1 so that @ is an isomorphism on Gp,_1.
First, show that for each word F' € G,\Gp—-1 there exists a function v(z, F) = v(z)
of the form (8.4), depending on F, so that together with already-defined functions
v1(z), ... ,Un-1(x), it satisfies p(F) # e. It suffices (in view of (8.7)) to consider
words F' like

(8.8) F =upvp? .. ugvtug vyt

where u; € Gp—1\eo, 1 =1,...,p; n1,... ,np are non-zero integers.

To shorten the arguments, we can assume that n; > 0. (If all the exponents
nk < 0, then in the word F~! all exponents were positive, and hence ¢ (F~!) # e
implies p(F) # e.) We can move this positive exponent in the word F to the ex-
treme right position by circular permutations. Now take an arbitrary (8.4) function
w(z) for which the measure u € P. Consider a set of functions (8.4):

B n1—2(
oo ama(l, S SOE)

It is non-empty (it contains w). Therefore, the set of values taken at w™ ~! (zo)
by functions v from that set is a non-degenerate interval. Take a value £ from
that interval satisfying the following requirements: £ is different from the numbers
zo,w (To), ... , w1 (z0); € & ui’ (zo,..., w™ 1 (20)); u1 (€) # & (The latter
can be achieved, since the set of roots of an analytic function u;(z) is discrete.)
Let wo(z) be one of the functions in  for which the value at w™ ! (zo) equals £.
Thus, w§' (z0) = wo (wi* " (o)) = wo (w™~! (o)) = ¢ Consider a non-empty
set of functions

To wo (Zo) wg* =2 (o) wgl_l(ivo))
wo (z0) wE (zo) wgr ! (m0)  w§ (o)

(8.10) Q=0 (
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(all columns in g, except for the last “extra” one, coincide with those in 2) and a
point
(8.11) z1 = wawg* (o) .

According to our construction, we have a non-empty set Qo (8.10) and a point z;
that differs from all the values used in 9. Now apply induction. Assume that we
have already constructed a function w;(z) of the form (8.4) with u € P, a set

(8.12) Q; =Q(My,..., M),
where M, is an abbreviation for
ne—1
8.13 M. = [ %+ oo w; (:z;k)) ’
(8.13) k <w,~ (@) ... wi* ()

for 0 < k < i when ng > 0 and
-1 Tk
_ (wi (zx) wi* (k)
My = (zk WP+ (z)

for 0 < k < i when ng < 0, while

1

(8.14) T = UpW; U1 witF T L ugw]? (o)

and in the matrices ; all entries are different, so, in particular, all the numbers
Zg,T1,... ,Z; are distinct. Also, if we set

(8.15) Tit1 = ui+1w§“ (1:1,) y

then the number z;;, differs from all the entries of the matrix ;. Now let us
describe the inductive step.

Consider case (a): nj+; > 0. Take a function jw;(z) from Q; for which the
value w; (z;4+1) differs from all the entries in £2;. Set

8.16 Q=0 (M,,..., M, Tt .
(8.16) ¢ ( 0 Y wi (Tit)

Take a function ow;(z) € O} for which the value at 1w;+1 (2i+1) differs from all the
entries in 0}. This generates a new sets of functions:

8.17 2 =0(M,,... K M, Tiy1 oW; (Zit1) '
(&40 ' ( ° 2 Wiy1 (Ti41)  2Wi (Tig1)

Similarly, we construct a function w;(z) € Q? and a non-empty set

2
8.18 93 =01 M yeee ’M,, Ti+1 3W; ($1j+1) 3W; (a)i+1)
(819) ' ( ’ Y oswi (Tir1)  swf (ziv1) 8w (i)

so that all entries in 23 are distinct, etc. At the end of the chain we form a function
nipa Wi(T) & w;+1(z) such that all entries in the matrix

Qi & QY =Q (Mo, ... , M, M;1,),

(819) M; = < Tit1 wiyp ™ ($i+1)>
wi (Tig1) .o wig] (@)
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are distinct. Moreover, the value w1 (zi4+1) =t is chosen so that

- 411
t¢ u,-+12 (fvo, N T (-’Bi+1)) )
u;42(t) = t. In particular, if we set
(8-20) Tiy2 = Uz‘+2wzﬁl (Ti+1) s

this implies that z;yo differs from all the numbers zo,... ,wf_,‘_‘;‘ (%it+1), and the
induction step from i to 7 + 1 is complete.

Consider case (b): n;41 < 0. Take a point ¢ close to the value w;* (zi41) so
that z;; is among the values assumed by functions in §2; at that point. According
to Lemma 8.2, such a point exists and can be chosen so that it differs from all
the numbers used to introduce ;. Let the function ;w;(z) € Q; be such that
1w;i (€) = Tit1, 1.e., € = 1w ! (zi41). We have a set of functions

—1..
(8.21) Q=0 (Mo, o, M, WY ("’*“))
Tit1

and all the numbers in Q} are distinct. Now take a point ¢ different from all the
numbers in 2} and close to w;? (z;41) so that jw]” ! (z;41) was among the values
assumed by the functions Q} at £. Let w;(z) be a function in O} and satisfying
2w;(€) = 1w (zi41). Then & = qw;? (z;41), and we arrive at the set

—1,.. -2,
(8.22) Q2 =0 (M M, 2V (@) 2w (“’”1))
Tit+1 2W; " (Tit1)
in which all the numbers are distinct. Continuing this process, we arrive at the
. def
function |, ,jwi(z) = wiy1(z) and the non-empty set

Qi E ! = Qo (Mo, ..., My, M),

(8.23) Mm:(w;:l (@ir1) Wi (@) o WET @) )
Tiy1 wipy (Ti41) w1 (Ti4n)

where all the entries are distinct. Moreover, the number ¢ = wj;{' (z:41) can

be chosen so that it does not belong to the set u;}, (%o, ... ,w™+*! (z;41)) and
u;+2(t) # t. This, in particular, implies that the number

def i
(8.24) Tivz T Uitawitl' (Tiv)

is different from zg,... , wﬁ_’;‘ (xi+1), and the induction step of going from 7 to i+1
has been completed for this case also.
As a result of the above process we obtain a function wpy(2) such that

wPwp? ... uywpt (o) # To,

and so for the word F' = u,v™ ... u,v™ we can choose a function v(z, F') e wp(x)
of the form (8.4) with measure p € P such that on replacing v by v(z, F) we
obtain F(z) # z. Now, enumerate all words in G,\Gp, : F1, Fs,... ,Fy,.... Take
zo > 0 and construct as above the function v (z, F1) with 4 € P. Denote the matrix
obtained as before from the values of v (z, F1) by M, and let Q (M;) be a (non-
empty) class of functions defined by this matrix. A point yo for the construction of
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v (z, F2) is chosen so that all the values that appear when we apply the construction
process above lie to the right of those in M;. This can be achieved as follows. Let

Fy = upupe .. Lugry?

and let pg be the largest entry in the matrix M;. Among all functions (8.4) the
function vo(z) = €®® has the fastest growth. Hence, if p > pg, whereas

In

(8.25) Yo > max (v},"‘l(p),ulv(l)ml(p), e ,v(l,""l(p),ulvo i .upvcl,""l(p)) ,

then, starting the process for v (z, F2) with yo, we shall only deal with points that
lie to the right of p. Therefore, we can only deal with functions in Q (M;), and the
process will produce the function v (z, F3) that belongs to Q (M2), where My D M.
So, the values of v (z, F») at points related to M are the same as those of v (z, F}).
Thus, replacing v; in the word F; by v (z, F3), we obtain Fj(z) # z, in the same
way as we did while replacing v, in that word by v (z, F;). Continuing the process,
we obtain a sequence of functions {v (z, Fi,)} of the form (8.4) with measures pp,
in P. Also, the functions v (z, F,) do not lead to e(z) = z when we substitute
them into the words Fi, Fy, ..., Fy,. Selecting out of measures {u,} a sequence
that converges weak(x) to the measure u, we obtain from (8.4) a function v(z). (We
cannot now claim that u € P, but this is not needed.) During the construction of
v (z, Fy,) we obtained the sets Q (M,,) for which the lengths of the matrices M,
increase together with m: My C My C --- C My, C ---. The function v(z) has
in the lowest row of the matrix M,, the same values as v (z, Fy,) for m = 1,...,
and hence when it is substituted into F,, it yields Fy,,(z) # z. Thus, the function
v(z) def vn () simultaneously “services” all words in G, \Gn-1.

Note that in the construction of the functions v, (z) the segment [a, b] C [0, +00)
was arbitrary. Take a sequence of segments {[an,bn]}, where 0 < an41 < bpy1 <
ap < b, <1 (bg =1). The functions v,(z) constructed above can be chosen to
have the form

bn bn
(8.26) vn(z) =2 / e“tdun(t), dp=1.
Qn Qn
(The value by = 1 is chosen only because we have started the construction with
v1(z) = ze®, which corresponds to the unit mass at point 1.) Then

b br
v®) () =k / et ldu, + / e“tt*du, < kbE1eP® 4 zbkebn®
Qn

Qan

(8.27)
<kaﬁ:}e°"-1” + :ca,’i_le“"“‘“’ < v,(:f_)l(x)

The inequality (8.27) completes the proof of the theorem.

THEOREM 8.3. There exist compact sets X,X1,...,Xn,... and surjective
mappings ; : X — X;,1=1,...,n,..., satisfying the following properties:

1. For any three distinct indices i1,12,%3 we have for an arbitrary function
9(z) € B(X) the following representation:

9(x) = g1 0 9i, () + g2 0 Yi, (T) + g3 © i, (2),

8.28
( ) 9k GB(Xk)’ k=1,2,3.
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2. There exists f(z) € C(X) that cannot be represented in the form
[o0)

(8.29) f(z) = Zgi o pi(z), 9i € C(Xs), Z llgall < +o0.
1 1

3. For any two indices i) # g, the subspace
(830) 91 0@, (.’D) + g2 0 s, (:E), g1 € C (Xil) y92 € C (Xig)
is dense in C(X).

PROOF. Construction. Let {v,(z)} be a sequence of functions constructed in
the proof of Theorem 8.1. There are countably many words in Gp\eg, and for each
word F, in view of analyticity of the function F(z) (i.e., (¢f)(z), where  is the
isomorphism constructed in Theorem 8.1), there are at most countably many roots
of the equation F(z) = z. Let Sp be the set of all the roots of all the equations for
all words. Since Sy is a countable set, it can be covered by open intervals with an
arbitrarily small total length. Let S be the union of such intervals covering Sp. It
is easy to choose it so that

(8.31) meas[SN[0,h]] = o(k),  h— OF.

Let X = [-1,1]\S. Since S is open, X is compact. Define the functions ¢, (z) on
X,n=1,2,..., by setting

(8.32) en(z) =z whenz >0, on(z) =vp(|z|) when —1<z<0.

Let X,, = ¢n(X). Since v,(1) > 1 (in view of (8.2) and (8.6)), X, = [0,v,(1)].
Thus,
z, z >0,

833)  X=[LINS, Xa=g¢ulX), ¢ul2)= { v (Jz]), z<0.

Note the very simple structure of the compact sets X and {X,}. In particular, the
X, are simply segments.

PROOF OF PROPERTY 1. Call the points z and z’ in X equivalent with re-
spect to R;, 1 = 1,2,..., if ;(z) = ¢; (z’). We shall write it as zR;z’. If = # '
and zR;z', then z and 2’ have opposite signs and z' = v; (|z|) when z < 0,
whereas |z/| = v;(z) when z > 0. Clearly, R; is indeed an equivalence rela-
tion. Consider a sequence of points z1,22,... ,Z, of a set X and certain relations
R,,,Ri,,... ,R;,_,. Let

(8.34) leil $2Rizx3 “e mn—lRin_lww

(8.34) means that z1R; z9, zoR;,z3, etc. Assume that z, # 23,22 # z3,...,
Tn_1 # T and, also, 41 # 19,12 # 13,... ,in—2 # in—1 (i.€., the consecutive relations
R; in (8.34) are all distinct). Under these assumptions call (8.34) a lightning bolt
joining z; and z, (concerning the origin of this terminology, cf. Chapter 2, where
this notion plays a crucial role). Every point € X is considered to be a lightning
bolt joining z with z. Let us show that two points z and z’ can be joined by not
more than one lightning bolt. Let z; and z,, be joined by the lightning bolt (8.34).
Relate to it the word F' in the free group Gy:

— kn—l kz kl
F=v " o200,
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where the exponents k; alternate between 1 and —1: k; =1if z; <0 and k; = —1
if zy > 0. Under our assumptions F' is indeed a word, since these assumptions
provide for the lack of “empty” words in F. In case when z; = x,,, we take F' = eg.
The word F' under the isomorphism ¢ corresponds to a function F(z) = (¢F)(z).
Then, |z,| = F (Jz1|). Suppose there is another lightning bolt that joins z; and z,,.
It corresponds to another word H € Gy which, in turn, corresponds to a function
H(z) € G. Then F(|z1]) = H (|z1]). If z; > 0, it follows that H~! o F (1) = .
But by construction X does not contain roots of any equation ®(z) = z when
® € Go\ep. Hence, H-'F = ¢y and, therefore, the words H and F, and the
corresponding lightning bolts, are the same. If z; < 0, then 2o > 0 and 22 =
vy, (|z1]), |21] = vi_ll (2z2). We obtain F o vi_ll (z2) = H °'Uz'_11 (z2) and, as in the
previous case, Fvi_l1 =H v{ll, F = H. (In addition, if we had z; = z,, then taking
F = eg we would have obtained H = eg as well.)

Now select among the mappings {¢,} three with different indices. To fix the
ideas, let them be ¢;, 2, 3. In addition to the equivalence relations R;, Rs, R3
defined above, introduce on X one more relation R by setting xRz’ if z and z’ can
be joined by a lightning bolt that only contains relations R;, Rz, R3. Without any
difficulties one can show that R is an equivalence relation. Let h; = g; 0 ¢, ¢; €
B(X;). Clearly, hi(z) € B(X), and it takes constant values on each equivalence
class in the quotient set X/R;. Conversely, if the h;(z) are in B(X) and assume
constant values on each equivalence class in X/R;, then obviously one can find
9i € B(X;) such that h; = g; o p;. Hence, for f(z) € B(X) we must find bounded
functions H;(z), ¢ = 1,2, 3, such that

f =h1+ he + hs, hi(z) = h; (:BI) if tR;x’.

Now consider the equivalence classes X/R. Each such class is a saturation class for
X/R;. The latter means that if E is some class in X/R, z € E and X'R;z, then
z' € E. Therefore, functions h; can be defined on each class in X/R independently
of their definition on other classes in X/R as long as h; remains bounded on all of
X.

Let E be an equivalence class in X/R. Choose a point z; € E. For any z € E
call the number of points in the lightning bolt joining z; to z, the rank of z. Set
hi (z1) = f(z1), h2 (z1) = hg (1) = 0. Suppose that the values of h; are defined
for all points of rank less than n (n > 1) so that at those points |h;| < || f|, if zR;z’
then h;(z) = h; (z'), and, finally, f = h; + hg + hg. Let z, be a point of rank n.
It is joined to z; by the lightning bolt (8.34), where now all i = 1,2,3. The point
Zn—1 had rank n — 1 and, in view of the uniqueness of a lightning bolt joining z;
and z,, this is the only point of rank n — 1 that is equivalent to z,, with respect to
one of the relations R;, ¢ = 1,2,3. (Otherwise, there would be two lightning bolts
joining z; and z,, or z; could be joined to z, by a lightning bolt with less than n
points.) Let z,—1R;z,, and let j # k be the remaining two numbers among 1,2, 3
different from i. Set h; () = h; (Tn-1), hj (Tn) = —hi (Tn), hi (zr) = f(2n).
Continuing this process inductively (with respect to the rank), we properly define
h1, ha, h3 on the whole class £ € X/R. Combining the results over all such classes,
we obtain on X

f=hi+hy+hs, [|hi(z)| < ISl
hi(z) = h; (z') whenever zR;7/, i=1,2,3.
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Using h;, we find appropriate g; € B (X;), and hence f has the form (8.28).

PROOF OF PROPERTY 2. If for each f(z) € C(X) (8.29) is satisfied, then
according to Theorem 2.1 there exists a number A (0 < A < 1) such that for each

w € C(X)*,
(8.35) sup [lon o pll > Allpl-

Denote by m the Lebesgue measure on the real line, and, taking h, 0 < h < 1,
define a measure u on Borel subsets E C X by setting

m(E)

WE) = R E c[0,h],
(8.0 wm=-"8, pc -,
WE)=0, EC|[~1,—h)U (k1.
Then,
(8.37) il = 3 20— m (8.1 [0,])] = 2 - o(0).

Take an arbitrary € > 0 and choose h so small that
(8.38) vi(z) < 1+e, 0<z<h.
For all n, (8.6) yields the following inequalities:

1 < vy (z) < vi(z), z < vp(z) < vi(z), z > v, (z),
1 1 1 1

(8.39) _1y oy
(v 1) (2) = vy, (vﬁl(z)) g vp(2) g v (z) g l+e

>1-—c¢.

Now estimate ||¢n o pf|. According to Lemma 3.2 we have:

(8.40) llen © pll = llull = 26n,

where ©,, is defined as in that lemma. According to (8.36), we have for A (in the
notation of Lemma 3.2) X N[0, ], B = [—h,0]. In view of the definition of ¢, we
obtain

(8.41) C = pn(A)Npn(B) = AN[0,vn(h)] = A =[0,h]\S.
Let P C C. Then (using the notation in Lemma 3.2, and (8.36), (8.39)),

On(P) = min {u(P"), [u(P")[} = min {u(P), | (v;*(P)) |} ;
W(P) = %m(P) I (o7 (P))| = % /P (v3) dm > %(1 — &)m(P).

Thus,

1-

o em(P).

(8.42) On(P) >
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For an arbitrary partition of the set C into sets P;, ¢ = 1,... ,k, we obtain from
(8.4) and (8.42)

k l—e 1
Z@n(ﬂ)>TZm(P¢)=
1 1

Therefore, for ©, in (8.40) we obtain the estimate

—o(h)] =(1—-¢)(1-o(1)).

k
. 1
(8.43) ©, = inf El On(P)>1—e—-0(1) > §||p,|| —&.

(8.35) is equivalent (Lemma 4.3) to the inequality
sup 20, < (1= A)|lull.
n

But (8.43) yields that the latter inequality does not hold for any A (0 < A < 1) if
we take h sufficiently small.

ProOOF OF PROPERTY 3. Take, for example, ¢ = 1,2. We must show that the
subspace D

(8.44) D = {g1 0 p1(z) + g2 0 p2(x)}, g €C(X1), g2€C(Xy)

is everywhere dense in C(X). Let u € D1. Using Fubini’s theorem, we right away
obtain that u € D* if and only if ¥; = p;ou = 0,4 = 1,2. We need to show
that in our situation from v; = 0 and v = 0 it follows that u = 0. Assume the
opposite. Consider intervals (¢,1], ¢ > —1, for which the variation of the measure
won (t,1] N X equals zero. (The empty interval (1,1] is also allowed.) Let (T, 1]
be the union of all such intervals. Assume that T' > 0. Since for z > 0 (cf. (8.39))
v2(x) < v1(z), it follows that v; 1 (T) < v;1(T) and vg o v;(T) < T. Consider a
closed set P in [—1,—v;'(T)]. Then the set @ = ¢1(P) N X is also closed. By
definition of ¢; we have Q = v1(—P) N X (—P is the set symmetric to P with
respect to the origin) and Q C [T,1) N X. Moreover, ¢7 (Q) = Q U P. Since we
assumed v; = 0, we obtain

1(Q) ¥ 1 (¢71(Q) = w(@Q) + p(P) = 0.

However, u(Q) = 0 also, since @ C [T,1) N X. Hence, u(P) = 0. Now let M
be a closed set inside (v; ov;*(T),1] N X and N = —v;'(M). Then N is also
closed, and N C [—1, —v; 1(T)]. Therefore, in view of what we have shown above,
p(N) = 0. Furthermore, 5 (M) = M UN. Since v, = 0 by our assumption,
whereas
va(M) = i (07 (M) = p(M) + p(N) =

then u(M) = 0 as well. Thus, on an arbitrary closed set M C (’02 ov;{(T),1] the
measure u vanishes, u(M) =

In view of the regularity of p this implies that the total variation of x on
(vz o v }(T), 1] vanishes. But we have already noted that vz o v;*(T) < T and,
hence, the variation of y vanishes on a semi-interval that is larger than (T',1]. This
contradicts the definition of T. The contradiction appeared because we assumed
that T > 0. Hence T' < 0. But then, recalling again that v; = 0 and v, = 0, we
conclude that x4 = 0, and the proof of the theorem is now complete.



50 1. DISCUSSING KOLMOGOROV’S THEOREM

REMARK. We have already noted that in [136] the examples are constructed
with BD = B(X), but D # C(X). However, in those examples D # C(X). So,
both possibilities may occur:

1. BD=B(X), D #C(X), D= C(X);

9. BD = B(X), D # C(X).

§9. Measure of compact sets on which all continuous
functions are representable by sums of superpositions

Let X, X;,i=1,...,N, be compact sets, ¢; : X — X, continuous mappings.
Consider the products

(9.1) Y = Xy x---xXy, Yi=XixxXg, Yi=Xgp1x---xXy, k<N

Assume that the family of mappings F' = (p1,...,9n) separates points in X.
Then, the mapping

(9:2) F:X-Y, z€X—(nl). .., on )

is a homeomorphism. Identifying X with its image F(X) in Y, we can assume
X CY and the y; are natural projections from Y onto X;.
Also, consider the mappings

(9.3) ®: XY and &: XY

that are the restrictions to X of the natural projections of Y onto Y and Y,
respectively.

THEOREM 9 ([131]). Let all f € C(X) be representable in the form
(9.4) f@)=god(x)+od(x), geC¥), GeC (?k) :

If X and p are two arbitrary positive finite measures on Y}, and Y respectively that
vanish on one-point sets and v = X X u, then

(9.5) y(X) = 0.
In particular, (9.5) holds if for all f € C(X) the representation (3.18) holds.
PROOF. Assume that v(X) > 0. By Fubini’s theorem we have:

V(X) = / u [8 (@7 1)] dn.
Yy
Therefore, there exists an uncountable set of points ¢ € Y}, for which
u [<i> (<1>—1(t))] > 0.

Hence, there exist a positive number 7 and an infinite sequence of distinct points
{t:;},i=1,...,n,...,in Y} for which

(96) p(E)>n,  E=%(®7 ().

Among them there exist at least two points ¢; and t; such that E; N E; contains
at least two points. Indeed, assuming that every pair E; and E; intersects over at
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most one point, we form the set E = |J E;. Since the measure u has no atoms, it
follows that
WE) =Y u(E)
i

and according to (9.6), u(E) = oo, contradicting the finiteness of the measure .
Thus, let E; N E; contain two points o and G from Y. Consider four points in
the set X

z = (t‘ha); T2 = (tuﬂ) ) z3 = (tj)a)$ T4 = (tj,ﬂ)
and the measure
9.7 0 =6z, — gy — Ogy + 0gy,

where 6, denotes the delta-measure at the point z. A straightforward calculation
yields that the measure (9.7) annihilates all functions (9.4), and hence C(X) cannot
consist only of such functions (e.g., a function f(z) such that f (z1)—f (z2)+f (z3)—
f (z4) # 0 cannot be represented in the form (9.4)).






CHAPTER 2

Approximation of Functions of Two
Variables by Sums ¢(z) + ¥(y)

§1. Raising the questions. Lightning bolts

Asking the questions. Let D be the subspace of linear superpositions in
C(X). In Chapter 1 we studied various approaches to the following question:

1. When is D = C(X)?

In the case of bounded functions the question was posed on coincidence of the
subspace BD with B(X). In the case when D # C(X) we are now going to
study the problem of best approximation of functions f € C(X) by elements of the
subspace D (or of functions f € B(X) by the elements of the subspace BD). This
gives rise to the following questions:

2. When is D everywhere dense in C(X)?

3. When is D closed in C(X)?

4. When is D proximinal in C(X)?

Recall that a set W in a metric space V is called proximinal if for each element
v € V there exists an element wy € W closest to v among all elements of W.

The above questions are also natural in the context of the subspace BD in
B(X). Concentrate on subspaces of sums of superpositions—the simplest in struc-
ture ((2.1) or (2.6) of Chapter 1). Thus, we are considering the subspaces D and
BD that consist of functions

(1.1) g10®1(z) + - +gn o On(x),

where X, X;,...,XxN are compact sets, &; : X — X;, 1 = 1,...,N, are con-
tinuous mappings and g; € C (X;) are arbitrary (in case of the subspace D), or
X, X1,...,Xn, ® : X — X; are arbitrary sets and mappings while g; € B (X;)
(the subspace BD).

Reformulation in terms of function algebras. Consider the subspace D
of functions (1.1). Functions

(1.2) gio®i(x), g €C(Xy),

form a closed subalgebra A; of the algebra C(X), and A; contains the constants.
Conversely, let A;,i=1,...,N, be closed subalgebras of C(X) (X is still compact)

containing the constants. Define the equivalence relation R;, 1 = 1,...,N, for
points in X by setting
(1.3) zR;x’ if f(z) = f(z') forall f € A;.

Then X; = X/R;, the quotient space of X with respect to the relation R; equipped
with the quotient space topology, is compact and the natural projection ®; : X —

53
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X; is continuous (see [1], [117]). The space X; is not merely compact but is also
Hausdorff; hence (being compact) it is a normal space. This is seen from the
following lemma.

LEMMA 1.1. Let A be a family of functions continuous on a compact space X,
and r an equivalence relation defined by A:

(1.4) zrr’ & f(z) = f(z') VfeA

The saturation v(F) of any closed set F C X (r(F) = U epr(x); r(x) is the
equivalence class of a point z) is closed, and the canonical projection ® : X — X/r
is a closed mapping (r(F) = ®~1(®(F))).

PROOF. Let z¢ be a limit point of 7(F). There exists a net {zo} C r(F)
converging to z ({a} is a directed set of indices). For each z, there exists y, €
F with y,rzo. Since F' is compact, we can select from the net {y,} a subnet
{ys} — yo € F. The corresponding subnet {zg} — Xo, and for any f € A we have
[ (zo) = lim f (zg) = lim f (yg) = f (vo), i-e., ZoTyo and zo € r(F). Closedness of
the projection ® is equivalent to what we have proved (cf. [117]).

COROLLARY 1.2. Under the assumptions of Lemma 1.1, X/r is a normal com-
pact space and therefore is a Hausdorff compact space.

For a proof, cf. [117].
In view of the Stone-Weierstrass theorem ([40]), which applies here since X/R;
is compact,

(1.5) A; = {gi o 'IDi(a:), Vgi € C(Xz)} .
Hence, the questions raised above can be reformulated as follows. Let A;, i =
1,..., N, be closed subalgebras in C(X) containing the constants.

1. When does A; + --- 4+ Ay coincide with C(X)?
2. When is A; + -+ + An dense in C(X)?

3. Whenis A; + -+ An closed in C(X)?

4. When is A; + -+ + Ay proximinal?

Changing the set-up. Suppose (this is natural for a number of situations)
that the mapping

(1.6) U: X — X x---xXp, z — ¥(z) = (21(x),...,®Nn(2)),

is injective. Then ¥ is a homeomorphism between X and @ = ¥(X), and all
the questions can be studied for @ C X; X --+ X Xy, treating the ®; as natural
projections of @ into Xj.

In this chapter we shall study the case N = 2. On the one side, there is a
meaningful theory for that case. On the other side the case N > 2 is very little
studied, and the difficulties here are much greater. In relation to question 1, we
have already seen in §8 of Chapter 1 that there is an essential difference between
the cases N =2 and N > 2.

The simplest case. For the problem with N = 2 it is worthwhile to change
the notation: @, X, Y are compact sets, points in @ are denoted by p,q, etc.
m :Q — X, me: @ — Y are continuous mappings. Then,

(1.7 D=D@Q)={grom(()+g20m(p)}, 9€C(X), g2€C(Y).
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Clearly, D(Q) C C(Q). In the case when @ C X x Y, and m; and m are natural
projections from X x Y onto X and Y respectively, for p = (z,y) we set m1(p) = z,
mo=y; 2 € X,y €Y. In that case, we can write the functions in D(Q) in a simpler
form:

(1.8) D(Q) = {o(z) +¥(y), ¢ € C(X), ¥ € C(Y)}.

We shall call this set-up the simplest (one can assume that 71 (Q) = X and m2(Q) =
Y). The main tendencies for D(Q) are already seen in the special case when Q C R?
and z,y are the usual coordinates in R2.

Lightning bolts. Let m; : Q — X and 72 : Q — Y be continuous mappings
of the compact set @) onto the compact sets X and Y, respectively. Introduce on
Q@ equivalence relations R;, Ry by setting pR;q if m;(p) = m;(q). If we consider
the subalgebras A; = {g; o mi(p)}, 2 = 1,2, where g1, g2 are arbitrary functions in
C(X), C(Y) respectively, then

(1.9) mi(p) =mi(q) & f(p) = f(9), fe€A

A finite or infinite sequence £ of points [p1,p2,... ;Pn,...] in Q is called a lightning
bolt (respectively finite or infinite) if p; # piy1, 2 = 1,..., and either

p1R1p2, p2Rops, p3R1py, . ..
or

(1.10) P1R2p2, p2R1p3, paRapy, . . .

The points p;, ¢ = 1,..., are called vertices of the lightning bolt. The point p; is the
beginning of the lightning bolt. If the lightning bolt £ = [p1, ... ,pyn] is finite, then
P, is its end and £ joins p; to p,. Every point p can be considered as a lightning
bolt joining p to p. If a lightning bolt £ = [p1, ... ,py] is finite, the number n of its
vertices is called its length. A point is considered to be a lightning bolt of length
one. Sometime we shall specify the relations R; in the lightning bolt notation, e.g.,

(1.11) p1R1paRop3sR1psRops Ryps.

In the case when Q C R? and 7y, 7, are coordinate projections, each segment p;p;.+1
in the lightning bolt [p1, p2, .. .] is parallel either to the Oz-axis or Oy-axis, and two
consecutive segments p;_;p; and p;p;4+1 are perpendicular. This easily-visualized
interpretation is useful in a general situation as well. The notion of a lightning bolt
has already appeared in §8 of Chapter 1. We shall see that for N = 2 the notion
of a lightning bolt turns out to be very useful for answering the questions raised
above, concerning the subspaces D and BD.

The notion of a lightning bolt appeared in the works of Arnold [4], [5] where
the thirteenth Hilbert problem was solved. Arnold considered lightning bolts in
R3. Later the notion of a lightning bolt has been used in practically all works deal-
ing with representation and approximation by superpositions, though sometimes it
appeared under different names ([113], [99], [100],[79], [80], [61], [91], and others).

Circular and closed lightning bolts. A finite lightning bolt [py,... ,pn] is
called closed if pyRips and p,R2pi, or pyReps and ppRip;. A closed lightning
bolt must have an even number of vertices: n = 2m. A finite lightning bolt
[p1,... ,pn] is called circular if p, = p; and at least two vertices of the bolt are
distinct. If [p1,... ,P2m] is a closed lightning bolt, then [p1,. .. ,pam,p1] is circular.
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If [p1,... ,Pn,p1] is a circular lightning bolt, then [p1, ... ,p,] need not be closed,
because the equivalences of p; with p; and p, with p; for n odd turn out to be the
same. Yet from a circular lightning bolt one can select a closed one by omitting
some vertices. Closed lightning bolts were used (under a different name) in [38]
even before the general notion of a lightning bolt had evolved.

Irreducible lightning bolts. A (finite) lightning bolt is called irreducible if
there does not exist a lightning bolt of a smaller length with the same beginning
and end. A lightning bolt [p;, po] is always irreducible (p; # p2). A lightning bolt
containing a single vertex p is irreducible. In an irreducible lightning bolt all vertices
are distinct.

The relation R. Define yet one more relation R: pRgq if there exists a finite
lightning bolt joining p and q.

LEMMA 1.3. R is an equivalence relation. The equivalence class R(p) of a
point p is an F,-set. If E is a closed subset in Q, then its saturation R(E) is an
F,-set. The saturation of a Borel set is a Borel set.

PRrOOF. Clearly pRp, and if pRq, then ¢Rp. Let us show that pRq, ¢Rs = pRs.
Let a lightning bolt [ps, ... ,p,] join p and ¢ (p1 = p, pr = ¢) and let a lightning bolt
(91, .. yqm] join g and s (¢1 = ¢, ¢m = 5). I pr_1R;, P and q1 Ry, q2, 41 # 42 (41,92 =
1,2), then the lightning bolt [p1,... ,Pn,q1--. ,@m] joins p; = p and g, = s. If, on
the other hand, pn—1 R;p, and ¢; R;gs, the lightning bolt [p1,... ,Pn—1,42,-- ,qm]
joins p; = p and g, = s. Let E C @ be closed, and hence, compact. Then the sets

By =7 (m(E)), B, =n; " (w2 (B1)), Bs = 7" (m1 (E2)), ...

oo
are all compact. It is easy to see that R(E) = UEk; hence R(E) is F,. In
k=1
particular, if E = {p}, we obtain that the equivalence class R(p) is a F,-set. If E
is a Borel set, then Ej,... , Ey,... are also Borel sets, and so is R(F).

Relation R3;. In addition to the equivalence relations R;, Rz, R on @ intro-
duced above, we shall need one more. Consider the algebra A3 = A; NA,. Itisa
closed subalgebra in C(Q) that contains constants. Set

(1.12) PRsq, if f(P)= f(g) forall f € A;.

Obviously, R(p) C R3(p).

The condition of representability by superpositions in terms of light-
ning bolts. Consider an operator 7(Z) defined by the formulas (7.1), (7.2) of
Chapter 1.

PROPOSITION 1.4. For any Q,X,Y,m : Q@ — X,my : Q — Y, the following
are equivalent.
1. There ezists a natural number n = n(Q) such that ™(Q) = Q.
2. Q does not contain closed lightning bolts, and there exists M = M(Q) such
that every trreducible lightning bolt £ C Q has no more than M wvertices.
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PROOF. Let us show that 1 = 2. For a closed lightning bolt £, we have
7(£) = £, hence 7™(£) = £ for all n. Therefore, if @ contains a closed lightning bolt,
7"(Q) = Q is impossible. Moreover, if there exists an irreducible lightning bolt ¢
in Q with k vertices, then 7(£) is obtained from ¢ by omitting the first and last
vertices, and therefore 7(£) is a lightning bolt with k — 2 vertices. In general, 7"(£)
contains k — 2n vertices, and since 7*(Q) = ¢, k < 2n.

Let us show that 2 = 1. Since @ contains no closed (hence, circular) lightning
bolts, if two points are joined by a lightning bolt it is unique, hence irreducible.
Let 7*(Q) # 0 and p; € 7"(Q). Then there exists pa # p1, p2 € 7"~ 1(Q), p1R1pa.
Moreover, there exists ps € T"72(Q), ps # P2, p2Rops, etc. Finally, there exists
pn € 7(Q) and [p1,...,pn] is a lightning bolt on @ that is not circular and is
irreducible. Then n < M, while for n > M necessarily 7(Q) = 0.

We can now reformulate Theorems 7.3 and 7.4 of Chapter 1.

THEOREM 1.5. Let @, X,Y be arbitrary sets, andm : Q — X, m2: Q — Y be
arbitrary mappings. In order that the subspace

BD ={giom(p)+g20m(p)}, g1 €B(X), g2€ B(Y)

coincide with B(Q) it is necessary and sufficient that Q contain no closed lightning
bolts and the lengths of all irreducible lightning bolts be bounded by the same number.

THEOREM 1.6. Let Q,X,Y be compact metric spaces, and m : @ — X, mo :
Q — Y continuous mappings. For a subspace D (1.7) to coincide with C(Q) it is
necessary and sufficient that Q contain no closed lightning bolts and the lengths of
all irreducible lightning bolts be bounded by the same number.

This result has been obtained by the author in [80] independently of [133],
and the theorem remains true for arbitrary compact spaces @, X,Y, not merely
compact metric spaces. This will be shown later on in §4.

Now let us raise a natural question complementing question 1. Again, let
X,X1,...,Xn besets, and ®; : X — X; be mappings. Under what conditions can
an arbitrary function f(z) defined on X be represented in the form

(1.13) f(@) =g1021(z) + -+ gn o PN (),
similar to (1.1), but with arbitrary g; defined on X;? Thus, no boundedness or
continuity assumptions are implemented on f,91,...,gn. When N = 2, we are

able to answer this question.

THEOREM 1.7. Let N = 2. In order that each function f(z) can be represented
in the form (1.13), it is necessary and sufficient that X contain no closed lightning
bolts.

PROOF. Necessity. If [z1,...,z,] is a closed lightning bolt, then a straightfor-
ward calculation shows that every f(z) representable by (1.13) satisfies

f(x1) — f(z2) + f(x3) — f(za) + -+ + f(T2m—1) — f(zam) = 0.

But a function F(z) such that F (z1) # 0, F (z2) = - -+ = F (x2m) = 0 violates this
condition, and therefore cannot be represented in the form (1.13).

Sufficiency. The absence of closed lightning bolts guarantees that if points z
and y in X can be joined by a lightning bolt, it is unique. This allows one to
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argue in a similar manner as in the proof of part 1 of Theorem 8.3 in Chapter 1.
Now the situation is even simpler, since we have to construct only two functions h;
and hg, not three as there, and we need not worry about the boundedness of those
functions.

From the examples below (see §2), it follows that a bounded function f(z) can
indeed be represented by unbounded functions.

§2. Closedness of the subspace D

We give two forms of the answer to the question raised in §1 regarding the
conditions implying that the subspace D (1.7) is closed.

THEOREM 2.1 (Marshall and O’Farrell [99]). For the subspace (1.7) D to be
closed in C(Q), it is necessary and sufficient that there exist a constant ¢ > 0 such
that

(2.1) sup var f <csup var f for each f € A;.
peQ Ra(P) peQ Ra2(P)

Here and below, varg f on a set E means the oscillation of f on E.

THEOREM 2.2 (Medvedev [102]). In order that the subspace (1.7) D be closed
in C(Q), it is necessary and sufficient that the lengths of all irreducible lightning
bolts contained in Q be uniformly bounded.

In Theorem 2.2 closedness of D is encoded in geometric properties of @), while
in Theorem 2.1 there are two parts: a geometric one associated with the structure
of Ry(P) and R3(P), and an analytic one, verification of (2.1). We shall need some
auxiliary considerations.

Best approximation of a bounded set (of values) by a continuous
function. As long as we are going to study the problem of best approximation
of a function f(z,y) by the sums (z) + ¥ (y), it is natural to start out with the
problem of approximation of f(z,y) by functions of one variable only. In a slightly
more general form, the problem is the following.

Let T be a compact, and let each point ¢ € T correspond to a set of real
numbers f(T') (there is a multivalued function defined on T'). Assume the sets f(t)
are uniformly bounded: there exists M such that |f(¢)] < M for all t € T. The
problem is to find

(2.2) e(f) = mf ) Sup Sup 17@) — ()],

and to determine the function ¢*(t) € C(T) for which the infimum in (2.2) is
attained (provided that such a function exists). First, we introduce the functions

(2.3) M(t) = sup f(t), m(t) = inf f(2).

Consider to € T, and let X (to) = {0 (to)} be a directed set of neighborhoods o (o)
of that point partially ordered with respect to inverse inclusion. Define scalar nets
with the index set X (¢o):

(2:4) 7(0)=t :.?(EO)M @, f@)=, el;l(ﬁo)m(t)



§2. CLOSEDNESS OF THE SUBSPACE D 59

and set
2.5 M* (ty) = lim f(o), m* (tp) = lim f(o).
(25) (t0) = lin Fl0),  m* (to) = Iim f(0)
The existence of the limits in (2.5) follows from the monotonicity of f(c) and f(o).
Clearly, M* (to) > M (to) and m* (o) < m (to)-
PROPOSITION 2.3. We have
1
(26) e(f) = 3 sup (M*(8) — m*(2).
teT
Moreover, there ezists a point toy € T where the supremum in (2.6) is attained.
There also exists a function @*(t) € C(T) for which the infimum (2.2) is attained.

PROOF. The function M*(t) is upper semi-continuous, whereas m*(t) is lower
semi-continuous. Hence, M*(t) — m*(t) is upper semi-continuous and attains its
supremum at a point to € T. Let ¢(t) € C(T). To fix the ideas, assume that
@ (to) < 2 (M* (to) + m* (to)). Taking € > 0, consider a neighborhood o (to) such
that |p(t) — ¢ (to)] <€, t € o (to). In this neighborhood there exists a point ¢’ such
that M (t') > M* (tp) — €. Therefore,

M (E) ~ p(¢) > M*(t) —  (to) — 2 > M* (t0) — 5 (M (t0) + m" (t0)) — 2¢
= 2 (M*(t) — m* (t0)) 2.
Thus,
27) supsup | () — p(t)] > = (M* (to) — m* (t0)).
teT f(¢)
Since @ € C(T) is arbitrary, we find that
(28)  elf)2 5 (M ()~ m* (o)) = 3 5up (M*(0) = m(0).

Set g = M* (to)—m* (to) and try to construct a continuous function *(t) satisfying
the inequalities

(2.9) L) < <iemie).

The left-hand side in (2.9) is indeed less than or equal to the right. On the left-hand
side of (2.9) we have an upper semi-continuous function, while on the right we have
a lower semi-continuous function. According to the well-known theorem of Katétov
[76] such a continuous function ¢*(t) exists (in [111, Chapter XV, Section 4] the
construction is given when T is an interval on the real axis, but it extends mutatis
mutandis to the general case). From (2.9) we obtain

M(E) - " () S M*(t) - " () < 5,
@'(t) ~mlt) < 9" () = m* < 5.
Therefore,

(2.10) M@ - OIS, o) - m()] <

N
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But (2.10) implies that for all ¢t € T',
q
sup|f(t) —¢* ()| < 3
F(t)

and hence

(2.11) supsup | f(t) — ¢*(t)] <
t ()

N[

Together with (2.8), (2.11) implies (2.6) and all the statements of our proposition.

Proposition 2.3 is proved in [79]. A special case when f(t) is a single-valued
(discontinuous) function was treated in [90].

Best approximation of a bounded set of values by a bounded func-
tion. Change the problem now by considering approximation by bounded func-
tions. Now let T be an arbitrary set and let B(T') be the space of bounded functions
on T with the usual uniform norm. Find

(2.12) e(f) = pelng) sup sup 1£(t) — ()]

Unlike Proposition 2.3, the following assertion can be viewed as obvious.

PROPOSITION 2.4. We have
(2.13) e(f) = —sup(M(t) m(t)) .

There exist functions ¢*(t) € B(T) for which the infimum in (2.12) is attained.
One of them is the function

(2.14) P(8) = 5 (M) +m(t)).

In some sense, the function (2.14) is the best of the best approximations, since

its values are optimal for each cross-section of f(t). This need not be true for a

solution of the problem (2.12): it is easy to see that the values (2.14) are prescribed

only for those cross-sections f (¢9) for which M (to) — m (to) = sup (M (t) — m(t)).
t

For other values of ¢, functions giving best approximation may diverge somewhat
from the function (2.14).

Best approximation of a function of two variables by functions of one
variable. Let Q@ C X X Y be a compact set, where X,Y are compact spaces and
f(z,y) € C(Q). The following problem is a special case of the problem (1.15):

(215) e(f)=_inf If(@9) - e@lo@ = , inf, maxmax|f(z,) - p(z)]

and, similarly, the problem

(215) () = inf If(@9) - vW)lo =, jnf, maxmax|f(z,y) - $()
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of approximating f(z,y) by functions 9(y) € C(Y'). For the problem (2.15) we set

M(:L‘) = m:?'x f(w) y), m(m) = min f(.’L‘, y),
flo) = . esu(p )M (z), flo) = 1nf f m(z),
M (a0) = lim (o), e (z0) = Elg;;) 1),
(2.16) ex(f) =5 max (M*(z) — m*(z)).

We leave to the reader the task of writing out the corresponding formulas for the
problem (2.15").
IfQ C X xY, X,Y being arbitrary sets, then similar problems rise in the class

B(Q):

(217)  e(f) = o I1f(z,9) — o(@) gq) = oonb,sup sup |f(z,y) — o(z)]

and a similar problem for &,(f). A solution of the problem (2.17) is given by

M(.’l)) = Sup f(wa y)) m(m) = (a:,l;.;f;Q f(xay)v

(z,y)€
(2.18) &(f) =5 Sup (M(z) —m(z)),
(2.19) p*(z) = (M () + m(z))

and by similar formulas for approximation by functions ¥(y) € B(Y).

If f(t) ¢ C(T) in the problem (2.2), then e(f) < e(f) always, and it is easy
to find examples when the inequality is strict. However, if M(t) and m(t) are
continuous, then e(f) = e(f) and the function (2.14) is a best approximation.
Hence, in that case enlarging the class of approximating functions does not improve
the result.

COROLLARY 2.5. If X andY are compact spaces, @ = X XY, f € C(Q), then

(220) x(f) = ealf) = 5 max (M(2) - m()).

The function (2.19) is a best approzimation. Similar statements hold for €, e, and
P*(y).

The distance to a subalgebra. The following situation is an important case
when e(f) and e(f) coincide.

LEMMA 2.6. Let Q be a compact set, A a closed subalgebra in C(Q) containing
constants, and v the equivalence relation on Q defined by A. Then for all f € C(Q)
we have

p(f,A) = inf |If — ol = inf max|f(p) - (p)|
(2.21) 1 [

= —Imax

5 max | max f(g) — min f(q)] = L mexvar f.

g€r(p) g€r(p) 2 peQ r(p)
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PROOF. Consider the quotient space T' = Q/r whose elements are equivalence
classes t = r(p), and the natural projection 7 : Q — Q/r. The space T is compact,
and according to the Stone-Weierstrass theorem A can be identified with C(T).
The approximation problem (2.21) is then the problem of best approximation of
sets of values f(t) assumed by the function f(p) on equivalence classes t = r(p) into
which r divides Q. Let us show that for all t € T' we have M*(tg) = M (to) and
m* (to) = m (to). In view of Propositions 2.3 and 2.4, this will prove the lemma.

Let X (to) = {o (to)} be a directed set of neighborhoods of a point ¢y. For any
o (to) € X (to) we have f(0) > M (o). Given an arbitrary € > 0, then for any
o = o(tp) there is a t, € o such that M (t,) > f(o) — e > M* (t,) — . Hence,
there exists a point p, € 7! (t,) such that f(p,) > M* (o) — €. From the net
{ps} choose a subnet {pg} that converges in @ to go. Then 7 (go) = lim= (pg) =
lim (p,) = to. Therefore, go € 7= (to) = (po). Then M (to) = SUPger(po) £(a) =
f(go) = lim f (pg) > M* (to) — e. Since M (tp) < M* (to) always, we obtain the
equality M (t9) = M™* (tp). The proof that m (ty) = m* (¢o) is the same. The
lemma is proved.

Now we can finally start proving the main theorems.

PROOF OF THEOREM 2.1 (about closedness of D(Q)). Consider the isomor-
phism of the quotient algebras

(2.22) A1/A3 = A1/A1 N Ay — Ay + Az /Ay C C(Q)/Az.

Let f € A;. Consider the equivalence classes FF = f+ A1 N Ay and & = f + A,
determined by an element f; they are elements in A;/A; N A; and A; + Az/A,,
respectively. These classes correspond to each other under the isomorphism (2.22).
The respective norms (quotient norms) are

Il = _int If = ¢l =p(fiAs), A= Ai0ds,

ol = jnf IIf =l = o (£, 42).

Here p is the distance from f to A3, or A, in C(Q). Clearly, ||®||, < ||F||;, and
the linear operator F' — ® defined by (2.22) is continuous. If there is a ¢ such that
IFll1 < c||®]|2, then A; + Az/A, is a Banach space. Conversely, if A; + Az/Az is a
Banach space, then according to the Banach Open Mapping Theorem there exists
¢ such that | F||1 < ¢||®||2- On the other hand, A; + A2/A; being a Banach space
is equivalent to closedness of A; + A;. Thus, the inequality

(2.24) I1F]l2 < @l

with a certain constant c is equivalent to closedness of A; + A;. Applying to
IFll. = p(f,As) and ||®||2 = p(f, A2) formula (2.21) of Lemma 2.6, we complete
the proof.

(2.23)

PROOF OF THEOREM 2.2 (about closedness of D). Necessity. Assume that
the sum A; + A (i.e., the subspace D) is closed, but still Q contains irreducible
lightning bolts of an arbitrarily large length. Then, for each natural number N
there exists an irreducible lightning bolt

(2.25) PoR1p1 Raps . . . P2nt1R2P2n+2-
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(We have specified explicitly the relations between the points of the lightning bolt
[pop1 - - . P2n+2].) Introduce an operator «y by setting for any set E C Q

(2.26) v(E) = Ry (R2(E)).
The powers of -y are defined accordingly. Set
B = "% (pan2), k=0,1,...,n.

Here, 7° (P2nt2) = {P2nt2}. The set Br_1 = 7 (pan42) contains points pans,
Pan+1 € Rz (p2n+2), Pon € Ri (P2nt1) C Ri (R2 (P2n+2)). At the same time, B,—q
does not contain any other points of (2.25) since it is irreducible. (If a point pj,
J < 2n belongs to <y (p2n+2), then we can find a point g such that

pjR1qRopon 2.

But this means that there exists a lightning bolt shorter than (2.25) with end-points
po and pan42.) In general, By, contains points pok+2, P2k+3, - - - > P2n+2 and does not
contain points po,p1, ... ,Pek+1. In particular, By contains all of (2.25) except po
and p;. Each of the sets By is closed (since R; is the saturation of a closed set,
therefore closed) and is saturated with respect to R;. Set Cx = Q\Bg. Ck is an
open set and is also saturated with respect to R;. Since Bo D B; D -+ D By, we
have

(2.27) CocCcCyC--CCh.

Also,

(2.28) {po,p1,-.. ,p2k41} C Ch, {P2k+2,- - s P2n42} NCi = 0.
Let us show that

(2.29) v(Ck) C Cry1, k=0,...,n—1.

Indeed, if the inclusion (2.29) fails for some k, then there exists y; € Ci such that
y1Roy2 R1ys, where y3 ¢ Cky1. This implies that y3 € Biy1 = Q\Ck+1. Then
Y2 € Bg41, since By is saturated with respect to R;. But then y; € Ry (Bg+1) C
v (Bk+1) = Bk, and this contradicts the condition y; € Cy.

In view of (2.27) and (2.28) we have

(2.30) m1 (po) = m1 (p1) C 11 (Co) C w1 (Ch) C -+ C 71 (Cr).

All the sets m; (Ck), kK =0,...,n, are open. Indeed, the sets m; (Cx) and m; (Bk)
are disjoint, since otherwise the sets w7 ! (1 (Cx)) = Cx and n7* (m; (Bx)) = B
are not disjoint either. (The equality 77 * (m1(E)) = E means that E is saturated
with respect to R;.) Since m; (By) is closed, 71 (Cx) = X — w1 (Bg) is open.

Set Fy = m1 (po). It is a closed set (a point). Since X is compact, there exists
an open set Vp such that

Fy Cc Vo C Vo Cm(Co)

(this is the so-called small Urysohn lemma, cf. 1], [117]). From ;! (Vo) C
w1t (1 (Co)) = Co, it follows that y (17 (Vo)) C C1. Set Fi = my [y (n7! (Vo))]-
Then F; is a closed set, and F; C m; (C;). Again, we can find an open set V; such
that Fy C Vi C V1 C w1 (Cy). Set Fp =m [y (n7 ! (V1))]. F is closed, and since
m7t (V1) C Cy, then v (n7* (V1)) € v(C1) C Co. Hence, Fy = my (Cs). Let us
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find an open set V5 with F» C Vo, C Vo C m(C2), and let F3 = m; ['y (ry 1 (72))],
etc. We obtain a sequence Vp, V1,...,V, of open sets in X and a sequence of closed
sets such that

FcWwchcVcFRcWwc: - --CVaa CF, Cm(Ch),

(231) Fo=m [y (D)), Fecm(C).
We have
7 (Fe) Dy (r7t (Vo)) € v (1t (Fe-1)) k=1,...,n.
Hence,
(2.32) w1 (Fi) D 4% (n7" (Fo)) D {po, - - - »Paks1}-
On the other hand, in view of (2.28) and (2.31)
(2.33) 77 (Fr=1) N {D2ks - - »P2nt2} C Crm1 N {D2k, - - - , P2nta} = 0.
Therefore
(2.34) w7 (Fi) \m7 (Fr—1) D {pak P21} # 6,
whence
(2-35) Fi\Vk—a C Fx\Fr_1 #0.

In addition, Fj\Vi—2 is a closed set. For the sake of uniformity, complete our
notation by setting

(236) V_1 = @, Vn =m (Cn) s Fn+1 = X.

By Urysohn’s lemma we can construct a continuous real-valued function hg(z),
k=1,2,... ,n+ 1, satisfying the following conditions:

hk(.’I:) =k- 1, for z € Fk—l\Vk—z;
(2.37) hk(:l:) =k, forxze€ Fk\Vk_l;
k—1<hg(z) <k forallze€ Fp\Vi_s.

It is possible for the set Fi_1\Vik—2 or F;\Vi—1 (or even both of them) to be empty.
The domains of definition of the functions hy may intersect only for consecutive
indices, yet on those intersections the functions A and hg_1, or hy and hg41, as
defined by (2.37), coincide.

The function h(z) defined by

(2.38) h(:l:) = hk(:l:) for z € Fk\Vk_z, k=1,...,n+1

is well defined on all of X and is continuous. Set f = hom;. Then F € A;. We have
m1 (po) = Fo = Fo\V_1. Therefore, h o w1 (pg) = 0. Moreover, for k = n + 1 the
only point remaining in (2.34) is pan42; hence 71 (P2n+1) € Fnt1\Va—1. Therefore,
f (pan+2) = h o (P2n+2) = n+ 1. Comparing the relations R and R3, we see that
R3(p) D R(p) always. Hence,

2.39 sup var f >supvar > var f>n+1.

( ) peg R3(p) f peg R(p)  R(po) f

(Incidentally, it is not hard to see that the last inequality in (2.39) is, in fact, an
equality.) Now let E be an equivalence class with respect to Ry. Let k be the



§2. CLOSEDNESS OF THE SUBSPACE D 65

smallest index for which E N 7r1 TH(FR) # 0. (n]! (Fn+1) =miX)=Q) If
0 <k <mn+l,then ENay’ (Fi1) = 0. But n7! (Feqr) = v (77 (Vi) 2
v (n7 1 (Fx)) D Ry (my 1 (Fx)) D E. Therefore,

E C it (Fiy1\Fx) C it (Fig1\Vi—2) .

Hence varg f < 2. For k = 0 or kK = n + 1, we obtain similarly that varg f < 1.
Hence

(2.40) sup varf <2

peQ B
Comparing (2.39) and (2.40), we see that the condition (2.1) in the Marshall-
O’Farrell criterion is violated. Necessity in Theorem 2.2 is proved.

Sufficiency. We have to show that the subspace D is closed provided that the
lengths of all irreducible lightning bolts in @ are bounded by a number N. As was
noted earlier, for any p € @ the inclusion R3(p) D R(p) always holds, and since
R3(p) is closed R3(p) 2 R(p). Let us show that in our case R3(p) = R(p). If
g € R(p), then among the lightning bolts joining p to ¢ we can choose one that
has the smallest number of vertices. This lightning bolt is going to be irreducible,
and so its length is at most N. Thus, any two points in a equivalence class with
respect to R can be joined by a lightning bolt that has at most N vertices. This
immediately implies that in any case

(241) R(p) = 7" (p),

where v is the operator defined by (2.26). But vV (p) is closed; hence the equivalence
class R(p) is a closed set.

Similarly, if F is a closed subset of @, then R(F) = vV (F), and this implies that
R(F) is also closed. Therefore (see [117]), @Q/R is a normal compact space and the
natural projection 7 : Q@ — Q/R is a closed mapping. For two distinct equivalence
classes a = R(p;) and b = R(p2), we can construct a function ® continuous on
Q such that ®(a) = 1, ®(b) = 0. The function F(p) = ® o n(p) is continuous on
Q. Since it is constant on every equivalence class R(p), F' € Az. At the same
time it takes distinct values on R (p;) and R (p2), which is only possible if p; is not
equivalent to p, with respect to R. Thus, R3(p) = R(p).

Now, let f € A;. Choose two points p’ and p” in R3(p) = R(p). Then p’ and p”
can be joined by a lightning bolt [p/,p1, ... ,pk,p"], and k < N —2. To fix the ideas
assume that p' Rip1,prRop” (all the remaining possibilities are treated similarly).
Then py Rops, p3Rapa, - . . , Pr—2Ropr—1,prR2p”, and we have

If @) = f @) < |f (1) — f (2)| +|f (p3) — f (pa)| +
+17 )= 16 < || sup e 7

Q Ra(p)

(2.42)

(f@)=Ff@),f(p2) = f(3), -, f (pr-3) = f (pr-2), f (Pr—1) = f (p&), since
f € A;y). From (2.42) we obtain

N
sup var f < sup var f;
peg R3(p) f< [ 2 ] peg R2(p) Fi

hence, in view of Theorem 2.1 (where we have to set ¢ = [N/2]), the subspace D is
closed. The proof is now complete.
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Bars and a cross. Let Q,X,Y besets, and m; : @ - X, m : Q —» Y
surjective mappings. If for py € @Q we have

(2.43) Ty [71'1—1 (my (po))] =Y

or, using different notation,

(2.43") w2 [R1 (po)] =Y,

then R (po) is called a y-bar passing through po. Similarly, if
(2.44) 1 (3" (2 (po))] = 71 (Rz (po)) = X,

then Ry (po) is an z-bar passing through pg. In the case when @ C X x Y existence
of a y-bar through py means that m (po) X Y C Q. Similarly, existence of an z-bar
means that 7 (po) X X C Q. If Ry (po) is a y-bar and Ry (po) is an z-bar, then
R; (po) U Rz (po) is called a cross (passing through po). This notion was used, e.g.,
in [113], [109], [110], [81].

COROLLARY 2.7. If Q,X,Y are compact sets and Q contains at least one bar,
then D(Q) is closed in C(Q).

PROOF. Let Q contain an z-bar through po and let p; € @Q,p2 € @ be two
points. By the hypothesis there exist points g1 € R (po) and g2 € R (po) such that
m (p1) = m1 (q1) and m1 (p2) = m1 (g2). Then, [p1R1¢1R2g2R1p2] is a lightning bolt.

ExAMPLES. Let us give few examples illustrating the theory presented here.
All examples are constructed for Q@ C R? with X,Y being projections of Q on the
coordinate axes; the subspace D has the form (1.8), 4; = {¢(z)}, 42 = {¥(v)},
Az = A; N A,. For a more complete analysis of the examples below let us note the
following fact (cf. Theorem 4.15 below). In order that D(Q) = C(Q), it is necessary
that there be no closed lightning bolts in Q. (This is easily verified by arguments
in the proof of necessity in Theorem 1.7.) With the same goal in mind, we shall be
appealing to Lemma 4.1 in order to check that a measure p orthogonal to D(Q) is
a zero measure.

EXAMPLE 2.8. A3 does not consist of constants only. Let

Q1 ={(z,y),y=2,0<z <1},
Q2 ={(z,1),1 <z <2},
Qs ={(2,y),1<y <2},
Q=Q:1UQ:UQs.
Obviously, A; # Az # As, and A3 contains some other functions besides constants.
For instance,

z, 0<z<1,
f(z»y)_{l’ 1SwS2,
can also be written as 0
Y, Syl
f(x’y)_{l, 1<y<2;

hence f(z,y) € As although f(z,y) # const.
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EXAMPLE 2.9. Here we illustrate situations when D = C(Q) and D # C(Q).

(a) @ = {(0,0),(1,0),(1,1),(0,1)}. D # C(Q) because Q is a closed lightning
bolt.

(b) @ = {(0,0),(1,0),(1,2),(2,2),(2,0)}. D # C(Q) because @ contains a
closed lightning bolt.

(c) @ =1(0,0),(1,0),(1,2),(2,2)}. D=C(Q).

In examples (a), (b), (c), D = D. In general, when Q is a finite set, the
assumptions of Theorem 2.2 are trivially satisfied and D = D (here, C(Q) is a finite-
dimensional space and D, of course, is also finite-dimensional, so automatically
D=D).

EXAMPLE 2.10. Here we illustrate cases when D = D and D # D.

(a) @ is a union of two parallel segments that are not parallel to the coordinate
axes. D = C(Q) = D. (The assumptions of Theorem 1.6 are satisfied.)

(b) Three such segments. By Theorem 2.2, D = D. If the segments are
sufficiently long, then D # C(Q) (there is a closed lightning bolt in Q).

(c) Q is a boundary of the triangle with vertices (0,0), (1/2,0), (1,1). Here,
D # C(Q) (there exist arbitrarily long irreducible lightning bolts). One can show
(see Lemma, 4.1 below) that D = C(Q) and, therefore, D # D. (The latter follows
from Theorem 2.2.)

(d) @ consists of a polygonal path whose sides are parallel to the coordinate
axes and whose vertices are

1 1 1
(0’0)’ (1’0)’(1al)a (1 + 52 1) , (1 + 22 1+ 2—2> s
L o1 1 1 1.1 1
obrbie) (oddiedod)
We add to the path the limit point for the vertices

w2 72 m? 1
(F’F)’(‘e“zﬁ -
n=1
By Lemma 4.1 one can verify that D = C(Q). However, D # D by Theorem 2.2.

Construct a function f(p) = f(z,y) on Q as follows. On the link joining (0,0)
to (1,0), f(z,y) is continuously increasing from 0 to 1; on the link from (1,0) to

1
(1,1) it continuously decreases from 1 to 0; on the link from (1,1) to (1 + 2 1

. 1 . 1 1 1
it increases from 0 to X on the link from (1 + 2 1) <1 + 22,1 + 22)

1
decreases from = to 0; on the next link it increases from 0 to 3 etc. At the point

2 .2
(%, % set the value of f equal to 0. Clearly, f is a continuous function and

therefore can be uniformly approximated by the sums ¢(z) + 9(y), where @, are
continuous. At the same time, f(z,y) can be represented in the form

fz,y) = &(z) + ¥(y)-

(In general, according to Theorem 1.7 any function on Q is representable by such
a sum.) However, it is easy to see that in any such representation ® and ¥ cannot
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be bounded—once more confirming that D # D, although D = C(Q). Here, the
equivalence class with respect to Rz of any point is all of @, it contains R((0, 0)),
a2 72 2 2

i 2((5:5)) = (55)

(e) Add to the set Q in the previous example one more copy of @ adjacent

2 2 i

to (%,%) from “above”, the set @;. Let @ = QU @,. For all p € Q we
have R3(p) = Q There are three equivalence classes with respect to R: the point

2 2
q= <% %) Q\g, and Q,\g.

§3. Proximinality

Propositions 2.3-2.4, Corollary 2.5, Lemma 2.6 all contain statements concern-
ing proximinality of subspaces of functions g o ®(p), where ® is a given mapping.
In this section we treat problems concerning proximinality of subspaces of sums of
two superpositions. First, consider bounded functions. Similarly to (1.8), assume
that X,Y and Q@ C X X Y are arbitrary sets, 1, : X XY - X, m: X XY —»Y
are canonical projections, X = m;(Q), Y = m2(Q). Functions f(p), p € Q, can be
written as f(z,y), z€ X,y €Y.

The subspace BD = BD(Q) in B(Q) consists of functions ¢(z) + 9(y):

(3.1) BD ={p(z)+¢¥()}, o) € BX), %()eB(Y).

Also, in addition to the subspace BD we consider in B(Q) another subspace

(31) BD={p(&)+9@)}, forall p(z),¥(y) with ¢(z) +%(y) € B(Q).
It follows from the example (2.10d) that in general BD and BD are different.

THEOREM 3.1. The subspace BD is always proziminal.

PROOF. In every equivalence class with respect to the relation R choose a
point. Let R(p;) be such a class in which the point p; is chosen. Each point
p € R(p1) can be joined to p; by a finite lightning bolt. Among the lightning bolts
joining p and p; there exist irreducible ones. Fix one such irreducible lightning bolt
[p1,p2,... ,Pm = p]. We call it marked, and denote it by {p1,p}. If p; = (zs, %),
Di+1 = (Tit1,Yi+1), then either y; = y;41, or x; = z;41. In the first case we shall
write ¢ € Cy, in the second case ¢ € Cy. Consider the following linear functionals

on B(Q):
Ap(f) = Z [f (Pir1) — f (Pi)];

1<i<m—1
i€C;,
By(f) = Z [f (pi41) = £ (p3)].

1<i<m—1
iECy

(3.2)

If p = p1, then both sums are defined to be zero. For all p € R (p;) these functionals
are continuous in the weak (x) topology of B(Q) defined by B(Q) = £}(Q)*. Also,
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for any two points p and $ that belong to the same equivalence class R (p;) define
the linear functionals

Laps(f) = (A5 — Ap) (f);
These functionals are also continuous with respect to the weak (x) topology in B(Q).
Considering all the equivalence classes with respect to R into which R divides @,

denote by M the set of those functionals (3.3) for which the following additional
requirements hold (p = (z,v), p = (&, 9)):

(3.4) LA,p,ﬁ(f) EM ifz=17; LB,p’ﬁ(f) eM if Yy=1.

(3.3)

ASSERTION 3.2. BD = M*.

PROOF. Let f € BD and hence f(p) = @(p) + %(p), where o(p) = ¢(z),
P(p) = ¥(y). If p € R(p1) and {p1,p} is the marked lightning bolt, then

Y (Pi+1) =¥ (i), i € Cu,y @ (pit1) = ¢ (pi), iGCy-
Therefore,

o ir1) —@ (@) = f(Pir1) — f (), 1€Cy,
Y (Pit1) =¥ (0:) = f (pir1) — F (23), i€ Cy.

Hence, using the functionals (3.2), we obtain

(3.6) o) —o(1) =Ap(f),  ¥(P) — % (p1) = By(f).

If Laps € M, p = (z,y), p = (&%), then in view of (3.4) x = Z. Hence p and
P belong to the same equivalence class with respect to the relation R. Let it be a
class R (p1). Then from (3.1)-(3.6) it follows that

37 Laps(f) = A45(f) — 4p(f) = ¢ (B) — ¢(p) = ¢ (&) - p(z) = 0.
Similarly, for Lp 5 € M we obtain
(3.7 Lpyps(f) =0.

Therefore, BD C ML. Now let f € B(Q) be orthogonal to M. Construct ¢(z) and
¥(y) such that f = p(z) + 9(y). Taking an equivalence class R (p1), set ¢ (p1) =
f (1), ¥ (p1) = 0 at the marked point p;. At any p € R(p,) define the functions
©(p) and 9¥(p) by (3.6). Do this for all the equivalence classes. From (3.2) and (3.6)
it follows right away that f(p) = ¢(p) + ¥(p). Now let points p = (z,y) € R(p1)
and p = (%,7) be such that £ = Z. Then, p € R(p1) and L4 5 € M. Therefore,
L p,5(f) =0. From (3.6), (3.3) it follows that ¢(p)—¢ (§) = 0. Thus, ¢(p) depends
only on the coordinate x of a point p : ¢(p) = ¢(x). Similarly, one shows that ¥ (p)
depends only on the y-coordinate. Thus, f = o(z) + ¥(y), and so M+ C BD.
Thus, M+ = BD, and Assertion 3.2 is proved.

(3.5)

In order to complete the proof of Theorem 3.1, note that from Assertion 3.2 it
follows that BD is weak (*) closed, and weak (x) closedness implies proximinality.
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THEOREM 3.3. If the lengths of irreducible lightning bolts in the set Q are
uniformly bounded, then BD = BD and hence the subspace BD(Q) is proziminal.

PROOF. By the hypothesis the number of vertices of any given/_li\ghtning bolt
does not exceed some constant M. Let f(p) = ¢(z) + ¥(y) € BD. On each
equivalence class R (p;) functions ¢ and % are defined up to additive constants ¢;
and c; = —cy, respectively. Therefore, we can assume that at a given point p; we
have ¢(p1) = f(p1) and ¥(p1) = 0. Then from (3.2) and (3.6) we obtain (since f is
a bounded function!)

le)l < MlIfll, 9@ < M|f]-

Thus, ¢ € B(X), ¢ € B(Y), and f € BD. Hence BD = BD, and from Theorem 3.1
it follows that BD is proximinal.

COROLLARY 3.4. If the set Q contains either an x-bar or a y-bar, then BD is
proximinal.

PROOF. As in Corollary 2.7, we conclude that the lengths of all irreducible
lightning bolts are bounded by 4.

Now consider conditions that would provide proximinality of the subspace D
as in (1.8) in C(Q). We shall only consider compact metric spaces. If V is a metric
space, we denote by o(a,) the closed ball of radius r centered at a € V.

THEOREM 3.5. Let X, Y, Q C X XY be compact metric spaces and let a
subspace D be defined by formulas (1.8), where m; : Q —» X, m3 : Q@ — Y are the
natural projections (considered on @ only), m(Q) = X, m2(Q) =Y. Suppose that
for any point € X and any § > 0 there ezists 6o = 6o(X), 0 < g < 8, such that
the set

(3.8) 1 (o (2, 60))
has a y-bar. Then the subspace D is proziminal in C(Q).
First, we shall establish the following lemma.

LEMMA 3.6. If the assumptions of Theorem 3.5 hold, then the lengths of irre-
ducible lightning bolts in Q are uniformly bounded.

PROOF. From the compactness of X it follows that there exist a finite number
of closed balls o (z,6x), zx € X, k=1,...,v, covering X, such that each set

Qk=7|'1_1(0'($k,6k)), k=1,...,l/,

contains a y-bar. Let ) € o (zx,6k) be such a point corresponding to a y-bar of
the set Q. If p = (z,y) and p = (Z,§) are two points from Qy, the points (a:g,y)
and (:1:2,37) also lie in Q. Therefore, p and p can be joined by a lightning bolt

[p, (22,9) » (22,7) , B] of length 4.

v

Since U Qr = Q, the number of equivalence classes in @ with respect to the

k=1
relation R is finite, and each such class is a union of some of the sets Q. Take a
point p; € Qy in each of the sets Qk (e.g., pr = (22,%k)). If Q; and Q; belong
to the same equivalence class, let m;; denote the length of an irreducible lightning
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bolt joining p; and p;. Now, if p and p belong to the same equivalence class with
respect to R, where p € Q;, p € Q;, then in view of the above argument, the points
D, Di, pj, P can be included in one lightning bolt whose length in any case does not
exceed 4 + m;; + 4. Hence all irreducible lightning bolts in @ have length bounded
by M + 8, where M = maxm;;.

PROOF OF THEOREM 3.5. Let f € C(Q) C B(Q). In view of Theorem 3.3 and
Lemma 3.6, the function f(p) = f(z,y) has the best approximation ¢o(z) + %o (y)
in the space BD. We shall use the following notation. If V is a metric space,
W C V is a subset and v € V an element, then dist(v, W) is the distance from v
to W. Let

(3.9) d = dist(f, BD)
in B(Q). Consider the function F(z,y) = f(z,y) — ¥o(y). Obviously,
(3.10) d = dist (F, B(X)),

where B(X) is viewed as a subspace of B(Q). As in Propositions 2.3 and 2.4, intro-
duce for F(z,y) the functions M(z), m(z), M*(z), m*(z). From Proposition 2.4
and (3.10) it follows that

(3.11) d= % sup (M(z) ~m(z)).
So, for all x € X, we have

(3.12) M(z) —m(z) < 2d.
Let us also show that

(3.13) M*(z) —m*(z) < 2d

for all £ € X. Take an arbitrary € > 0. The uniform continuity of f(z,y) on @
implies the existence of § > 0 such that whenever p (z,%) < é and (z,y), (Z,y) are
points in @,

(314) If(za y) - f (i)y)l <e.

Fix 2o € X and choose §; < § so that the set 7! (o (z0,61)) has a y-bar. Let
z1 € o (z0,61) be a value of = corresponding to that bar. For every z € o (2o, 61)
we use (3.14) and the existence of a y-bar corresponding to z; to get

M(z)= sup F(z,y)< sup F(z1,y)+te=M(z1)+¢
(z,9)€Q (z1,9)€Q

m(z) = inf F(z,y)> inf F(z,y)—e=m(z1)—e.
(2) W2 (z,9) oo (z1,9) (z1)

Therefore,

M*(zg) < sup M(z) < M (z1)+¢;
z€a(z0,5)

* > . > e
m (@) > _inf | m(z) 2 m (o) e

(3.15)

Since M (z1) — m (z1) < 2d (in view of (3.12)), we obtain from (3.15) that
M* (zg) — m* (z0) < M (z0) — m (1) + 2¢ < 2dte.
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Since € > 0 is arbitrary, (3.13) follows.
According to Proposition 2.3,

(3.16) dm@C@»:%%wM@ﬂM@Dmﬁ@wuﬁ=d

Comparing (3.16) and (3.13), we conclude that
dist (F,C(X)) =d.

Proposition 2.3 also implies that there exists the best approximation ¢*(z) € C(X)
to F(z,y) for which

(3.17) 1F(z,y) — ¢* (@)l = |1 f(z,9) — ¢*(z) = ¥@)I| = d.

Consider a continuous function ®(z,y) = f(z,y) — ¢*(z). From (3.17) it follows
that

(3.18) dist (2, B(Y)) = d.

Construct for ®(z,y) functions M(y) and m(y) similar to the earlier construction
of M(z) and m(z). According to Proposition 2.4

(3.19) dist (@, B(Y)) = %;g M) - m()).

However, Lemma 2.6 also shows that in this situation ® is continuous, @ is a
compact set and the distance dist(®,C(Y)) is equal to the distance in (3.19). So,
again, M*(y) = M(y) and m*(y) = m(y). From Proposition 2.3 it follows that the
best approximation ¢*(y) € C(Y) to ® does exist. So,

12 — 9"l = Ilf(z,y) — ¢*(z) — " (W)l = d,

and hence ¢*(z) + ¥*(y) is the best approximation to f in the subspace D. Prox-
iminality of D in C(Q) is proved.

REMARKS 3.7. 1. It is clear from the proof that ¢* + 9* is the best approxi-
mation to f not only in C(Q) but also in B(Q).

2. The asymmetry of the assumptions of the theorem with respect to z and y
should be stressed: presence of local y-bars suffices, while presence of crosses does
not. (Of course, one can interchange the roles of the variables in the statement of
the theorem.)

3. Since a proximinal space is necessarily closed, uniform boundedness of all
irreducible lightning bolts in @ is also necessary for proximinality of D in C(Q).

ExAMPLES 3.8. (a) The assumptions of Theorems 3.3 and 3.5 are satisfied for
a wide class of sets. For example, they are satisfied for a curvilinear trapezoid

{(z,y):a<z<b 0<g<f(x)},
provided that f(z) is a continuous function on [a, b], or, also, the set
{(zy):a<z<b, fi(z) <y< fa(a)}

provided that fi(z)f5(z) < 0. The assumptions of Theorem 3.5 are also satisfied
for a compact ) symmetric about the O,-axis, provided that all its cross-sections
by the lines = const are either segments or points. An arbitrary finite union of
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closed rectangular regions (with sides parallel to the coordinate axes) satisfies the
assumptions of Theorem 3.5 as well. It is easy to form such a union that does not
contain a global z-bar, y-bar, or, the more so, a cross.

(b) A closed region bounded by an ellipse whose axes are not parallel to the
coordinate axes satisfies the assumptions of Theorem 3.3 but not those of Theo-
rem 3.5. It is unknown whether D is proximinal there.

(c) Example 2.10d shows that the assumptions of Theorems 3.3 and 3.5 are
essential (the assumptions of Theorem 3.5 are violated at the point (72/6,72/6)).
In that example, the set Q is one-dimensional. Let us give an example showing
that the assumptions of Theorems 3.3 and 3.5 are also essential when @ is a closed
region. Let a closed region @) be bounded by the curves

1
y=w—%x3, y=c+32° z=1

The requirements of Theorem 3.5 fail either for points z € X = [0, 1], or for points

y € Y = [0,11]. The requirements of Theorem 3.3 also fail: we can place in

Q lightning bolts of an arbitrary length (Q/R consists of two classes: (0,0) and

Q\(0,0)). Consider the functions

la Oa _l’ 0)
@ ={z 270 ww={" 17

and set f(z,y) = ¢(z)¥(y). It is easy to check that f € C(Q), f € D, but
f & D and f ¢ BD; hence f neither has the best approximation in D, nor in
BD. Yet f € BD, and hence is its own best approximation in BD. We have
g(z,y) = sinp(z) + siny(y) € C(Q), g € BD, g € D, but g ¢ D. So, if the
requirements of Theorem 3.5 are not fulfilled, there exist situations in which a
continuous function has a best approximation in BD, but not in D.

The results of these sections are taken from [51].

§4. Annihilator of sums of superpositions. When is the
subspace of sums of superpositions everywhere dense?

In many problems of approximation by elements of a given subspace, it is nec-
essary to make a study of the annihilator of that subspace. In this section we shall
start the study of the annihilator of the subspace of sums of superpositions. First,
consider a general case of linear superpositions. Let X, X3,..., X;,... be compact
sets, ®; : X — X, continuous mappings, and h*(z) € C (X;) given functions. Form
the linear subspace in C(X) that consists of all linear superpositions—each has its
own number of terms:

k
(4.1) D= {Z hi(z)g* o ®i(z), k>1, g; € C’(Xi)} .
1

LEMMA 4.1. In order that a measure u € C(X)* be orthogonal to the subspace
(4.1) it is necessary and sufficient that

(4.2) v €0 (i) =0, i=1,2,....

The proof follows immediately from formula (2.12) of Chapter 1. Let p =
put — p~ be the Jordan decomposition of 4 € D*. Formula (4.2) carries some
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information concerning symmetry in the disposition of S,+ and S,-. (S, is, as
usual, the closed support of the measure v.) Such symmetry appears more clearly
when h*(z) = 1 for all ¢ = 1,.... In that case, (4.2) means that for an arbitrary
Borel set E C X;

©(271(E)) =0,

or
(43) Wt (271(B)) = um (271(2).

To make the condition (4.2) more transparent, consider the case when S, is a finite
set.

COROLLARY 4.2. Let hi(z) = 1, i = 1,..., p € DL, and assume that the
support S,, of the measure u is a finite set. Then each point Ty € S,+ corresponds
foralli=1,2,... to at least one point x; € S,- such that ®; (zo) = ®; (z;) and,
accordingly, each point yo € S,,- corresponds for all i =1,... to at least one point
Yyi € Sy+ such that ®; (yo) = ®; (v:).

THEOREM 4.3 [131]. Let X, {X;) be compact metric spaces, and let D be
defined by (4.1), where all hi(z) =1, i=1,2,.... Let the operator 7: 2X — 2% be
defined by (7.1) and (7.2) of Chapter 1, where the intersection in the second formula
is taken over alli. If u € DY and |u| denotes the total variation of u, then

(49 M (X\ N T"(X>) =o.

n=1

~ PRrOOF. As shown in Lemma 7.5 of Chapter 1, if Z C X is a Borel set, then
Z* and 7(Z) are also Borel sets. For each i, consider X\X*. For any Borel set
E C X\X*, we have
W(E) = @; 0 (24(E))
and, in view of Lemma 4.1, u(E) = 0. Hence, |u| (X\X*) = 0. But then

|ul (X\T(X)) = |ul (U (X —X")> <D lul (X\XF) =0,

so that the measure p is supported on the set 7(X). Taking Z = 7(X), consider

Z\1(Z) = T(X)\r*(X). Let E C Z\Z'. We have E; ¥ &' [9;(E)] = EU

E,, where E; C X\Z. By Lemma 4.1, u(E;) = 0. By what we have already
shown, p(Ez) = 0, so u(E) = 0. Thus, we have shown that |u| (Z\Z*) = 0.
Similarly, we can show now that |u| (Z\7(Z)) = 0 and, accordingly, the measure u
is supported on 7(Z) = 72(X). Continuing these arguments, we can prove that for
all n, |p| (T™(X)\7"*1(X)) = 0 and p is supported on 7(X). Finally,

|ua (X\ N T"(X)> = |l (U (T"'I(X)\T”(X))) =0

oo o0
and p is supported on ﬂ T™(X), while S, C ﬂ T(X).

n=1 n=1
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Approximation of measures in D+ with finite supports. From now on,
assume that D consists of functions (1.1) with a fixed number of terms N. In fact,
without loss of generality, assume that X C Y = X; x --- x Xy, and the ®; are
natural projections from Y onto X;, ®;(X) = X;. We can consider functions in D
as being defined on Y: D = D(Y'). We shall specifically say so whenever by ®; we
understand its restriction to X (as, e.g., in (4.3)).

THEOREM 4.4. Let p € D+, S, C X, ||u|| = 1. There ezists a set of measures
{pa} C D(Y)t weak (%) converging in C(Y)* to u and satisfying the following
properties:

L |lpall =1.

2. S, 1is a finite set.

3. For any open neighborhood G C X there exists an indez ag such that S, C

G for a > ap.

PRrROOF. To simplify notation, we shall conduct the arguments for N = 2.
Consider partitions of X; into a finite number Us,...,Uy of Borel subsets, and
similar partitions V3,...,Vp for X5. For indices o we use all possible pairs of such
partitions: a = (Uy,...,Ux;V1,...,Vs). The set {a} has a natural partial order
(according to the “fineness” of a partition), after which {a} becomes a directed
set. Take some a. In each one of the sets Uj,..., U that are incorporated into
a, we choose a point ¢i,... ,tx. Similarly, in V4,...,V; we select points 71,... , 7.
Points z;; = t; x 1, € Uy x Vj, 4 =1,...,k, j = 1,...,¢, are points in ¥ =
X1 x X,. At each one of the points z;; we place an atom of the measure fio (i) def
p (Ui x V;). Applying Lemma 4.1 first to the measure y, and then to a newly-

constructed measure fi, we conclude that fi, € D(Y)*L. Clearly, ||fa| — 1, so we
can pass t0 measures i, = Ig—a for which ||pa| = 1.

(o1
The proof of (2) and (3) is a rather elementary exercise in measure theory, and
we omit it. When X; and X, are compact metric spaces, instead of a net {uq},
one can construct an ordinary sequence {u,}, and then the checking of properties
(2) and (3) becomes especially simple.

Measures on lightning bolts. Consider the case N = 2 and return to the no-
tation of (1.7) and (2.18) of the present chapter. If a lightning bolt £ = [p1, ... ,Pn)
contained in @ is finite, we associate with it a linear functional over C(Q) defined
by the formula

n

re(f) = = S (-1 (),
1
or

n

(45) re(f) = = 31 ).

1

1
Thus, 7 is generated by a measure that has atoms +— with alternating signs at

n
the vertices of the lightning bolt. We denote this measure by 7, the same as the
corresponding functional, in order not to complicate the notation.
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If 6, is the delta-mass at p, then

1« i

(4.6) re=-~ > (-1)"16p,
1
or
1« :
(46)) re= =3 (~1)%
1

If¢: [p1,... ,Pn,...] is an infinite lightning bolt, we associate with it a sequence of

linear functionals on C(Q):
1o ;
(4.7) = Xl:(—l)’“lf(pi), n=12....

LEMMA 4.5. 1. For (4.5) we have |r¢| < 1, while for (4.7), |r7|| <1, n =
1,2,....
2. lrell =1 (Irzll =1, n=1,2,...) if and only if the set of vertices of the
lightning bolt £ having even indices does not overlap with that having odd indices.
3. If £ is closed, then ro € DX. If £ is an infinite lightning bolt and r is a limit
point of the sequence of linear functionals {r}} in the wéak (x) topology of the space
C(Q)*, thenr € D+.

PrOOF. 1. Clearly, |r¢(f)| < -1-n||f||, and hence ||r¢|| < 1. Similarly, ||r7(f)|| <
L,n=12,.... n

2. The assumptions in part 2 of the lemma mean that the same point p cannot
simultaneously be a vertex of £ having even and odd indices (although we do not
exclude cases when among the vertices of ¢ having even indices (or odd, for that
matter) there are equal ones). Consider the case of a finite lightning bolt £ =
[p1,... ,pn)- In the case when a vertex p is repeated among vertices with odd

m
indices m times it accumulates the charge P If a vertex p is repeated k times

k
among vertices with even indices, it accumulates the charge o Clearly, in this

situation we always have

/ |dre|=/|dre|=l.n=1,
Q ¢ n

ie, ||re]l =1, and, similarly, ||r7|| =1, n =1,2,..., for the case of an infinite bolt.
If a vertex p had both even and odd indices, then in the sum (4.6) (or (4.7)) the
corresponding terms would cancel, since they have opposite signs. Thus, the total
variation of the charge will still be less than 1 — o

3. Let, e.g., £ = p1RipoRyp3...pn—1Rn—1pn. If n is even, then R,_; = R;,
while if it is odd, then R,_; = Ry. In the first case (n = 2m) for an arbitrary sum
g1 0 m1(p) + g2 o m2(p) we have

(4.8) re[grom 4+ gaomg] = % [92 (2 (P1)) — 92 (72 (Pa))] -
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In the second case (n = 2m + 1) we have

(49 relgs oms 43 0] = o2 (ma(p) + 91 (m1 (p))].

Similar formulas also hold when p; Rap. If the lightning bolt is closed, then n = 2m
and (4.8) implies that r, € D(Q)*. If is infinite and a subsequence {r;*}, nj — oo,
converges to a functional r in the weak (%) topology of C(Q)*, then it follows from
(4.8) and (4.8') that 7 € Dt. (Note that we do not rule out the case r = 0.)

Below, we shall mainly use only the lightning bolts for which ||r,|| = 1 (and
therefore, the sets of vertices with even or odd indices are disjoint). This is stip-
ulated by the fact that in duality relations one uses measures u € D+ for which

lleell = 1.

Representation of measures in D' with finite supports by measures
on lightning bolts.

LEMMA 4.6. Ifp € D1, |||l =1 and p has support S, that consists of finitely
many points, then p is a conver combination of measures on closed lightning bolts
whose supports are contained in S,,.

PRrROOF (V. A. Medvedev). Choose an arbitrary point p; € S,. According
to (2.2) and (2.3) there exists a point p; € Sy, p1R1p2, while i (p2) p(p1) < 0.
Further, there exists p3 € S, with poRops and p (p2) g (p3) < 0, etc. The process
is finished when at the next step we arrive at one of the points constructed earlier.
Without loss of generality assume that p; is such a point. Let us assume that
the constructed points py,ps,... ,Pn, p1 form a circular lightning bolt. If p, Rops,
then the lightning bolt ¢; = [pg,... ,pn] is closed. At the neighboring vertices of
£, atoms of u have opposite signs. Let m be the smallest of the absolute values
of atoms of the measure u at vertices of ¢;. Consider measure r¢,, choosing the
signs of the atoms on #; to be the same as those for p. If N denotes the number
of vertices of 44 (N = n or N = n — 1), then the measure Nmr,, has values +m
at the vertices of £; and the signs coincide with those of u. Since m is the smallest
modulus of values of i at the vertices of ¢;, the measure p; = pu — A17y,, Where
A1 = Nm, has at the vertices of ¢; the same signs as p, and |u1| = |p| — Nm|re,|;
hence ||u1|| = ||ul|= A1 |7, || = 1= 1. Further, ro, € D*. So p; € D*. Finally, at a
vertex of £; where u takes a value +m, the value of yu; equals zero. So, the support
of p; is smaller than S, by at least one point. Now repeat a similar construction
on S,,. Clearly, after finitely many steps we arrive at

v v
/.L=Z/\k7'¢k, Z)\k=1, Ax > 0.
k=1 1

COROLLARY 4.7. For N = 2, in view of Theorem 4.4, each one of the measures
Mo approzimating the measure u € D(Q)' is a conver combination of measures on
closed lightning bolts situated in G for o > ap.
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Duality relations. Let L be a normed linear space, Ly a subspace in L and f
an element of L. The following duality relation has by now become a routine part
of approximation theory:

4.9 L(f)| = inf |[f - 4]
(49) max A1 = jnf I/ =gl
liell<1

(Here, as always, we write max (min) instead of sup (inf) when we can guarantee
that it is attained.) Using the earlier notation, let us consider a problem of the best
approximation in C(Q) of a given function f € C(Q) by functions in the subspace
D:

def | = _
(410)  E(f) = infllf —gll =  inf ~max|f(p) = (g1 0m(p)+ g2 0ma(p))l-
92€C(Y)
Then, (4.9) becomes
(4.11) E(f) = max |/ fd,ui.
peDt Q
llell <1

Theorem 4.4 and Corollary 4.7 allow us to use in (4.11) measures with a simple
structure, although without being able to guarantee that sup is attained. Assume
that all functions in C(Q) are extended to functions in C(X x Y'), and all functions
in D(Q) to functions in D(X x Y).

Let G be an open neighborhood of @, and let 7 = G run over the directed set
of all such neighborhoods of ) partially ordered in the usual way. Set

/efdre

where sup is taken over all closed lightning bolts £. Clearly, the scalar-valued net
{R,(f)} is decreasing with respect to 7. Therefore, there exists

(4.13) lim By () = inf Ro(f)

(4.12) Ry(f) = sup = sup [re(f)],
G CG

THEOREM 4.8 (duality). If Q=X x Y, then
(4.14) E(f) = sup|re(f),
2eQ

where the supremum is taken over all closed lightning bolts €. In the general case
QCXxY,

(4.15) B(f) = lim Ro(f).

PRrROOF. Fix € > 0, and let g; € C(X) and go € C(Y') be such that
If — g1 0m1(p) — g2 o ma(p)llg < E(f) +e.
Take a domain 7 = G C @Q so that
If — g10m1(p) — g2 0 m2(P)llg < E(f) + 2¢.
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For any closed lightning bolt £ C G we have, since r, € D+,

[7e(£)] = |re [f — g1 o m1(p) — g2 © ma(p)]|

4.16
(4.16) <If = g1 0m1 — g2 0 mall < E(f) + 2.

Therefore,
Ry(f) < E(f) + 2.

So, we obtain that
(4.17) lim Ry(f) < B ().

On the other hand, let u* € D*(Q) be a measure that realizes the max in (4.11).
Then ||p*|| =1 and Su» C Q. According to Theorem 4.4 and Corollary 4.7, for an
arbitrary open set G D @ there exists a measure p such that S, C G, ||u|| =1, and

s’ s

(4.18) B=) deres, Y de=1,  Xg>0,

6=1 1
where the £g are closed lightning bolts in G and
(4.19) / fdu — / fdu*| <e.

G Q

From (2.34) we obtain that
(4.20) ‘/ fdu| > '/ fdu*| —e=E(f) —e.

G Q
Since p is a convex combination of the ry,, there exists an index 6 such that
(1.21) [ i =rea1 2| [ 10| > B 1) e
Hence (n = G),
(4.22) R,(f) > E(f)—€¢ and li7r’nR,7(f) > E(f).

Combining (4.22) and (4.17), we complete the proof of the theorem.

COROLLARY 4.9. If E(f) > 0, then among the measures realizing the max in
(4.11) there ezists a measure equal to the weak (%) limit of a net of measures {re,}
supported on closed lightning bolts £, C X X Y, and the net {£,} is such that for
any open net G D Q there exists an index ag for which £, C G for all a > ay.

The proof is omitted, since it is similar to that of Corollary 4.12 below.

Bibliographical notes. The duality theorem in the case when @ is a rectangle
in R? was proven in the seminal paper of Diliberto and Straus [38]. At that time,
the duality approach had not yet become widely popular in approximation theory.
(Papers by Krein and Nikol'skil [120], [89] played a crucial role in spreading duality
methods to problems of best approximation.) The theorem was independently
found by S. A. Smolyak, and some ideas of the proof were suggested by Arnold (cf.
[113]). Yet another proof was given in Golomb’s paper [64], another of the few
very first publications concerning these problems. However, the latter proof had
an essential gap, pointed out in [100]. For Q’s other than a rectangle, the theorem



appeared in [80]. In [79] another form of the result was given under the additional
assumption that the best approximation in D does exist. In [100] the theorem was
proved without this additional assumption. We shall discuss some of these results
later on.

When is D(Q) dense in C(Q)?

COROLLARY 4.10. If a subspace D is as in (4.1), in order that D be everywhere
dense in C(X) it is necessary and sufficient that (4.2) imply p = 0.

COROLLARY 4.11. In order that a subspace in Theorem 4.4 be everywhere dense
in C(X), it is necessary and sufficient that any net of measures {uqa} satisfying all
the properties listed in Theorem 4.4 converge weak (x) to zero in C(Y)*.

COROLLARY 4.12. For N = 2, under the assumptions (and notation) of Corol-
lary 4.7 the following conditions are equivalent:

1. D(Q) = C(Q).

2. Let {re,} be a net of measures on closed lightning bolts {£,} such that for
an arbitrary open set G D Q there exists an index ap such that £, C G for a > ay.
Then, {re,} converges weak (x) to zero in C(X x Y)*.

We only need to prove Corollary 4.12. Assume that D # C(Q). Then there
exists f € C(Q) such that d = dist(f, D) > 0. According to the Krein—Nikol’skil
duality relation (4.11), there exists a measure u € D(Q)L, ||u|| = 1, such that

/Qfd,u=d.

Let {ua} be a net of measures in C(X x Y)* approximating u in accordance with
Theorem 4.4. By Corollary 4.7 each one of the measures u, for a > g is a convex
combination of measures on closed lightning bolts located in G. For at least one of

those bolts £,
[ fare, = [ s

and hence {r¢,} cannot converge to zero.
From Theorem 4.3 we obtain

COROLLARY 4.13. If under the assumptions of Theorem 4.3 we have
[o o]
N™x) =0,
n=1
then D = C(X).

A geometric condition for density of D(Q). Let us clarify the “geometric”
meaning of Corollary 4.12. Let £ be a finite lightning bolt and g an open set. Denote
by S(£) the number of vertices of £ and by S* (£, g) (S~ (4, g)) the number of vertices
of ¢ inside g with positive (negative) masses.

PROPOSITION 4.14. Let {£,} be a net of lightning bolts. If for any open set g
we have

(4.23) |S* (€ar9) = 87 (£, 9)] = 0(S (4a)),

then the set {ry, } weak (%) converges to zero in C(X x Y)*.
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PROOF. (4.23) can be rewritten as
(4.24) T, (9) = o(1).

Then use a general result of Alexandrov on weak (x) convergence (Theorem IV.9.15
in [40]). The fact that there the theorem is stated for sequences, while here we are
dealing with nets, is of no importance.

The Marshall-O’Farrell criterion. For N = 2 there exists a much more
effective criterion for D = D(Q) to be everywhere dense in C(Q), yet with an
essential additional assumption.

THEOREM 4.15. In order that D = C(Q), it is necessary and, if for each point
P € Q the equivalence class R(P) is closed, it is also sufficient that there exist no
closed lightning bolts in Q.

LEMMA 4.16. Let E = R(E,), where E; is a Borel set. If a measure p €
D(Q)*, then the restriction v = pu|g of u on E also belongs to D(Q)*.

PROOF. Since u € D(Q)*, according to Lemma 4.1 we have y; = m; o u = 0,
it =1,2. Set v; = m; ov. We must show (again, in view of Lemma 4.1) that v; = 0.
Let A be a Borel subset in X, and let A; = m1(E). Since E is saturated with
respect to R, then whenever p € E, 777, (p) C E as well. Therefore,

vi(A) =1 (AN A1)+ (AAANA) = v [r7 (AN A1) + v [r7 ! (A\AN Ay)]
=L [1ri'1 (ANA)] +v[r (A\AN A;)]
=p[r7 (ANAL)] +0=p; (AN A1) =0.
Hence v, = 0. Similarly, one can show that v = 0.

Extreme points in D(Q)*. If D+ = {0}, D = C(Q). Assuming then that
D(Q)* # {0}, consider a set o of regular signed Borel measures x on @ defined by

(4.25) o={un:pneD@", |lul<1}.

o is convex and closed in the weak (x) topology of the space C(Q)*, and so, ac-
cording to the Krein-Milman theorem (cf., e.g., [40, Chapter V, Section 8]), has
extreme points and is equal to the weak (x) closure of convex combinations of its
extreme points.

LEMMA 4.17. Assume that the equivalence class R(p) of any point p is a closed
set. If i DFyD---DF, D... is a sequence of closed sets in a compact @, then

(4.26) ﬁ R(F,) =R (ﬁ Fn> .
n=1 n=1

(o)
PROOF. Let p € nR(Fn) Then, for all n there exists p, € F, such that
n=1
p = R(py) and p, = R(P). Since @ is compact, the sequence {p,} has a limit point
[e o]
po- In view of the closedness of all F,’s, pg € ﬂ F,,. Since R(p) is a closed set too,

n=1
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po € R(p), p € R(po). Thus, p € R (ﬁFn). Hence, ﬁR(Fn) CR <ﬁFn>

. . n=1 n=1 n=1
The opposite inclusion is trivial.

LEMMA 4.18. Suppose that for all points p € Q the equivalence classes R(p)
are closed. If u is an extreme point of the unit ball o (see (4.25)), then the closed
support S, of the measure p is contained in some equivalence class.

PRrROOF. For any set FE let
(4.27) Y(E) = Ry (Ry(E)] = 73t o mp o w7t o my (E).

Then, v*(E) is the set of all points that can be joined to points in E by lightning
bolts of length < 2n. Let p € S, while ¢ ¢ R(p). Choose a neighborhood of
the point ¢ whose closure U does not intersect R(p). Since p ¢ y™(U) for all n
and U is closed, v*(U) is also closed and there exists a closed neighborhood V,, of
the point p that does not intersect 4™(U). Without loss of generality assume that
VidVeDd:---DV,D... We have

R(U) = G y*(U) and V,Ny*(U)=0.

n=1

Moreover,

(ﬁ Vm) NRU) = G ( A Vm) NY*(U)=20
m=1 m=1

n=1

@UﬂR(ﬁ Vm> =0eUn ﬁ R(Vy) =0.

m=1 m=1

Since p € S, and Vj, is a neighborhood of p, we must have |u| (V;,) > 0. Then,
however, the more so |u| (R(Vim)) = @ > 0. Let us show that o = 1. If o < 1,

set up = ,u,|R(Vm) and pg = /.1.|Q\R(Vm). In view of Lemma 2.17, u; € D(Q)*

and gz € D(Q)*, while ||| = a, [|ua2] =1 -, and p = a% +(1- )

Therefore, u cannot be an extreme point. Hence, a = |u| (R(V,,)) = 1. Since
{R (Vim)} is a decreasing sequence of sets, we have

|1l (ﬂ R(Vm)> = lim |y (R (V) = 1.

m=1

Hence, |p|(U) =0and g ¢ S,.

Note that the contents of Lemma 4.18 is given in [99] by one sentence without
any hint regarding its proof. S. Ya. Khavinson has reproduced Lemma 4.18 for
compact metric spaces. The above presentation (together with Lemma 4.17) was
suggested by V. A. Medvedev.

LEMMA 4.19. Under the assumptions of Lemma 4.18 the equivalence class R(p)
that contains S, must contain a closed lightning bolt.



§4. ANNIHILATOR OF SUMS OF SUPERPOSITIONS 83

PROOF. For the sake of brevity, set A = R(p) and let A; = {p}, As =77 ' o
m1 (A1), A3 =75 omy(Ag), ...,
(4.28) An=m;lomi(An), J=1,2,

where j and n — 1 are simultaneously even or odd. All A, are compact, and

(4.29) Rp)=A= G Ap.

n=1
Since A, C Ap+1, we have
1
. + _ . - — =
Jim pt (An) = lim p” (An) = 5,
where pu = pt — p~ (Ju| = p* + p~) is the Jordan decomposition of the measure

1
u. (Recall that u(A) = 0 and |u|(A) = 1.) Let ng be such that ut (A,,) > 3
According to the Hahn decomposition of the set A,, there exists a Borel set Ey C
Ay, such that

1 _
ut (Eo) > 3 and p (Eo) = 0.
Without loss of generality assume 7o to be even. In view of Lemma 4.1,

n [7!‘2_1 o o (Eo)] =0.

Since Eo C 75 ' oma (Ep), put [r3 Lomy (Eo)| = p~ [m3 " o ma (Eo)] > % According

to Hahn’s theorem, there exists a Borel set Eq C 75 Loy (Eo) C Apy+1 such that
1
no (El) > § and /.t+ (E1)=O, EyNE; =0.

Continue this process by considering the set m; ! o 71 (E1) C Apg+2. We arrive at
the set Ey C Ap,+2 with the properties:

1
,u,"' (Ez) > 3 u (Eq) =0, E,NE; =0,

and so on. As a result, we obtain a sequence of Borel sets Ey, E1, Fs,... with the
following properties:
(4.30)
(E’iCA’no+ia 1=0,...;
Eiy Cwytom(Ey), i=0,..., j=12
1, j simultaneously even or odd,;
S /J'+(E28) > % and “_(E23)=Oa §=0,1,...;
p(B2st1) > § and pt(Baeq1) =0, 5=0,1,...;
ENE,=0 whenever % is even and
L k odd, or vice versa.

The latter condition follows from the fact that all the E5; are taken inside the
support of ut while all the Ey,,; are taken from inside the support of u~, and
those supports do not overlap by Hahn’s theorem. On the other hand, any two
sets E; and E; with ¢,j = 2s must intersect. Indeed, assuming that E; N E; = 0,
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and adding another set Fy with k having parity difference from that of 7 and j, we
obtain three pairwise non-overlapping sets E;, Ej;, Eg, and then we have

1= [u(@) > ] (Bo) + il (By) + 1l (Bi) > 3+ 3 = 1,

a contradiction. Take a set Fys, s > ng. Then, Eg N Eqs # (0. Let ¢ € Eg N Eos.
According to the construction and properties of sets E, there exists a lightning
bolt

(431) [qO’Qh"' a‘I2s—1,CI], qieEi, 'i=0,1,-.. ,23—1.

If among the vertices of this bolt there are repeating ones, then (4.31) contains a
circular lightning bolt, and therefore it does contain a closed one and the lemma is
proved. Thus, we assume all the vertices in (4.31) to be distinct. Since ¢ € Ep and
go € Ep while Ey C Ay, according to the construction of the sets A; there exist
lightning bolts joining p and q, p and go:

(432) [pvpl)"' ap'qu] and [p’p{la"' 1p21Q])

where [p1,...,p,] and [pf,...,p}] in any case belong to A, and r < ng, t < ng.
Consider the sequence

(433) byP1,.--yPryq0,41,- - ,Q2s—1,q,P£,--- ,Pll,P

The sequence (4.33) need not be a lightning bolt due to the behavior at ¢ and gg of
the junction of (4.31) with (4.32). However, performing an obvious reconstruction
of the links at those points and some of the following points, we obtain a circular
lightning bolt. Here the main point is that the inequality s > ng and the fact that
all vertices in (4.31) are distinct guarantee that we do not return from q to p over
the same sequence of vertices used to reach g from p. From a circular lightning bolt
we choose a closed one, and the lemma is proved.

PROOF OF THEOREM 4.15. Necessity. Let @ contain a closed lightning bolt £.
By Lemma 4.5 the linear functional r, (see (4.7)) belongs to D*. Therefore, D(Q)
is not dense in C(Q).

Sufficiency. Consider D(Q)*. If D1 # (), then according to Lemmas 4.18
and 4.19 we could find a closed lightning bolt in Q.

Extreme points in D(Q)* among measures with finite support. Lem-
ma 4.6 shows that among measures with finite support only measures corresponding
to closed lightning bolts can serve as extreme points in the unit ball o in D(Q)*.
Let us clarify more precisely the conditions that a closed lightning bolt ¢ must
satisfy in order that r, be an extreme point in o.

LEMMA 4.20. Let there be given measures p; € C(@)*,1=0,1,... ,k, and let

k
(4.33) po = tipy + - -+ + trp, t; >0, Zti =1
1
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and ||us|| =1, i = —,1,... k. Then,

k k

k
USu S8 U@t cas,

k n
pE =Y td,  po =t
1 1

where QF UQ; is the Hahn decomposition for p;, pi = pi —p;, || = ut +p; is
the Jordan decomposition for p;, and S, is the closed support of the measure p;.

Qi CQo,
1

PROOF. All relations (4.34) are almost obvious corollaries of (4.33") and the
fact that the total variations of all the measures are the same. For instance, we
have

(4.35)
k k k
Ho (QF) = g (QF) =D _tami (QF) <Dt |mi (@) < D _tallmallgy
i=1 i=1

=1

(4.35")
k k k
wo (Q0) = ko (Q0) = = _tmi (Q0) < D tilws (@) <D tillmslg; -
1 1 1

All the inequalities (4.35)—(4.35’) are in fact equalities, and we obtain the inclusions
and equalities (4.34).

Let £ = [p1,... ,P2n] be a closed lightning bolt. A closed lightning bolt L =
[q15- .. ,g2m], m <, is called an oriented regular part of £ if
1. all vertices of L are contained among the vertices of £, and
2. the signs of charges at the vertices ¢, . . . , g2, Of £ alternate in the same way
asin L.

EXAMPLE 4.21. Consider (in R?) a closed lightning bolt £ = [py,...,p12],
where y41 (4a O)a P2(4’ 2)a P3(3» 2)7 P4(3-3): p5(4a 3)’ p6(4’ 4)’ p7(1a 4): p8(1a 3)) pQ(O’ 3)»
110(0,2), p11(1,2), p12(1,0). Agree, when writing an oriented lightning bolt, to be-
gin with a vertex having a positive charge. The lightning bolts L1 = [p1,p2, P11, P12];

Ly = [p11,p10, P9, Ps]; L3 = [p3, 2,5, pal; La = [p1, P, P7, P12]; Ls = [p3, pa, o, P1o];
L¢ = [ps, ps, p7, ps) all give examples of oriented regular parts of £. The closed light-

ning bolt L7 = [ps, p4, s, p11] is not an oriented regular part of £.

PROPOSITION 4.22. 1. Let £ be a closed lightning bolt. The measure ¢ corre-
sponding to £ is an extreme point of the unit ball in D(Q)* if and only if £ does
not contain oriented regular parts.

2. If

k k
(4.36) Te = Zti?‘ei, ti>0, Y ti=1,
1 1

then each one of the closed lightning bolts £; is an oriented regular part of £. Rep-
resentation (4.36) is not unique in general.
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PROOF. The second statement follows directly from Lemma 4.20. We prove
the first statement. If r, is not an extreme point, then we have r, = % [ + pel,
where m; € D(Q)*, |lwll = 1,4 = 1,2, and p1 # po. In view of Lemma 4.6 we
obtain a representation of 74 in the form (4.36). But then, according to the second
statement, £ has oriented regular parts. Now, conversely, let £ have a regular
oriented part L. If the number of vertices in £ equals 2n while in L it equals 2m,

then p = ry — %TL € D(Q)*. p vanishes at those vertices of £ that belong to L,

and is the same as for £ elsewhere. Therefore, ||u|| =1— % The measure u has a

finite support, and hence, according to Lemma 4.6, u can be represented by (4.36).
So, the measure r; is also given by a convex combination (4.36). In Example 4.21
we have, e.g.,

1 1
re=3 (rp, + 7Ly +71Ls) = 3 (rp, +7ros +7L,) -

EXAMPLE 4.23. Any lightning bolt £ with four vertices has r;, as an extreme
point. Another example: the lightning bolt p1(0,0), p2(1,0), p3(1,1), pa(1/2,1),
p5(1/2,2), pe(0,2). Proposition 4.22 is due to S. Ya. Khavinson and V. A. Medve-
dev.

Further information concerning extreme points of the unit ball in
D(Q)*, densities in D(Q) and duality. Let us list without proofs some addi-
tional information concerning the extreme points in D(Q)L. Let £ = [py,p2,...]
be an infinite lightning bolt and let r}, n = 1,2,..., be signed measures defined
by (4.7). If a measure p is equal to the limit of the sequence {r}} in the weak (x)
topology of C(Q)*, we shall say that u is induced by £. If £ is a finite closed light-
ning bolt, then the corresponding measure 7, can be viewed as that induced by an
infinite lightning bolt obtained from £ by circling it infinite many times. In [100],
Marshall and O’Farrell obtained in principle a complete description of extreme
points in D(Q)*.

THEOREM 4.24 (Marshall-O’Farrell). Let Q be a compact metric space. If a
measure [ is an extreme point of the unit ball in D(Q)L, then it is induced by an
infinite lightning bolt £.

This result (in fact, [100] has it in a much more complete form) is obtained by
using essentially new techniques from ergodic theory and stochastic processes.

COROLLARY 4.25 [100]. In order that D(Q) (Q is a compact metric space)
be everywhere dense in C(Q), it is necessary and sufficient that for any infinite
lightning bolt £ the sequence {r}} weak (x) converge to zero.

COROLLARY 4.26 [100] (the duality relation). For f € C(Q),
(4.37) E(f) = sup lim r7(f),
LcQ N0
where the supremum is taken over all closed or infinite lightning bolts I C Q.

The main advantage of Corollary 4.26 in comparison with Theorem 4.8 is that
here we do not have to “leave” @ for its neighborhood. At the same time, Theo-
rem 4.8 is based on the description of all measures in D(Q)L, not merely extreme
points.
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COROLLARY 4.27. If D(Q) is closed in C(Q), then

(4.38) E(f) = sup |re(f)],
ecQ

where sup is taken over all closed lightning bolts £ in Q.

PRrOOF. The assumption concerning closedness of D(Q) according to Medve-
dev’s criterion (Theorem 2.2) implies the possibility of closing up every finite light-
ning bolt by adding finitely many vertices whose number does not depend on the
particular lightning bolt. Considering an infinite lightning bolt £ and its finite
parts £", close up those parts to closed lightning bolts L™. It is easy to see that
rgn —r» — 0 in the weak () topology.

PROOF OF THEOREM 1.6 FOR ARBITRARY (NOT NECESSARILY METRIC) COM-
PACT SPACES. Necessity. According to Theorem 4.15, @ cannot contain closed
lightning bolts. Now let £ = [p1,...,pn] be an irreducible lightning bolt. Accord-
ing to Theorem 2.5 of Chapter 1, there must exist a number A, 0 < A < 1, such that
for any measure p € C(Q)* we have max;—1 2 ||m; o u|| > A||p||. However, ||re|| = 1,

and it is easy to calculate that ||m; o re|]| < —. Hence, — > A and n < —.

Sufficiency. According to Theorem 2.2 the subspace D is closed. Since there
are no closed lightning bolts, all lightning bolts are irreducible and the uniform
boundedness of their lengths implies that for any point p € @ its equivalence class
R(p) with respect to the relation R is a closed set. According to Theorem 4.15 we
obtain that D is everywhere dense and, therefore, coincides with C(Q).

Examples. To conclude the section let us give a few examples associated with
Theorem 4.15 and some of the examples given in Section 2.

EXAMPLES 4.28 (All examples are in R?).

(a) If @ has interior points, then D # C(Q) since @ contains closed lightning
bolts. Whether D = D depends on the geometry of Q. In simple domains, indeed
D = D as is easily seen from Theorem 2.2. It is equally easy to construct domains
containing irreducible lightning bolts of an arbitrarily large length. Hence, by
Theorem 2.2, D # D there.

(b) Generalization: @ has positive area. Here, D # C(Q). Indeed, we can place
inside @ vertices of a square with sides parallel to the coordinate axes. Let us prove
this assertion. Almost every point of a set of positive measure is a density point
(see [111]). Let pp € @ be such a point. Then, there exists a square A centered at

po with sides parallel to the coordinate axes such that o(ANQ) > ZO’(A) (o is the

Lebesgue measure on the plane) and hence o(A\Q) < %a(A). Divide A into four

equal squares by lines passing through pg and parallel to the axes. We obtain the
squares Ay, ..., Ay with centers p1,...,ps. Let Ag be another square congruent
to A, i = 1,...,4, and having sides parallel to the coordinate axes. Denote its
center by ). Translate the squares A;, i =1,... ,4, so that they coincide with the
square Ag. Call a point in Ay “bad” if it corresponds to at least one point from
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4
U (A:;\Q). The area o of all “bad” points satisfies
=1

4

1
7<) 0 (A\Q) =0(A\Q) < 19(8) =0 (A0).

1
So, there are points in Ay that are not “bad”. Let b € Aq be such a point. Then
its preimages b; in A;, i = 1,...,4, belong to Q. Each point b; is obtained from
the center p; of the square A; by translating it by the same vector ab. Therefore,
b1,...,bs are vertices of the required square.

This argument is due to V. A. Medvedev, who also has observed an even more
general curious geometric fact. For an arbitrary finite set of points F in the plane
we can find in a set @ of positive area a subset € C @ that is obtained from F by
a dilation and translation. Thus, in particular, @ contains closed lightning bolts of
any given form.

(c) Let @ be a closed Jordan curve. By Shnirel’'man’s theorem [120a] there
exists a square with vertices on (). If the sides of such a square are parallel to
the coordinate axes, then D # C(Q). The natural question of whether always
D = {p(z)+4(y)} is not dense in C(Q) has a negative answer (cf. Example 2.10c).

(d) Let Q be a compact in R? without interior. Can one find functions ¢; (p) €
C(Q) and p2(p) € C(Q) so that the subspace

{popi(@) +9ote(p)}, weC(p1(Q)), %e€C(p2AQ))

is everywhere dense in C(Q)? If Q is a totally disconnected set, then there exists a
simple Jordan arc I" such that I' O Q. Let z = z(t), y = y(¢) be the equation of that
arc. Then on I, and therefore on @, t = ¢1(p), p = (z,¥), is a continuous function
that is injective on Q. Then every f(p) € C(Q) can be written as ¢ o p;(p), and
hence {p 0 p1(p)} = C(Q). In general, though, the answer to the above question is
unknown.

In conclusion, let us prove the following striking result.
THEOREM 4.29. Let N =2. If BD = B(Q), then BD = B(Q).

PROOF. There are no closed lightning bolts in @, since for any such bolt £
we have r, € D1. Therefore, all finite lightning bolts are irreducible and any two
points in @ can be joined by at most one lightning bolt. For every equivalence
class E € Q/R, mark and fix a starting point p¥. A point p, as in the proof of
Theorem 8.1 in Section 1 of Chapter 1, is called a point of rank n if the lightning
bolt joining p with the starting point p¥ has length n. Denote by Q; the set of
all points in @ whose rank is odd, and by @2 the set of points of even rank. Then
Q:1NQy="0and Q; UQy = Q. In view of Theorem 1.5 we need to show that the
lengths of all lightning bolts are bounded by a number that does not depend on the
particular lightning bolt. If it is false, then for any natural integer n there exists a
lightning bolt [p1,pa, ... ,pn], where p; = p¥ for some E € Q/R. Define a function

Flp)=1, pe@Q:, F(p)=-1, peQ
Since BD = B(Q), there exists a function f(p) satisfying
fe)=g1iom(p) +g20m(p), g1 €B(X), g2€B(Y),
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and such that
(439) [®)> 3 forpe @, f)< -7 forpe Qs
Denote h; = g1 o m1, he = g o 3. Then
(4.40) f=hi+ha.
Assume, for example, that in our lightning bolt p; Rips. Then,

h1 (p2) = h1 (p1), ha (p3) = ha (p2), h1 (p4) = h1 (p3),

etc. From (4.39) we obtain

hi(p1) = f (p1) — ha (p1) ;

ha (p2) = f (p2) — h1 (p2) = f (p2) — f (p1) + h2 (p1);

ha (p3) = f (p3) — h2 (p3) = f (p3) — f (p2) + f (P1) — h2 (p1);

ha (pa) = f (pa) — h1 (pa) = f (pa) — f (p3) + f (p2) — f (p1) + h2 (11);

and so on. Therefore, for 2k < n, we have:

ha (p2k) = f (p2k) — f (P2r—1) + f (P2k—2) — -+ - = f (p1) + h2 (p1),
hg (p1) — ha (pak) = f (p1) — f (p2) + f (3) — -+ = f (Pak) -

From this and (4.40) it follows that

ha (p1) — hz (p2x) > k,

which contradicts the boundedness of hy. Hence, the lengths of lightning bolts in
Q are uniformly bounded. Also, @) contains no closed lightning bolts. Theorem 1.5
shows that BD = B(Q).

Theorem 4.29 is due to V. A. Medvedev (unpublished).

§85. Relation to the theory of functional equations

Let’s show some applications of the above theory to the study of functional
equations. This possibility was discovered by Buck [26—28] and stimulated the
study of the above problems. The main results presented in §§1-4 had not yet been
discovered at that time.

Let k(z), B(z) and u(z) belong to C[0, 1], and let 5(z) : [0,1] — [0, 1]. Consider
a functional equation

(5.1) p(z) — k(z)p (6(2)) = u(z)

with an unknown function ¢ € C[0,1]. The equation (5.1) has been studied by
many authors. A survey of results can be found in [90a]. The case ||k|| < 1 is
simple, since one can use the principle of contracting mappings. Our theory relates
to the case k£ = 1. Following [26], consider a more general situation.
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Let X and Y be compact spaces and Go(z), ... , Bn(z) be continuous mappings
of X into Y. Given functions ux(z) € C(X), k =1,...,n, we look for a function
p € C(Y) satisfying a system of functional equations:

® (Bo(z)) — ¢ (Bi(2)) = u1(z);
52 e
@ (Br-1(x)) — ¢ (Bn(2)) = un().

A necessary condition for solvability. Set
(5.3) Lij={z:0:(a) = p;(x)}, 0<i<j<n

LEMMA 5.1. In order that the system (5.2) have a solution it is necessary and
sufficient that the right-hand sides of (5.2) satisfy the following relations:

(5.4) u, =0 forze€lk_1n, k=1,...,n
' ug(z) + -+ um(z) =0 forz € Tp—1m, 1<k<m<n.

PROOF. From the k-th equation in (5.2) we obtain that ux(z) = 0 at those
points where fx_1(z) = Bk(z). Adding equations with indices from k to m, we
obtain

@ (Br-1(2)) = ¢ (Bm(x)) = ur(z) + - - + um(),
which implies all of the relations (5.3).

Approximate solutions. We shall say that the system (5.2) has an approx-
imate solution if for every € > 0 there exists ¢ € C(Y') such that

(5.5) llo Br-1(x)) — ¢ (Be(@)) —u(@)l| <&,  k=1,...,n.
If we can take € = 0, then ¢ is an ordinary, exact solution.

Buck’s Theorem. In the space X x Y consider graphs of the mappings S (z)
by setting

(5.6) Q@ ={(z,Br(z)),z € X}, k=0,1,...,n; Q=QoU---UQ,.

THEOREM 5.2. In order that the system (5.2) have a solution for arbitrary
right-hand sides u1(z),... ,un(x) that satisfy (5.4), it is necessary and sufficient
that D(Q) = C(Q). In order that the system (5.2) with arbitrary right-hand sides
uk(z) satisfying (5.4) have an approzimate solution, it is necessary and sufficient
that D(Q) be everywhere dense in C(Q) (i.e., D(Q) = C(Q)).

PROOF. Let ui(z),... ,un(z) belong to C(X) and satisfy (5.4). Define a func-
tion F' on @ by setting
0, z € Qo
5.7 F =
67 (@) {—zﬁwn,xe@, 1<k<n.

(5.4) guarantees that F'(z,y) is well-defined on @ and is continuous.
Suppose that D(Q) is everywhere dense in C(Q). Then, for every € > 0 there
exists f(z,y) = A(z) + B(y) so that

(5.8) I1F - flle <e.
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Hence,
lA(z) + B (Bo(z)) — 0]l <,

|A(z) + B (B1(2)) + ur(z)|| <,
(5.9)

<e 1<k<n.

k
A(z) + B (B(z)) + > _ uj(z)
1

From the first two inequalities in (5.9) we obtain

1B (Bo(x)) — B (Br(2)) — wa(2)]| < 2e.
Similarly, from the k-th and (k — 1)-st inequalities it follows that

| B (Bk—1(z)) — B (Br(z)) — ur(z)|| < 2.

Therefore, the function B(y) € C(Y) is an approximate solution of the system
(6.2). If D(Q) = C(Q), then taking € = 0 we obtain as before that B(y) is an exact
solution of (5.2).

Let us now assume that the system (5.2) has an approximate solution. We need

to show that D(Q) = C(Q). Suppose there is a function F(z,y) € C(Q) defined
on Q. Set
(5.10) u(z) = F (2, Be-1(z)) — F (, B () -

A straightforward calculation yields that all such ux(z) satisfy conditions (5.4). Let
©(y) be an approximate solution of the system (5.2). Consider the function

(5.11) f(z,y) = f (z, bo(x)) — ¢ (Bo(2)) + #(y) € D(Q).

On Qo, we have
f(z,y) = f (z,P0(z)) = F(z,y).
On @1, using (5.10), we have
F(o,9) =1 (&, Bu(a)) = F (@, Bo(z)) ~ & (Bo(@)) + (B (x))
=F (z,60(z)) — u1(z) — [ (Bo(2)) — ¢ (Br()) — ua(z)]
=F (z,51(z)) — [¢ (Bo(2)) — ¢ (B1(z)) — va(z)].
Hence,
(5.12) If = Fllg, <.

In general, for 1 < k < n we have on Qy

f(z,y) =F (2, Bo(z)) — ¢ (Bo(2)) + ¢ (B (2)) = [F (2, Bo(x)) — F (z, /1())]
+ [F (2, b1(2)) — F (z,82(2))] + - + [F (2, Be-1(2)) — F (2, Br(2))]
+ F (2, Bk(2)) — [ (Bo(z)) — ¢ (B1(2))] — [ (B1(2)) — ¢ (B2())]
= = [0 (Be-1(2)) — @ (Be(2))] = ua(z) + - - + u(z) + F (z, Br(2))
= [0 (Bo(2)) — @ (Br(z))] — -+ — [0 (Br-1(2)) — @ (B ()] -
From the latter we obtain

If = Fllo. =1 (=, Br(z)) — F (z, B ()|l

k
(5.13) <3 lle (Bi-1(=)) — ¢ (8;()) — u (@)l < ke.
1
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From (5.11)—(5.13) we obtain that D(Q) = C(Q). If the system (5.2) had an exact
solution ¢(y), then performing the same calculations with ¢ = 0, we would show
that D(Q) = C(Q). The proof is complete.

A special case.

COROLLARY 5.3 [26]. Let p(z) be an increasing continuous function on [0,1],
B(0)=0, 8(1) =1, and 0 < B(z) < = for 0 <z < 1. The functional equation

(5.14) p(z) — ¢ (B(z)) = u(z)

with an arbitrary u(z) € C[0,1] has an approzimate solution satisfying w(0) =
u(1) = 0.

PROOF. In our case, Bo(z) = z, fi1(z) = B(z), and I'y; = {0,1}. Therefore,
the necessary requirements (5.4) are reduced to u(0) = u(1) = 0. The set Q is a
union of graphs Qo : ¥y = z and Q; : y = B(z). Since Q contains lightning bolts with
an arbitrarily large number of vertices, Theorem 2.2 yields that D(Q) is not closed
and so D(Q) # C(Q). Yet, D(Q)* = {0} (cf. Example 2.10(c)) and, accordingly,
D(Q) = C(Q). Therefore, equation (5.14) need not have an exact solution for all
u(z) satisfying the necessary requirements u(1) = u(0) = 0; nevertheless, for any
such u(z) there exists an approximate solution.

Note that in [26], due to the lack of criteria needed to make direct statements
concerning the place of D(Q) inside C(Q), the conclusions were presented in the
reverse order: first, by some special means, it was shown that (5.4) has an approx-
imate solution, and from that the conclusions about D(Q) were derived:

An application to the moment problem.

COROLLARY 5.4 [26]. Let 5(z) be the same as in Corollary 5.3. If for a Borel,
real-valued measure pu on [0,1] we have

1
(5.15) /0 @" — (B@)dp=0, n=12,...,

then S, = {0,1}. In particular, if pn, = fol x"dp, then py = pgp =---.
PROOF. By the Weierstrass approximation theorem, (5.15) implies that for

1
any ¢(z) € C[0,1] we must have / [e(z) — ¢ (B(z))] du = 0. But the equation
0

(5.14) has an approximate solution for all u(z) such that u(1) = u(0) = 0. For any
v(z) € C ([0, 1]), the function u(z) = z(z — 1)v(z) satisfies u(0) = u(1) = 0. Hence
dpi = z(z — 1)dp = 0, and therefore p can only have atoms at z =0 and z = 1.

§6. Chebyshev-like problems for the best approximation
of a function of two variables by sums ¢(z) + ¥(y)

Chebyshev’s ideas in the theory of best approximation. By Cheby-
shev’s ideas in the theory of best approximation, we generally understand (cf., e.g.,
[2]) the study of characteristic properties of functions that give the best approxima-
tion, problems of their uniqueness, relations to other extremal problems (duality),
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methods of calculating or estimating the quantity of the best approximation, and
algorithms allowing one to construct functions giving the best approximation. Ques-
tions concerning existence of the best approximation should not, strictly speaking,
be included into the circle of “Chebyshev’s ideas”, since P.L. Chebyshev did not
himself consider such questions (in relation to polynomials or rational functions),
taking existence of functions giving the best approximation for granted. However,
in the case of infinite-dimensional subspaces the question is non-trivial. In this
section we add a few existence results to those of §3. The following section deals
with algorithms.

Chebyshev’s Theorem [79]. Let X, Y, and @ be compact spaces, @ C
X xY, and let m; and me be natural projections from X x Y onto X and Y,
respectively. Then D = D(Q) is the subspace in C(Q) that consists of functions
o(z) + Y(y), p(z) € C(X), ¥(y) € C(Y). For an arbitrary f € C(Q), set

(61) E(f)=dit(f,D)= inf If@)-p(@)-vWle, p=(=1)cQ.

YeC(Y)

So, we are considering the best approximation of f(p) by functions from the
subspace D. Functions ¢*(z) + ¥*(y) € D(Q) realizing the inf in (6.1) are called
best approximations of f in D(Q). (We assume that at least one such function
exists.) In §2, while studying properties of the subspace D, we considered in passing
simpler problems of approximation of f(z,y) by functions of only one variable—
problems (2.2)—(2.12), (2.17), (2.21).

THEOREM 6.1. In order that the sum ¢*(z) + ¥*(y) € D(Q) give the best
approzimation of f(z,y) € C(Q) among all functions in D(Q), it is necessary and
sufficient that there exist a lightning bolt £ C Q with the following properties:

1. £ is either closed or infinite.

2. At the vertices of £ the expression f(z,y) — ¢*(z) — ¥*(y) assumes values

+M, where M = ||f — p* — ¢*|| and, moreover, the signs at the neighboring
points are opposite.

Thus, in our problem of the best approximation, which is quite distant from
approximation by polynomials, the celebrated Chebyshev alternation appears in a
peculiar but clear form.

Before giving a proof of the theorem, let us recall the general criterion for
the best approximation (cf., e.g., [120]) of real-valued, continuous functions on a
compact @ in the space C(Q).

THEOREM 6.2. Let E be a subspace in C(Q). In order that ®*(p) € E be the
function of the best approzimation to a given function f(p) € C(Q), it is necessary
and sufficient that there exist a Borel real-valued measure p* € E* such that

|| — d * =1’ * o xt *—,
l*l /Q ] W=t
f(P)=®*P)=M, peS(pt),
flo)-®* @) =-M, peSE), M=|f-o.

Here, as usual, u** and p*~ are components in the Jordan decomposition of *,
S (u*t) and S (u*~) are their closed supports, ||u*|| is the total variation of u*. For
u* one can take any measure for which the supremum in the duality relation (4.11)

(6.2)
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is attained and which is normalized by the condition / fdu* > 0. In addition, any
Q

charge p*, realizing the above-mentioned supremum, characterizes via (6.2) any
function ®* of the best approximation.

We shall need a lemma that is closely related to Lemma 4.18, but is much
easier.

LEMMA 6.3. Let a measure u € D(Q)L, and let u = pu* — p~ be its Jordan
decomposition. If S(ut) and S(u~) do not overlap, then S(u) contains either a
closed lightning bolt £ or an infinite one. In addition, the vertices of £ with odd
numbers are in S(ut), while those with even numbers are in S(u™).

PROOF. Let p; € S(p*). Consider all neighborhoods G of p;. For every
neighborhood G, according to Lemma 4.1, we have

p(rtom(G)) =0.

Therefore, in 77! 071 (G) there must exist a point gg € S (1~) and a point pg € G,
such that m; (pg) = m1 (ge). The set of all neighborhoods {G} is a directed set,
while the net of points {pg} — p1. From the net {gg} we can choose a subnet
{gp} that converges to a point p, € S(u~), so p2 # p1. We have m (p2) =
limm (gg) = limm; (pg) = limm (pg) = m1 (p1). Similarly, starting with p, and
using the projection 72 we construct a point p3 € S (ut) for which 72 (p2) = m2 (p3),
etc. Either the resulting lightning bolt [p1,p2,ps .. .] closes down at a certain step,
or it is infinite.

PROOF OF THEOREM 6.1. Necessity. Let p*(z) + *(y) be the best approxi-
mation to f and p* be a charge characterizing it as in Theorem 6.2. According to
Theorem 6.2, S(p**) is contained in a set where f — ¢* — ¢* = M while S(u*™)
is contained in one where f — p* — ¢* = —M. Hence, S (u**) and S (u*~) do
not overlap and in S (u*) there exists a lightning bolt ¢ satisfying the required
properties.

Sufficiency. First, let £ = [p1,...,pn] be a closed lightning bolt satisfying
all the properties listed in the theorem (n, then, is an even number). Define a
functional r* by the formula (4.6) (r, € D* according to Lemma 4.5). Clearly, for
the measure p* = r, defining the functional all relations (6.2) are satisfied. (For
the sake of definiteness, we assume that (f* — ¢* —¢*) (p1) = M.) Now let the
lightning bolt £ = [p1,... ,pn,...]| be infinite. Define a sequence of functionals
{r?},n=1,2,..., as in Lemma 4.5. Then

1 _ 1
/adT'zH- — 5, /Qd’l"z — 5

We can assume that the sequence {r;*} converges weak (x) to a measure pt while
{r7~} converges weak (%) to a measure x~ and, in addition,

1 1
+_ -2
/Qdu =5 /Qd/,a 5

According to Lemma 4.5, the functional u* defined by the measure p* = p* — u~
belongs to the annihilator DX. The closed support S (u*) of ut belongs to the
set of limit points for the set of vertices of the lightning bolt with odd numbers
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(again, for the sake of definiteness, we suppose that (f — ¢* — ¢*) (p1) = M, while
S (p™) is situated in the set of limit points for the set of vertices with even indices).
Therefore, it is clear that at the points of S (u*) the values of f — ¢* — ¢* equal
M while at points of S (u~) the values of f — ¢* — 9* equal —M (in particular,
S (ut) and S (1) do not overlap and hence u* — p~ is the Jordan decomposition
for pu* ). The proof is now complete since all the requirements of (6.2) are fulfilled

(el = fgau* + fodu™ =1).

Levelling of a function. A function f(z,y) given on @ C X X Y is said to
be levelled with respect to y if

(6.3) sup f(z,y) = —igff(m, y) forall z € X,
Y

and levelled with respect to z if

(6.4) sup f(z,y) = —il;f f(z,y) forallyeY.

If f(z,y) is levelled with respect to both variables, we shall simply call it levelled.
COROLLARY 6.4. If f(z,y) € C(Q) is levelled, then E(f) =|f||.

Indeed, let p; be a point where f (p;) = ||f]|. Since f is levelled there exists
a point pp such that m1(p1) = m (p2), f (p2) = —||f]l. Again, since f is levelled,
there exists a point ps3 such that f(p3) = || f||, 72 (p2) = m2 (p3), etc. We obtain
a lightning bolt [p1, p2, ps, . . .| with all the properties as required by Theorem 6.1.
So, if for some f € C(Q) we choose a function ¢*(z) + ¢¥*(y) C D(Q) so that
f —* —* is a levelled function, then p*(z) + ¥*(y) is the best approximation of
f in D(Q).

There exists a simple algorithm that allows us, for a given function f, to con-
struct a levelled function f(z,y) — ¢*(z) — ¥*(y). It is given in §7. If f(z,y) —
0*(z) — ¥*(y) is a levelled function, then ¢*(z) + ¥*(y) is not merely the best
approximation to f but, in a certain sense, “the best of the best” approximations.
This, too, is discussed below.

Realization of either one of two situations in the Chebyshev crite-
rion. Both possibilities mentioned in Theorem 6.1, the case of a closed lightning
bolt and that of a bolt containing infinitely many links, may indeed occur. As
to closed lightning bolts, this is obvious. To construct an example for which the
second possibility occurs is more difficult, since the lengths of links of a polygonal
path cannot tend to zero; indeed, at the end-points of each link the expression
f — ¢* —¢* assumes values of opposite sign but equal modulus.

The first example of such a phenomenon was constructed in the author’s paper
[79]. Below we shall present that and other similar constructions. However, first
let us establish a simple sufficient criterion for existence of a closed lightning bolt
satisfying the properties of Theorem 6.1.

PROPOSITION 6.5. Let £ = [p1,p2...] be an infinite lightning bolt from Theo-
rem 6.1, yet the set of its vertices has only finitely many limit points. In that case,
there exists a closed lightning bolt L = [q1,... ,qem] such that f(q;) — ¢* (¢:) —

¥* (@) = (1) E(f).
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PROOF. Consider the measure p* obtained in the proof of Theorem 6.1 for the
case of an infinite lightning bolt. Clearly, the closed support of u* belongs to the
set of the limit points for the collection of vertices of the lightning bolt £. Starting
with a point g¢; € S (u**) and repeating the construction in the proof of necessity
in Lemma 6.3 and Theorem 6.1, we necessarily arrive at a closed lightning bolt
because S (u*) is a finite set.

ExaMPLES. (All constructions are in R2.)

EXAMPLE 6.6. We need to construct two disjoint closed sets ®; and ®4 with
the following properties:

(a) ®; and @, have equal projections on the coordinate axes;

(b) any lightning bolt whose vertices lie in ®; and ®; so that two neighboring
vertices (along the bolt) cannot belong to the same set, has infinitely many
links (cannot be closed).

The fact that projections of ®; and ®, on the coordinate axes are equal provides
existence of a lightning bolt with vertices in ®; and ®» and the alteration described
above (we can start the lightning bolt at any point in ®; or ®;).

CONSTRUCTION OF AN EXAMPLE. We shall approach the desired set ® =
®; U ®, in several steps. At the first step consider the main rectangle U; with
vertices A}, A3, A}, A} (with sides parallel to the coordinate axes and, in addition,
the side A} A} parallel to Oz). At the second step we construct the lightning bolt
U, with eight vertices A2, i =1,...,8, as follows. Surround points A}, A}, A}, A}
by disjoint small neighborhoods S}, ... , S} that we assume to be closed. Taking in
S} a point A2, issue from it a line parallel to Oz until we arrive at S3. Taking for
A2 one of the points of intersection of our line with S}, issue from A% a line parallel
to Oy until the intersection with S3. In S} choose vertex A2 as before. From A2
issue a link parallel to Oz until the intersection with S}, where we choose vertex
A2, but so that the line A2A3 is not parallel to Oy. From A3 issue a link parallel
to Oy until the intersection with S}, where we choose a vertex A2 and then repeat
circuiting the main rectangle U; constructing vertices A2, A2, and A2, the latter so
that the vertical link A2A? closes the lightning bolt. During the construction we
also watch for all the links of U; and Us to run along different lines. Surround the
points A?, i = 1,...,8, by disjoint closed neighborhoods S?, i = 1,...,8, every
one of them lying in a corresponding neighborhood S}, and construct a lightning
bolt Us with sixteen vertices by a process similar to that used for Us.

Suppose at the k-th step we have constructed a closed lightning bolt Uy with
the vertices A¥,..., A% (the number of vertices vy = 4 -2*~1). Surround the
point A¥, i = 1,...,vk, by disjoint neighborhoods S¥, every one of which lies
in a corresponding neighborhood Sf_l that appeared at a previous step of the
construction. Then, to construct U4 with the number of vertices 4- 2% we proceed
as follows. Choose a vertex A¥*! in S¥ and run from it a link parallel to the link
Ak AE (i.e., parallel to the Oz-axis) till the intersection with S§. Choose a vertex
Ak+lin Sk Then, from A5*! run a link parallel to A% A% and choose a vertex A5*+!

in S¥, etc. Choose a vertex A¥t! , in S,  such that the segment A¥$1 , A¥*

is not parallel to the link A%, , A¥ (ie., the Oy-axis). From A¥%! | run a link
parallel to Oy and the next vertex Aff'z',f_, chosen in S¥. Starting with A’Zf;,{_l 1

repeat circuiting the lightning bolt U along links parallel to the corresponding
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links of Uy. Choose a vertex A¥tL in S¥,._, so that the link A¥t1A¥! would
close Ugy1. While constructing all the links of Upy; we also secure that all the
links of all the lightning bolts Uy, . .. ,Uk+1 belong to different lines. This allows us
to choose at the k-th step neighborhoods S%,. .., szk_l so small that any closed
lightning bolt whose vertices we only allowed to belong to the set SfU---USK,,_,
would have at least vy (vx =4-2F~1) vertices. It is clear that such a choice of

neighborhoods S¥, ... , Sk is always possible.
Continue the process of constructing the lightning bolts Uy indefinitely. Thus,
we have constructed a sequence of closed lightning bolts Uy, ... ,Uy,.... Set S* =

k [eS)

US{‘, ® = ﬂ S*. Obviously, ® is a closed set since all the neighborhoods Sk are
i=1 k=1

closed. Denote by ®; the part of ® that belongs to S} U S}, and by ®; the part
that belongs to S} U S}. Let us show that ®; and ®; have the same projections
on the coordinate axes. (As was mentioned above, this would show the existence
of lightning bolts whose vertices alternate between ®; and ®;.) Let A € ;.
For definiteness, assume that A € S3. There exists a sequence of closed spheres
St 5 82 D 83 O ... of decreasing ranks shrinking to the point A. By our
construction the sequence S} D S2 ., D S3 ., O ... shrinks to a point B € ®;
having the same ordinate as A. Similarly, we can show the existence of a point
C € ®, that has the same abscissa as A. It remains to show that there are no
closed lightning bolts whose vertices alternate between ®; and ®,.

Again, let A be a point in ®; without loss of generality, assume again that
it belongs to S}. Let us show that every lightning bolt starting at A and having
its vertices alternate between ®; and ®, cannot close and, therefore, must contain
infinitely many links. Consider the neighborhoods S{‘, s ,Sf_2k_1 constructed at
the k-th step of our procedure. The set @ belongs to the sum of those neighborhoods
and has a nonempty intersection with every one of them. Assume that a lightning
bolt starting at A is closed. Then its vertices, while belonging to ® must also
belong to S¥ = S¥U---USE,,_, and, in view of the property of neighborhoods S¥
mentioned above, the number of those vertices cannot be less than 4 - 25—1. Since
this holds for all k and 4 - 25~ — oo, our lightning bolt cannot be closed.

Now, taking a large rectangle F' O @, construct a function f € C(F') such that

1) (:E’y) € Ql’
f(wa y) = -1, (mvy) € @,
(@)l <1, (z,y) € F\®.

From Theorem 6.1 and the properties of the set ® it follows that E(1) =1 and the
best approximation is given by the function ¢*(z) + ¥*(y) = 0, so the lightning
bolt mentioned in Theorem 6.1 is infinite.

Let us give another construction of such an example [100].

EXAMPLE 6.7. Construct ® as a set-theoretic limit of compact sets ®,,. The
set ®, consists of four segments L;, Lo, L3, Ly that form a 45° angle with the
z-axis and are such that m (Ll) =m (Lz), m (L3) =m (L4), 2 (Ll) = T2 (L4),
my (Lg) = m2 (L3). To obtain ®,, from ®,_;, turn one of the segments in ®,,_; by
90°. Having done that, remove from all the segments (including the one turned)
the middle third. Clearly, ®,, consists of 4 - 2"~! linear segments, and it is easy to
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check that the equivalence class (with respect to R) of every point in ®,, consists of
4 .2"1 points, one on each segment. The rest follows as in the previous example.

On ® we can define a measure u # 0, u € D(¢)*. For that we construct
measures [, on linear segments that are contained in ®, by starting with the
linear measure on those segments normalized so that ||u,|| = 1, choosing a positive
sign for p, on those segments that came from L, and Ls by our process, and
a negative sign for those that arose from Ly and Ly. Unlike in the situation in
Proposition 6.4, here S(u) consists of infinitely many points and does not contain
a closed lightning bolt.

I want to note that in 1969 when I presented Example 6.6 at Professor B. S.
Mityagin’s seminar, he suggested a modification that essentially coincides with
Example 6.7.

The following result further “regularizes” construction of examples similar
to 6.6 and 6.7. It is plausible that it has been inspired by Buck’s arguments pre-

sented in §5.

PROPOSITION 6.8 [61]. Let T' C X be a compact set for which there exists a
homeomorphism h : T — T such that no power of it (in the sense of superpositions)
has fized points. Let the function f(z,y) € C(X xY) be such that ||f|| =1 and

f($)$)=1’ zeT;
(6.5) fl@h@)=~1, zeT;
[f(z,y)| <1, elsewhere.

Then, there is no lightning bolt £ for which |r¢(f)| =

PRrOOF. Let Q1 = {(z,z),z € T}, Q2 = {(z,h(z)),z € T}. Clearly, @Q; and
Q- are compact and Q1 N Q2 = @ since h does not have fixed points. Construct

a lightning bolt £ = [p1,p2,ps,...] such that py_1 € Q1, p2i € Q2, M1 (P2i-1) =
m1 (p2i), T2 (p2i) = ™2 (P2i—1)- £ is infinite, since no power of h has fixed points. We
have f (p;) = (—1)*~!; hence, according to Theorem 6.1, E(f) = 1, i.e., ¢*(z) +
¥*(y) = 0 gives the best approximation to f. Any llghtmng bolt L for which
[rL(f)] = 1 must start either at a point in @; or at a point in Q2 and have its
vertices in @; and @2, whereas no two neighboring vertices can belong to the same
of these two sets. Hence L must be infinite.

EXAMPLE 6.9 [61]. Let T be the Cantor ternary set in X = [0,1]. Let z € T,
z # 1. Then,

oo
T = Zti3_i, t; € {0, 2}.
i=1

Let ¢, be the first 0 among ¢1,t5,.... Set
n—1 ) (o) ]
h(z) =) (2-t)37 +) 37, (1) =0
i=1 n

Then all powers of the homeomorphism h have no fixed points.

Proposition 6.8 and Example 6.9 also show that the assumption concerning
closedness of R-equivalence classes in Theorem 4.17 was essential. Indeed, consider
the restriction of a function f in (6.5) to the set Q@ = Q1UQ2. ¢*+9* = 0 will again
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be the best approximation to f on Q. Hence, the subspace D(Q) is not everywhere
dense in C(Q). At the same time, @ does not contain any closed lightning bolts.

An addition to the duality theorem. We can now prove Corollary 4.26,
but with an essential extra assumption: existence of the best approximation p*(z)+
*(y) for f. Indeed, in view of Lemma 4.5, it is obvious that the left side in (4.37) is
not larger than the right side. On the other hand, if £ is the lightning bolt described
in Criterion 6.1, then

Ire(H)l = M = ||f — " = ¢*|| = E(f).

The following theorem of de la Vallée—Poussin concerning an estimate from below
of the best approximation (cf., e.g., [2]) plays a useful role in the theory of the best
polynomial approximation. For our problem there is an analogue of that result.

THEOREM 6.10 [79]. Let the difference f(z,y) —(z) —9(y) assume the values
a1, —ag, as,... at the vertices pi,ps,p3,... of a lightning bolt £, where a; > 0 (and
hence, signs at the neighboring vertices alternate) while £ is either closed or infinite.
Then,

(6.6) E(f) > inf a;.
PROOF. Set a = infa;. By (4.6)-(4.7) and Lemma 4.5 we have

—1
re(Pl = Ire(f = p =) 2 T~ o1+ +an] 2
Now apply the duality theorem.

AN EXAMPLE OF THE CHEBYSHEV CRITERION IN ACTION. Let us give a non-
trivial example when Theorem 6.1 does apply.

PROPOSITION 6.11 [79]. Let Q be a rectangle in R? : Q = [0,a] x [0,b], and
fz,y) € C(Q). Set

(6.7) 9(z,y) = f(z,y) — f(=,0) - £(0,y) + £(0,0)
and suppose that for any fized y, and y2,0 < yo < y1 < b, we have
(68) g(:z:, yl) -9 (IL‘, y2) =0, 0<z<a,

and attains its mazimum at one and the same value xo. Then,
1
(6.9) E(f) = 7 [f (z0,0) — £ (20,0) = £(0,6) + £(0,0)] -

PRrOOF. Clearly, E(f) = E(g). Moreover, we have
9(0,5)=0, g¢(z,0)=0, 0<z<a, 0<y<b
In view of (6.8) this implies that, for all z and y, g(z,y) > 0. Set
A = g(zo,b) = [f (0, b) — f (20,0) — £(0,0) + £(0,0)].

Consider the function .
h(z,y) = g(z,y) = 59 (z0,y)
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for which E(h) = E(g) = E(f). For all admissible z and y; > y2, we have

h(z,y1) —h(z,92) = 9(2,91) — 9 (2,%2) — % [9 (%0, y1) — 9 (%0, 32)]
<9 (z0,u1) — 9 (@0, 32) — 519 (@0,3) — 9 (50,12)) = 3 [0 (20,11) — 9 (20,

<3 19(0,8) — 9 (50,0) = 2 (a0,8) = 5,

B w1) ~ b (z,) 2 ~1 [9 0,1) 9 (@0,)] 2 5

So,

NES

|h (z,31) — b (z,92)] <
Set
k(z) = 1 h inf A
(@) =3 [Sl;p (#,y) +in (w,y)] ;
m(z,y) = h(z,y) — k(z).
We have E(m) = E(h) = E(f). For all z we have *

sup |m(z,9)| < + [suph(z,y) — inf h(z,y)| < 2.
Yy 2 y v 4

Hence

A
lm]l < 1

On the other hand,

h’(Oa 0) =0, h(o’y) = _%g (270, y)a k(O) = —é’ m(03 0) = %:

4
1 A A
h(.’l?o,O) = 0’ h(zo,y) = §g (:Do,y), k(a:O) = Z) m(anO) = _Z,
1 A A A A
1 A A A A
h(mo,b)=§g(x0,b)=5’ m(QOab)=§_Z=Z.

According to Theorem 6.1, the best approximation to m(z,y) is given by the com-
bination 0 + 0, with E(m) = A/4. The proposition is proved.

COROLLARY 6.12 [116]. If f(z,y) is continuous together with its first and
second partial derivatives in the rectangle Q and 82f/8z 8y > 0, then

(6.10) B(f) = 7 1£(0,0) - £(0,8) — £(a,0) + f(a,b)].
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PROOF. In this case the function g(z,y) defined by (6.7) equals

/ / Of da:dy,

where Qg is the rectangle with vertices (0, 0), (z,0), (0,y), (z,y). Therefore, g(z,y)
is increasing with respect to x and y, and all the assumptions of Proposition 6.11
are satisfied.

Our goal now is to give a new proof of the existence of a function giving the
best approximation. For this we must introduce the following elementary operator.

The levelling operator. Consider a space of bounded, real-valued functions
v(z) defined on a set E C (—00, +00) with the norm ||v|| = sup,¢ g |v(z)|. Introduce
the operator (functional) M by

1 .
(6.11) Mv = 3 [:ggv(:v) +$Ielgv(w)] .

For the function u(z) = v(z) — Mv we have inf u(z) = —supu(z), and so we call
M the levelling operator.

LEMMA 6.13 [62]. For the operator M the following properties are satisfied:
1. Monotonicity:

(6.12) u(z) < v(z) for all z € E = Mu < M.
2.
(6.13) |Mv| < [J]|.
3.
(6.14) |[Mv; — Muvs| < || — v2]| . \
4.
(6.15) llv = Mo|| = |lv]| - [|Mo]| < [v]-
Properties 1 and 2 are obvious. To prove (6.14) set § = |lv; —vz||. Then,

-6 < vi(z) —va(x) < 6, =6 + v2(z) < v1(z) < 6 + v2(z). By monotonicity we
obtain

M -6+ va(z)] = =6 + Mve < My < M [§+ v2(z)] = 6 + Mg,

and therefore, —6 < Mv; — Mvy; < 8. To prove (6.15), set & = supv(z), B8 =
1

infu(z). Then Mv = 3 (ax+P), lv— M| = % (o — B), and ||v|| = max (a, —0).

However, it is easy to check that always

%(a—ﬁ)=ma.x(a,—ﬂ)—%|a+,3|.
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Levelling of functions of two variables. Let X,Y, Q C X xY be arbitrary
sets; w1, mo are natural projections onto X and Y, respectively, and we can assume
that X = m(Q), Y = m2(Q). Similarly to (2.3), (2.18), for a function f(z,y)
bounded on @), set

M(IL‘) = Ssup f(way)a m(:z:) = inf f(way)a

(6.16) y(z,9)€Q ¥,(z,9)€Q
' M(y)= sup f(z,y9), m(y)=  inf f(z,y),
z,(z,y)€Q z(z,y)€EQ

and define the operators

Mo()(w) = 5 M@) +m()],

(6.17) 1
My(£)(z) = 5 [M(z) +m(z)].

Then, the function f(z,y) — My(f)(z) is levelled with respect to y, while f(z,y) —
M, (f)(y) is levelled with respect to . The function My(f)(z) is a solution of
the problem (2.17) concerning the best approximation of f(z,y) by functions of
one variable z, and M, (f)(y) is a solution of a similar problem concerning the best
approximation of f(z,y) by functions of y. If X, Y are compact spaces, @ = X XY,
f € C(Q), then the functions (6.17) solve those problems of best approximation in
the space C(Q).

Existence theorem. Let us return to problem (6.1) and give a new proof of
existence of the best approximation ¢*(y) + ¥*(y) in the case when @ = X x Y.
In addition, we shall also obtain an estimate concerning the type of continuity of
©* + ¢* in terms of that of the function being approximated. Fix f € C(Q) and
define (nonlinear) operators in D

AF = Ma:(f_F)’

6.18
(6.18) BF = M(f - F).
From (6.14) it follows immediately that

6.19) |AF; - AR < |Fi - R,
|BFy — BE|| < [|F1 — F2||.

Also, define an operator S : D — D as follows:

(6.20) SF=F+ AF + B(F + AF), FeD.

Introduce the following characteristic of the uniform continuity of the function

f(z,y):
(6.21)  A(z1,y1,%2,92) = sup|f (z,41) — f (2, 92)] +S‘;P|f($1ay) = [ (z2,9)|
and define a set K C D by

(6.22)
K={FeD:||F-fl<|fll, |F(z1,y)—F(z2,92)| < A(z1,y1,22,92)}-
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THEOREM 6.14 [91]. K is a non-empty, conver, compact set in C(Q). The
operator S is continuous and S(K) C K, so S has fized points. If F is a fized point
of S in D, then f — F is a levelled function and F' is the best approzimation of f
in D.

Thus, among functions F' giving the best approximation of f in D, there are
some for which f — F' is a levelled function, and uniform continuity of F satisfies
the same estimate as that of f.

ProoF. That K is non-empty is obvious, since 0 € K. It is also easy to check
that K is convex. The set K of all functions in C(Q) satisfying the inequalities
in (6.22) is lgounded, closed, and equicontinuous; therefore, it is compact in C(Q).
Since K = KN D and D (e.g., according to Corollary 2.7) is closed, K is compact.
As follows from (6.19), the operators A and B are continuous; hence, S is a contin-
uous operator. Let us show that S(K) C K. For F € D we have (applying (6.15)
twice)

If = SFll =|If - F ~ AF - B(F + AF)|
(6.23) = |f = F— AP = My(f = F - AP)|
<If = F~Afl =lf ~ F - Mo(f = F)| < }f = F.
This shows that if F' € K, then ||f — SF|| < ||f||. If F = g(z) + h(y), then using
the definitions of M, and M, we find
SF =g+ h+ My(f —g—h)+ B(F + AF)

=g+ h+ My(f — g) — b+ My [f — F — Mo(F — f)

=g+ Ag+My[f —g—h+M(f—9g)+h|

=g+ Ag+ M, [f — Mx(f — g)] — g = Ag+ BAg.

Let F = g(z) + h(y) and ®(z,y) = SF. Using Lemma 6.13 and (6.24), we obtain
|<I>(CL‘1,Z/1) - q>("32)3/2)|
= |(Ag)(z1,91) — (Ag)(z2, y2) + (BAg)(z1,91) — (BAg)(z2,y2)]
=[(Ag)(y1) — (Ag)(y2) + (BAg)(z1) — (BAg)(z2)|
< |Ma(f = 9)(y1) — Mz(f — 9)(y2)
6.25 + |My(f — Ag)(z1) — My(f — Ag)(z2)]
(628) < sup(f ~ 9)(z,01) = ( ~ 0) @ 32)|

+ sup I(f — Ag)(z1,y) — (f — Ag)(z2,y)|

= sgplf(w,yl) - f(z,92)| +sgp |f(z1,9) — f(z2,9)]

(6.24)

= A(ml’ylax21y2)‘

So, (6.23) and (6.25) show that S(K) C K. Hence, by the Schauder theorem the
operator S has a fixed point in K. Let F' be a fixed point of S in D. Then

(6.26) AF + B(F + AF) = 0.

Since AF is a function of y only while B(F + AF) is a function of z, then AF = C,
B(F + AF) = —C, where C is a constant. Hence, —C = B(F' + C) = BF — C and
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BF = 0. So, My(f — F) = 0 and the function f — F' is vertically levelled. Also,
AF = M, (f — F) = C. However, we are going to show that C = 0.

LEMMA 6.15 [91]. If Myf =0 while M, f = C, then C = 0.
PROOF. Applying Lemma 6.13, we find that
Ifl=1If —C—-Myf+Cll=|I(f-C) - My(f - O <|If = Cl
= |If = Mafl| = max [max|f| - [Mzf|] = If]| - C| and C=0.

Lemma 6.15 is proved.

So in the situation described by Theorem 6.14, M, (f — F) and hence f — F is
a levelled function. But then, according to Corollary 6.4, E(f) = ||f — F|| and F
is the best approximation to f in D.

REMARKS 6.16. (a) For the first time, existence of a best approximation with
the same estimates for continuity as those of the approximated function (defined on
the rectangle [a, b] X [c, d] C R?) was proved in the paper of Diliberto and Straus [38]
by a different method that was, in a sense, more natural and elementary. (We shall
discuss it in the following section.) Independently, Kolmogorov (see [113]) obtained
the same result by a method close to the one applied in [38]. In [61] there are some
results concerning smoothness of the function giving the best approximation in
terms of the smoothness of the approximated function.

(b) In the derivation of estimates (6.23) and (6.25), continuity of the function
g and h has not been used. Hence, if g and h are discontinuous functions, then
S(g + h) is nevertheless continuous and, in view of (6.23),

If =Slg+ml<IIf = (g+n)l-

So, approximation of a continuous function f does not improve if we allow discon-
tinuous g and h. This was noted for the first time in [32] by a different reasoning. In
§2 of Chapter 3 we shall establish a substantial extension of this fact (Theorem 2.4,
Chapter 3).

(c) Consider approximation of f € B(Q) by a subspace BD (cf. §§2, 3). The
following statement is true then: if f has the best approximation ¢*(z) + ¥*(y) €
BD, then among its best approximations there is one ¢;(z) + 91(y) such that
f — (p1+ 1) is a vertically levelled function, and similarly, there is a best ap-
proximation o (z) + 1¥2(y) so that f — (2 + ¢2) is horizontally levelled. Indeed, if
f* = f — (p* +9*), then the function f; = f* — M, f* is vertically levelled with
If1]l < |If*|l, according to Lemma 6.13. Similarly, fo = f* — M, f* is horizontally
levelled with || f2| < || f*]|-

Example of deterioration of continuity properties for the best ap-
proximation. In the case when @ # X x Y, given the existence of the function of
the best approximation, its continuity properties may be worse than those of the
function being approximated.

EXAMPLE 6.17 [113]. Q@ = Q1 UQ2UQs; @1 = {(z,1), 1<z <2}, Q2 =
{(z,2), 1<z <3}, Qs = {(,3), 2+¢ <z <3}, where ¢ > 0 is given. Assume
f(z,y) = 0 on Q2 while on @; and Q3 the graph of f(z,y) is as in Figure 1
(the plane of the drawings coincide with XOZ). Let the graph of 1y(z) be shown
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in Figure 2 and %o(1) = —, %0(2) = 0, %0(3) = ;. The graph of fi(z,y) =
f(z,y) — po(z) — ¥o(y) is shown in Figure 3. Theorem 6.1 or Corollary 6.4 yields
that @o(z) + Yo(y) is the best approximation and E(f) = §. Also, it is easy
to see that 9o(y) is a unique (up to a constant) function that can be included
into the best approximation. Regarding ¢*(z), it can differ from ¢o(z), but since
£(2,1) —4o(1) = %, f(2+¢€,3) —9(3) = —% and E(f) = %, then necessarily
©*(2) > %, *(2+¢) < —%. The function f(z,y) satisfies a Lipschitz condition
with a constant Ly that does not depend on €. At the same time, for any L > Lg
we can choose € > 0 sufficiently small so that ¢*(z) does not satisfy the Lipschitz

condition with that constant L.

In [113], Ofman claimed (Theorem 3) that if @ contains a cross while f(z,y)
satisfies a Lipschitz condition with a constant L, then f has a best approximation
in D also satisfying the Lipschitz condition with the same constant L. Yet, as was
noted by Motornyi [109)], this is false. In order to see that, it suffices to use the
original example of Ofman.

EXAMPLE 6.18 [105]. Add a point (3,1) to @ from Example 6.17. We obtain
a compact Q. (Q contains a cross passing through the point (3,2). Define the
function f at the point (3,1) by setting f(3,1) = —%. It is easy to see that the
same @*(z) + 9¥o(y) as in Example 6.17 give the best approximation here too.
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In [109], [110] there were given sufficient conditions for @ in order that the
best approximation in D of f € C(Q) had the same majorant of uniform continuity.
However, the arguments presented there contain a gap.

Best approximation and diameters of families of functions of one
variable. Let us present a somewhat different interpretation of the problem of the
best approximation that we have been studying. Let X be an arbitrary set, and let
V = {g(z)} be a given family of real-valued functions (not necessarily continuous)
of one variable. Each function g(z) € V has, generally speaking, its own domain
of definition Ay C X, and it is not necessarily true that A, = A,y,. Assume that
functions in V are uniformly bounded. Define a distance between functions in the
family by setting

(6.27) p(g1,92) = sup  |g1(z) — ga(z)|.

z€Ag NAg,y
If Ay, NAg, =0, set p(g1,92) = 0. (In general, this “distance” does not satisfy the
axioms of a metric space.) Naturally, we shall call the quantity

(6.28) d(V)= sup pv(91,92)
91,92€V

the diameter of V. Let us add to each function g(z) of the family V' a constant Cj,

one for each g. We denote the new family obtained in such a way by V + C (C is
the family of constants added). The quantity

(6.29) do(V) = inf d(V + C)

is called the proper diameter of V' (here the inf is taken over all families of added
constants). Let f(z,y) be a bounded function defined on a set @ C X x Y, where
X,Y are arbitrary sets. Consider families V; = {gy(z) = f(z,y), y €Y} and
Va = {hs(y) = f(z,y),z € X}. Let df be the proper diameter of V;, i = 1, 2.

THEOREM 6.19 [113]. The following equalities hold:

(6.30) £(f) ¥ dist(f, BD) = %d}) = %dﬁ.

PROOF. First of all, note that for a function gy, (z) € V4 the domain of defi-
nition is Ay = m {(z,%0) € Q}. Let ¥(y) be an arbitrary bounded function on Y.
We shall interpret it as a family of constants that are added to functions in the
family V1. Introduce the following notation (z is fixed):

My(z) = el [9y(z) — ¥ (y)] = sup [f(z,y) —9®)];

(6.31) my(@) = of, loy(@) — @) = jof [f(z,y) —4@);

My(z) +my(z
Clearly,

(6.32) (i =) = sup [My (z) = my(2)]
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On the other hand, for any ¢(z) defined on X we have
(6.33)

1 1 1
I =@ =%l 2 If — ey =9l = 5 sup [My(z) — my(z)] = 5d (Vi — %) > 5 d5.
2 zeXx 2 2
Hence,
(6.34) £() 2 2db
On the other hand, let € > 0 and o (y) be such that

(6.35) d(Vi — o) < dj +e.
Then, in view of (6.33),

1 1 €

If = 0o — %ol = =d (Vi —40) < 5d5 + 5,

2 2 2
and so,
(6.36) £(f) < %dé-
Combining (6.34) and (6.35) we obtain the first equality in (6.30). The proof of the

second one is similar.

COROLLARY 6.20. Let Q =X xY, X andY compact spaces, and f € C(Q).
Then

1 1
(6.37) B(f) = 3db = 3
For the proof, it suffices to combine Theorem 6.19 and Remark 6.16 (b).

Set of functions giving the best approximation. Usually, a function giv-
ing the best approximation in the class D is not unique. Let f(z,y) € C(Q), and
let f*(z,y) = f(z,y) — ¢*(z) — ¥*(y) be a levelled function. Since in some sense
©*(z) + ¥*(y) gives the “best” best approximation to f(z,y), it is natural to ask
whether such a function ¢*(z)+1%*(y) is unique. The following example shows that
even in such a form uniqueness, generally speaking, fails.

EXAMPLE 6.21. Let Q@ = X x Y, where X and Y consist of four points each.
In this case, f(z,y) is a square matrix. Consider

1 0 -1 0

[ 0o -1 0 1
=l o 1 0 21
-1 0 1 0

Clearly, f is a levelled function, and hence E(f) = ||f|| = 1. Take

—€
-2
‘P* = (6) 2¢,¢, 2€)a 7/)* = (_gz) )

—€

(¢ is an arbitrary number, 0 < € < %) Then f* = f — ¢* — ¢* is also a levelled
function and E (f*) = ||f*|| =1.
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Now we present a number of elegant results, most of which are taken from [61]
and [91] and concern certain sets that appear naturally in Chebyshev’s approxima-
tion by a subspace D.

Clearly, Example 6.21 can be easily extended to the case when @ is a rectangle.
Let Q C X xY, Q, X, and Y compact sets, and f € C(Q). Denote by M the set
of all signed measures p* € D(Q)* for which the supremum in (4.11) is attained

and /fdu* > 0. Set
Q

(6.38) S(H=s=J sw.
p*eM
THEOREM 6.22. All best approzimations ¢*(z) + ¥*(y) to f coincide on the
set S.

The proof follows from Theorem 3.2 (formula (3.2)). Denote by Z = Z(f) the
set of points in @ where all functions ¢*(z) + 1*(y) giving the best approximation
to f coincide. Theorem 6.22 claims that

(6.39) Z(f) > S(f).

We can assume that E(f) = ||f||, i-e., the identically zero function is one of the
best approximations to f (for that, one may need to pass from f to f — ¢* — ¥*,
where ¢*(z) + ¥*(y) is one of the best approximations). Then

(6.40) Z =) Za,
®
where Zg is the set of zeros of the function ® = p*(z) +¥*(y) and the intersection

is taken over all ® that give the best approximation to f. Together with S and Z,
consider also the set

(6.41) Ny={peQ:|f®I=IfI}

(we assume that E(f) = ||f||). From Theorem 6.2 it follows that
(6.42) N¢DS.

Denote by P the following set of functions:

(6.43) P=P(f)={fi: fi - f € D,Ifull = Ifll(= B(f)}.
Consider the set N given by

(6.44) N=N(f)=(\Ns 25,

where the intersection is taken over all functions f; € P. The sets Z and N are
compact.

LEMMA 6.23. If there is a function f* € P for which
(6.45) Ny = N(f),
then
(6.46) Z(f) 2 N(f).
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Thus,
(6.47) Z(f) 2 N(f) > S(f).

PRrOOF. Let f; € P(f). Then, F = % (f + f1) also belongs to P(f). Clearly,
Np C Ngs NNy, € Njs = N.
Therefore, Nr = N. If at a point p € N we had

L) # ) (@)1 =171 = 141D,

then p ¢ Nr and Nr # N. Hence all functions f; € P coincide with f* on N,
and so best approximation functions to f (precisely those that distinguish between
different functions in P) equal zero.

Existence of a function f* € P satisfying the properties listed in Lemma 6.23
probably need not hold in general. However, if we restrict ourselves to, say,
functions satisfying inequalities (6.22) and change the definitions of P and N ac-
cordingly, then among such functions a function f* satisfying the requirements of
Lemma 6.23 exists in view of compactness of the set K.

A geometric lemma.

LEMMA 6.24 [91]. Let R be a subset of X XY, where X andY are arbitrary
sets having the following properties:

(6.48) - {(z,y) € R, (u,y) € R, (u,v) € R} = (z,v) €R.

Then there exist a family of pairwise disjoint sets {Xo} C X and a family of
pairwise disjoint sets {Yo} C Y such that R = UXO, x Yy,.
[e3

Geometrically, (6.48) means that when three vertices of a rectangle with sides
parallel to the coordinate axes belong to R, the fourth vertex also belongs to R.

PROOF. Set

Xo={z€X:(z,y)¢ R forallyeY},
Yo={yeY:(z,y)¢ R foralze X}.
On X\ X, we define an equivalence relation by setting z; ~ z2 if and only if there
exists y € Y such that (z1,y) € R and (z2,y) € R. Using (6.48) one can easily check

that this is indeed an equivalence relation. Let {X,} be the family of equivalence
classes defined by this relation. Define

Yo={yeY:(z,y) € R forallze X.}.
Let us show that different sets Y, do not intersect. Assume that y € Y,NYs. Then

(z,y) € Rforallz € X,NXps. Choose zo € Xo and zg € Xp. Then (z4,y) € Rand
(zg,y) € R, 1.e., 2o ~ zp and therefore X, = Xp. Let us show that R D UXO, xY,.

o
Let (u,v) € X, X Y,. By construction of Y, (z,v) € R for all z € X, and, in
particular, for z = u, i.e., (u,v) € R. It remains to show that R D UXO‘ X Y,.

o]
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Let (a,v) € R. Then v € X\Xj, and therefore u € X, for some a. Let z be an
arbitrary element in X,,. Then u ~ z, and so there exists y € Y such that (z,y) € R
and (u,y) € R. Now we have {(u,y) € R, (z,y) € R, (u,v) € R} = (z,v) € R in
view of (6.48). So, not only (u,v) € R but also (z,v) € R for all z € X,,. Hence,
v €Y, and (u,v) € X4 X Y,

LEMMA 6.25. Let R C X x Y and satisfy (6.48). Let po € (X x Y)\R. Then
there exzists a function ®(z,y) = g(z) + h(y) such that ® =0 on R and @ (po) = 1.

PROOF. Let Xo, {Xa}, Yo, {Ya} be as in Lemma 6.24. Then
X=XUJXs, Y=YU|JYa, R=|JXaxY.
« a [s 4

Let po = (zo,y0). If 2o € Xy, then set g(zo) = 1 and g(x) = 0 elsewhere, and let
h(y) = 0. Then g + h is the needed function. If 2o ¢ Xy, then z, € X, for some
a. Set g(z) =1, z € X,, g(x) = 0 elsewhere; h(y) = —1, y € Y,, h(y) elsewhere
on Y. The function g + h satisfies the required properties.

The set on which all best approximations coincide.

THEOREM 6.26 [91]. Let Q = X XY, where X and Y are finite sets and f
is a given function on Q. The set of points Z(f) where all best approzimations to
f by the functions ¢(z) + Y(y) coincide is the smallest set satisfying (6.48) and
containing the set N(f) of vertices of all extremal lightning bolts.

PRrROOF. Without loss of generality we can assume that N(f) = Ny. According
to Lemma 6.23, Z(f) D N(f). If at three vertices of a rectangle with sides parallel
to the coordinate axes one of the best approximations ® = ¢(z)+1(y) to f vanishes,
then it also vanishes at the fourth vertex. Indeed, if £ is the lightning bolt defined
by those vertices, then r, € D+ and 7¢(®) = 0. So, (6.48) holds for D(f). Now, let
R be a set such that R O N(f) and R satisfies (6.48). Let po ¢ R. Then, according
to Lemma 6.25, there exists a function ® = g(z) + h(y) such that ® = 0 on R and
® (po) = 1. It is not difficult to see that since ® =0 on N(f), the function é® has
the property ||f — e®|| = ||f|| for sufficiently small € > 0 and hence provides the
best approximation to f. Therefore, po ¢ Z(f) since €¢ (po) # 0. Thus, R 2 Z(f),
and the theorem is proved.

THEOREM 6.27. If X and Y are finite sets and Q = X X Y, then for any
function f on Q
S(f) = N(f).

We shall omit the proof.
Dimension of the set of best approximations.

LEMMA 6.28. Let a set R C X X Y satisfy the property (6.48). If the sets
Xo, Yo defined in Lemma 6.24 are finite and there exist only a finite number of
equivalence classes X,, then

(6.49) d¥dim{®eD: @, =0=m+n+k—1,

where m is the number of elements in Xg, n is the number of elements in Yy, k is
the number of classes X, (dim, of course, means dimension).
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PROOF. Choose an arbitrary set of k numbers f,..., 0 and define g(z) =
—h(y) = Ba if (z,y) € Xo X Yo, a =1,... k. Let g and h be arbitrarily defined
on Xp and Yp. Set ® = g(z) + h(y). Clearly, ® € D. If (z,y) € Xq X Yq, then
®(z,y) = Pa — Ba = 0 and so ®| = 0. It is clear from the construction that
d > m+n+k—1 (the one is subtracted because adding a constant to g and
subtracting it from h does not change ®). On the other hand, let ® = g(z) + h(y)
and ®|p = 0. Then, g(z) + h(y) = 0 when (z,y) € X x Y. Therefore, g(z) on
X, is equal to a constant B,, and h(y) = —B, on Y. Thus,d <m+n+k—1,
and the equality (6.49) is proved.

THEOREM 6.29 [91]. Let f be a function on Q@ = X x Y, where X and Y
are finite sets. Let X = XU X1 U---UX, andY =YoUYi U---UYy be the
decompositions of X and Y defined in Lemma 6.24 in connection with R = Z(f).
Then

(6.50) dm{®eD:||f+®|=E(f)}=m+n+k—1,
where m is the number of elements in Xo while n is the number of elements in Yp.

PROOF. Suppose f is such that Ny = N(f). Each function ® that gives the
best approximation to f must vanish on Z(f). On the other hand, if ® € D is a
function such that | Z2(5) = 0, then for € > 0 sufficiently small €® is a function
of the best approximation to f. It remains to refer to Lemma 6.28 while setting
R=Z(f).

Uniqueness of the best approximation.

THEOREM 6.30. Let X and Y be finite sets and f be a function defined on
Q = X xY. The function f has a unique best approrimation in the class D
provided that Z = @Q or, in other words, if the smallest of the sets that contain
N(f) and satisfy (6.48) is all of Q.

PRrROOF. Uniqueness of the best approximation means that the dimension of a
set defined by (6.48) equals zero. This implies that m = n = 0 and k = 1, i.e.,
Z(f)=X xY. Indeed, k > 1, m >0, n > 0 always.

Lightning bolts and an upper estimate of best approximation. Until
now closed lightning bolts have provided a lower estimate of the best approximation.
However, they can also be used to obtain estimates of the best approximation from
above.

LEMMA 6.31 [61]. Let Q = X XY, f(z,y) = fo(z,y) + ¢¥(y), where fo is a
vertically levelled function (f, fo, ¥ are in B(Q)). Then for any z1, za in X

(6.51) sup [f (z1,¥) — f (z2,y)] = 0.
yeY

PROOF. Assume the opposite, i.e., that there exist z; and z3 such that f (z1,y)
< f(z2,y) for all y. But then fo(z1,y) < fo(z2,y) for all y, also. Therefore,
My fo (z1,y) < Myfo(x2,y), contrary to fo being a vertically levelled function,
implying M, [fo(z,y)] = 0 for all z.
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THEOREM 6.32 [61]. Let X, Y be compact spaces, f € C(X xY). Then

m
(652) E(f) < m—1 3’;1"13 Ire2m (f)' )

where the supremum is taken over all closed lightning bolts o, that have no more
than 2m points.

PROOF. According to Theorem 6.14, we can assume [ to ‘be a levelled func-
tion. Then E(f) = ||f|l. Let £ = [po,p1,--.], £ (@) = (—1)*||f|l, be the light-
ning bolt mentioned in Theorem 3.1. If £ has 2m vertices, then (6.52) is obvi-
ous, since rp = ||f|l. If the number is larger than 2m we can take the vertices
D0, P1,-- - ,P2m—3 and add to that lightning bolt vertices gam—2 and gon—1 so that
Lo = [PO, -+« yP2m—3,92m~2, G2m—1] is closed and also f (g2m-2) — f (QZm—l) 2> 0.
The latter is possible in view of Lemma 6.31 (using the fact that f is levelled
vertically and horizontally). We have

2m—3
e (®) =5 | S (115114 £ (@2m-2) = f (@2m 1)
=0
ST 2 ) = P ).

§7. The levelling algorithm

In this section we study a natural algorithm for constructing the best approxi-
mation to a function f by the function ¢(z) + ¥(y).

The levelling algorithm of Diliberto and Straus ([138]). Assume for
now that @ = X xY, X and Y are compact spaces and f(z,y) € C(Q). Set

fo(z,y) = f(=z,9),
(@) = 3 [ facs(2,0) + min focs ()| = M, () @),
(7.1) fa(@,9) = fa-1(2,9) = gn(z) if nis odd,
hn(®) = 5 [max facs (@9) + min fas(2,9)] = Me (facr) (0)
o) = o (@13) —hals) i i even

Thus, in accordance with Corollary 1.5, at the first step of the algorithm we con-
struct the best approximation g;(z) to the function f(z,y) by functions ¢(z).
At the second step we construct the best approximation hy(y) of the difference
fi(z,y) = f(z,y) — g1(z) by functions 9(y); at the third, the best approxima-
tion g3(z) of the function f>(z,y) = fi(z,y) — ho(y) by functions ¢(z), etc. Now,
fi(z,y) is a vertically levelled function, fo(z,y) is horizontally levelled, and in gen-
eral, f,(z,y) is vertically levelled if n is odd and horizontally levelled if n is even.
Clearly,

(7'2) fn(a” y) = f(wa y) - Gn(x) - Hn(y)>
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where

Gn(z) = 91() + g3(z) + -+ - + gn(x),

Hu(y) = ha(y) + ha(y) + - + hn-1(y), ifnis odd;

Gn(z) = g1(z) + -+ + gn-1(2),

H,(y) =ha(y)+ -+ hn, (y), ifn iseven.

We show that when we alternate between the best approximations by functions

depending either on  or y, this process leads to the solution of the problem of best
approximation by the sums ¢(z) + ¥(y). Set

(7.3)

(7.4) My = max|fu(2,9)| = |12 -
Clearly,
(7.5) Mo> M 22 M, 2> 2 E(f),

where, as above, E(f) is the distance from f to the functions ¢(z) + 9 (y) € D.
Hence, there exists the limit

(7.6) M = lim M, > E(f).
n—00
THEOREM 7.1. We have
(7.7) lim M, = E(f).
n—oo

PROOF. Following [38], let us prove both (7.7) and the formula
(7.8) sup |re(f)| = E(f),
[

where the supremum is taken over all closed lightning bolts £. Formula (7.8) is,
of course, familiar to us—it is the duality theorem proved earlier (even in a more
general form) in Theorem 4.8, formula (4.14). Thus, the duality formula will get a
new proof here. '

On one hand, since 7, € DL, we have
) b

(7.9) ?28 Ire(F)l = ;‘gg lre(f —o—9)| < Wj};gD If = -9l =E(f) <M.

On the other hand, we shall show that for each € > 0 we can choose a closed
lightning bolt £ such that

(7.10) lIre(S)ll = M —e.

Formulas (7.7) and (7.8) immediately follow from (7.9) and (7.10). Thus, let € > 0
be arbitrary. Choose a natural number M and a number ¢; > 0 so that

17N € 2m+1 € " €
: < —Z, 22mg ==
(7.11) m+2 1 e M- “1=7
There exists a number N such that for n > N
(7.12) M<M,<M+e,.

To fix the ideas, assume that N is odd and analyze the levelling process at the
stages N,N + 1,... ,N + 2m, going from the larger indices to the smaller ones.
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Since N + 2m is odd together with N, fniom is a vertically levelled function.
Therefore, there exist points (z1,y:1) and (z1,y2) such that
INiom (T1,91) = Myyom,  fntom (T1,92) = —Myyom.
This means that
(7.13) friom-1 (21,91) — gN+am (T1) = MNtom;
frtom—1 (21,92) — gN+2m (T1) = —MN42m.

Therefore,
(7.14)
gn+2m (1) = friem—1 (21, ¥1) — MNi2m < MNiom—1 — Mnjom < €1;

gN+om (1) = fNt+2m—1 (Z1,Y%2) + MNtom 2> — (MN+om—-1 — MNyam) > —€1.
From (7.14) we have
Inyom—1 (T1,01) > M — €5
Iniom—1 (z1,92) < —M + €.

Since fni2m—1(z,y) is a horizontally levelled function, there exist points (z2,y2)
and (z5,y1) such that

(7.15)

(7.16) INyom—1 (T2,92) > M — €15
| fniam—1 (x/2’y1) <=M +¢.

We have

INtam-1(2,Y) = fr+am—2(7,Y) — hniom—1(y).
Substitute this into (7.15) and (7.16), and then replace the values of fyiom—2 at
(%1,y1) and (z2,y2) by M + €1, and at (z1,y2) and (x5,y1) by —M — &1 (this will
only strengthen the inequalities (7.15) and (7.16)). From the new inequality we
obtain the following estimate:
—2e1 < hnyom—1 (1) < 2615
—2¢e1 < hntom—-1 (¥2) < 2¢1.
Now come back to the inequalities (7.15) and (7.16), where again we set fniom—1
= fN+2m—-2 — AN+2m—1. We obtain:

FNvam—2 (T1,51) > M — 3ey;
(7.18) INtam—2 (T1,¥2) < —M + 3ey;
FNiam—2 (T2, 92) > M — 3er.
(A similar inequality for (z5,;) will not be needed.) Since fy42m—2 is a vertically
levelled function, there exists a point (z2,ys) such that
(7.19) fNyam—2 (T2,y3) < —M + 3e;.

Again, take into account that fyiom—2(2,¥) = fv+em—3(Z,Y) — gN+2m—3(), etc.
As a result of this “backward” motion from fyiom to fv we obtain the points
(2m + 1 of them)

(7.17)

(720) (zlx yl) ) (zl)y2) ) (xZ» y3) Yoy (m'ma ym+1) ) ($m+1a ym+1) .

Note that in each step of such “backward” motion at which functions h(y) appear
in addition to the point listed in (7.20), there also appears one more point (similar
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to the point (z5,y1) above) that is only needed for the estimate of the function
hi(y) but is not included in (7.20). At those points inequalities similar to (7.16),
(7.18) will hold:

In(zs,ys) > M — (22(’"'1) - 1) eg>M—-2Me; > M — 2;

v (s-1,ys) < —M + (22(m'1) — 1) e1<—-M+2Me; < -M + Z

Add the point (Z;+1,%1) to the lightning bolt (7.20). We obtain a closed lightning
bolt £. At the point (Zm+1,%1) we have a trivial estimate:
(7.22) lfN (@mar,y1) < NI < NI

On the closed lightning bolt £ construct the functional r, (the number of vertices
is equal to 2m + 2). Using the inequalities (7.21) and (7.22), and the choice of m,
we obtain

(7.21)

_ 2m+1 € A1
Ire(F) = re (] > 5o (M= ) = g 2 M~

This inequality completes the proof.
Levelled functions and the algorithm.
COROLLARY 7.2. If f(z,y) is a levelled function, then E(f) = | f].

PRrOOF. For this case the Diliberto-Straus algorithm gives fo = fi =--- = f,
and in view of Theorem 7.1 E(f) = || f||.

Corollary 7.2 repeats Corollary 6.4, obtained by a different argument.

Before passing to estimates associated with the levelling algorithm let us give
an instructive example. If f is a levelled function, the levelling algorithm is not
running and there is no need for it. However, if f is not levelled, the algorithm still
may not diminish its norm after the first several steps.

EXAMPLE 7.3 [61]. For any natural number k there exists a function f such
that the functions {f,} in the levelling glgorithm satisfy

I =M1l = - - = W fo—all > 1 F&ll -

Let Q = [a,}] X [c,d] C R2. Take the lightning bolt [p1,p2, ... ,p2x] and define a
function f on the rectangle Q as follows: f (p;) = (-1)%,i=1,...,2k, and |f(p)| <
1 at all remaining points. The function f; is vertically levelled, so |f1 (p1)| < 1 and
|f1 (p2k)] < 1, yet |f1 (ps)] =1, ¢ =2,...,2k — 1. The function f, is horizontally
levelled, so |f2 (ps)| < 1,2=1,2,...,2k—1,2k, and |fo (ps)| =1,2=3,...,2k -2,
etc. Clearly, |fi(p)| < 1 at all points of Q.

Estimates in the levelling algorithm ([38]).
LEMMA 7.4. The following equalities hold:

.29 max |fn(2,y)| = max|fo-1(z, 9)| — lgn(@)],  n=2k+1,
7.23
max|fn(2,y)| = max|fa-1(z,9)| = |ha()l,  n=2k.

The proof is contained in (6.15) if we recall the definitions of f, in terms of
fn—1 (see (7.1)).



116 2. APPROXIMATION BY SUMS ¢(z) + ¥(y)

LEMMA 7.5. Let

(7.24) ®(z,y) = ¥(z,y) — a(z) - B(y)-
If ® and ¥ are vertically (horizontally) levelled functions, then
(7.25) llell < 18Il (sl < led) -

ProOF. Consider the case of vertically levelled ® and ¥. Since ® is vertically
levelled, we have

ala) = [max (¥(z,1) = B(3) + min (U(z,3) ~ A W)|
(7.26) 2L v
S% [mgx‘l’(w,y) + 161l + min ¥(z, y) + Ilﬂll] = % -2/181 = 1181l

We have used here that max, ¥(z,y) = —miny ¥(z,y) due to our assumption that
V¥ is vertically levelled. Similarly, we have

1
12 a@)> g [max¥(es) - 18]+ min ¥(a) - 181 = -1l
From (7.26) and (7.27) it follows that |a(z)| < ||8]|, hence || < |||

Monotone decrease of norms of g, and h,.

LEMMA 7.6. Fork > 1, the functions g, (z) and h,(y) in the levelling algorithm
satisfy the inequalities

(7.28) P2kl = llgak+1ll 2 l1hze+2]] -

PRrOOF. Consider the functions {f,} in (4.1). Then,
(7.29) fort1(2,y) = fare-1(2,9) — 926+1(2) — har(y)

and f2 +1, fak—1 are vertically levelled. In view of Lemma 7.4 we obtain from (7.29)
the first inequality in (7.28). Considering the equality

Jort2(2,Y) = for(2,y) — g2k+1(2) — hart2(y)

in which for+2 and for are horizontally levelled, we obtain the second inequality in
(7.28). Thus, we have the monotone decrease of the norms

(7.30) Ihall > llgsll > lhall > lgsll = - -

Using Lemma 7.4 we can derive by a similar argument the inequalities

ligs + 95 + -+ + ge4all < llh2 + ha + -+ + bl
ha+ -+ + hokll < llgs + -+ + gar—1ll,
and even more general inequalities for all natural k and s <k — 1:

llg2k+1-25 + G2k+1-2s42 + - + o1l < ||hok—2s + -+ + hokll;
[lhok—2s42 + -+ + horll < llgekt+1-25 + -+ + g2r—1l -
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LEMMA 7.7. Letn > 1, and let z2, be a point in X. If a point yon_1 €Y is
such that

(7.31) max | fan (220, Y)| = | f2n (20, Y2n-1)I,

then

(7.32) lhan (Y2n-1)| 2 2|g2n+1 (T2n)| — l|h2al|

and

(7.33) max | fan-1 (2, Y2n-1)| 2 max|fon (220, Y)| + [h2n (Y2n-1)|

Let n > 2 and let yon—1 be a point in Y. If a point To,_o € X is such that
(7.34) max | fon—1 (2, Y2n—-1)| = | fon—1 (T2n—2, yon—1)|,

then

(7.35) |92n-1 (%2n—2)| 2> 2 |h2n (yon—2)| = [lg2n—2||

and

(7.36) max [fon—2 (Z2n—2,¥)| > max | fon—1 (%, Y2n—1)| + |g2n—1 (T2n—2)| -

PROOF. Introduce the notation

Rop, = m;i'x |f2n (w2my)| y Ropn_1 = m2x|f2n—1 (mayZn—l)l )
(7.37) Ropn_o = max | fon—2 (T2n—2,)], @2n = |gon+1 (T20)],
@2n-1 = |h2n (Y2n-1)|, Q2n—2 = |g2n-1 (T2n—2)| .

Since both statements of the lemma are proved in a similar fashion, we shall con-
centrate on the first one. First of all, we show that

(738) Ry, > mya'x|f2n—1 (xZn’y)l + 2¢on — ”th” .

According to (7.1) we have

1 .
(7.39) @on = |92n+1 (Tan)| = 3 [mex fon (T2n, y) + min fon (Z2n, )| -

Assume that gan41 (%2n) > 0. Then we can drop the absolute value sign in (7.39).
We have, furthermore,
(7.40)

n;in fon (ZT2n,y) = n;in [fon—1 (Z2n, ) — hon(y)]

< n‘;/in fon—1 (x2m y) + ”h2n” = —mg,x fon—1 (m2n—l’y) + ”h’Zn” .

The last equality in (7.40) appeared since fa,—1 is vertically levelled. From (7.39)
and (7.40) we obtain

1
(7.41) @on < 3 [mgx fon (Z2n,y) — m;inznq ($2n,y)] + |[h2nl|-
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Since again m;),xl fon—1 (Z2n,y)| = maxfon—1 (@2n,y) because fo,—1 is vertically
Y

levelled, formula (7.41) implies (7.38). Similar considerations yield (7.38) for the
case when gon+1 (Z2n) < 0. In view of the choice of y2,—1, we obtain from (7.38)

Ran = 2q2n + ||hont]| 2 max| fon—1(22n, y)|
> | fon—1(Z2n, Y2n-1)| = | fon(T2n, Y2n—1) + hon(Y2n-1)|
> | fon(T2n, Yan—1)| = |h2n(Y2n-1)] = Ran — g2n-1.
This inequality coincides with (7.38). Furthermore, according to (7.23) we have
max | fon—1 (€, Y2n-1)| = |h2n (Y2n-1)| = max|fan (2, y2n-1)|

> |f2n (wZnay?n—l)l = m:'?'xlf (z2nay)| = Rop,
i.e., we obtain (7.33).

We change the notation to a more symmetric one, denoting ha,,(y) by gon(¥),
n=1,2,... (s0 gan+1 is a function of z, whereas g, is a function of y).
The main estimate of Diliberto and Straus.

THEOREM 7.8. For all indices N > 1 and m > 0 the following inequality holds:
(7.42) £l =mllgnll —2(@™ = 1) (lgnll — llgn+mll) -

PROOF. We give a proof for the case when N and m are even. Set m = 2k
and N = 2n — 2k. The inequality (7.42) becomes

(7.43) 171l > 2K [lg2n—26ll — 2 (2% — 1) (lg2n—2xll = llg2nll) -
We use notation similar to (7.37), keeping in mind that now go; = hgx. Choose
a point ys,—1 SO that gon—1 = ||gan||- According to Lemma 7.7 there exists

a point Zgn—o for which (7.35) and (7.36) hold. According to Lemma 7.7, for
Ton_o there exists ya,_3 such that inequalities (7.32) and (7.33) hold with ob-
vious adjustments of indices. Proceeding in a similar fashion, we obtain points

Yon—1,T2n—2, Y2n—3; Tan—d, - - - ,Yon—2k—1 and numbers gon—1,G2n—2, - ,G2n—2k—1;
Ryn_1,...,Ron_om—1. The inequalities similar to (7.32), (7.33), (7.35), and (7.36)
hold for these numbers with obvious adjustments of indices. Let us prove that

(7.44) Gni > llg2n—2kll — 27" (llg2n—2xl = llg2nll) -

‘We use induction. For ¢ = 1 we have

Gon—1 = [|92nll = l|g2n—-2kll — 2° (llg2n—2kll — llg2nll)-

Then (7.44) holds for ¢ = 1. Let (7.44) hold for some ¢ < 2k + 1. Then, by (7.32)
or (7.35) (depending on 7 being even or odd), we obtain
(7.45) .

Gan—i—1 2> 22n—i — ||92n—ill > 2l|g2n—2kll — 2°(llg2n—2ll — llg2nl) — llg2n—sll

2 llgzn—2kll — 2*(llg2n—2xll — llg2nll)-

We took into account that ||gon—ok|| = |lg2n—ill, according to Lemma 7.6. The
inequality (7.45) is obtained from (7.44) by replacing ¢ with ¢ + 1, and therefore
(7.44) holds for i = 1,... ,k+ 1.
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By (7.33) and (7.35) (again making obvious adjustments of indices) we also
have:

(7.46) Ron—i—1 2 Ron—i + @2n—i—1, i=1,...,2k
Using (7.46) and (7.44) we find

Ryn_2k—1 >Ron_ok + @an—2k—1 = Ron—2k+1 + @2n—2k—1 + G2n—2k

2k+1 2k+1
> 2> Ropy1 + Z Q2n—i = Z Gon—i
(7.47) i=2 i=2
2k+1
>2k [|gan—a2kll = D 257" (llgen—2kll — llg2nll) -
i=2

Inequality (7.43) follows from (7.47) in view of the obvious inequality ||f| >
| fon—26-1ll = Ron—2k-1.
Tending to zero of ||gy]||.

COROLLARY 7.9. lim |gn]| = 0.
N—oo

PrOOF. Take an arbitrary € > 0 and choose a natural number m so that

1
W < €. Since ||gn]|| is monotone decreasing, there exists lim ||gn||, so there

exists a number N such that 2 (2™ — 1) (Jlgn|| — lgn+m|]) < 1. Then, from the
inequality (7.42) it follows that

Il +1

(7.48) lonll < <e.
Convergence of the levelling algorithm. Lemmas.

LEMMA 7.10. Let f(z,y) € C(Q), while G,(z) and H,(y) are defined by the
formulas (7.3). Then

(7.49) Gn(z) = My [f — Hn-1] (z), (n is odd),
(7.50) Hy,(y) = M, [f - Gn_1] (¥)s (n is even);
G2=G1, G4=G3,...; H1=0, H3=H2, H5=H4,....

In particular, G, gives the best approzimation to f(z,y) — Hn—1(y) among all
functions p(z) (n = 2m + 1), while Hy(y) (n = 2m) gives the best approzimation
to f(z,y) — Gn-1(z) among all functions ¥(y).

PROOF. Let n be an odd number. Then the function f.(z,y) = f(z,y) —
H,_(y) — Gn(z) is vertically levelled. Yet, in order to level the function f(z,y) —
H,_1(y) vertically, the function G,(z) must be defined as in the formula (7.49).
However, in this case, G, (z) also gives the best approximation to f — H,_; among
all functions ¢(z). The case when n is even is treated similarly. The identities
(7.50) are obvious in view of (7.3).
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LEMMA 7.11. Let Gn(z) and H,(y) be defined by formulas (7.3). Let e > 0,
71 € X, and 3 € X be fized. If

(7.51) If (z1,9) — f(z2,9)| <e forall y€Y,
then

(7.52) |Gr (zn) — Gr (z2)] < €.
Similarly, if yy €Y and y2 € Y are fixed and

(7.51") If (,91) — f(z,92)| <€ forall z € X,
then

(7.52) |Hn (y1) — Hn (y2)| <e.

PROOF. We prove the statement regarding G,(z) (in that case, n is an odd
number). In view of (7.51) we have

(7.53) |f (x1,9) — Hno1(y) — (f (22,9) — Ho-1(v))| <e.

Consider two functions of y: vy = f (z1,y) — Hn—1(y) and v2 = f (z2,y) — Hn—1(y).
The inequality (7.53) gives
lvr — w2 <e.

Now apply the estimate (6.14) from Lemma 6.13 and formula (7.49):
(7.54) |Gn (21) — Gp (z2)] = |[Mv1 — Mvg| < |Jvr —v2| < e.

LEMMA 7.12 [38]. There ezists a subsequence of functions
fr (x, y) = f(way) —Gp, (:B) — Hp, (y)

converging uniformly on Q to the levelled function
(7.85)  fr(=zy) = f(z,9) - 9" (@) —¥* (), ¢ €CX), ¥*eC(Y).

PROOF. In view of Lemma 7.1 the sequences of functions {G,(z)} and {Hn(y)}
are equicontinuous. Therefore, the sequence of functions of two variables

{Gn(z) + Ha(y)}

is equicontinuous (in two variables) on Q@ = X x Y. Since

IGr + Hall < 11l + /=]l < 211 £1l;

the sequence {Gn(z) + Hn(y)} is uniformly bounded. According to Arzeld’s theo-
rem (for functions of two variables) there exists a subsequence

{Gn.(2) + Hn, ()}

uniformly converging on @ to a function F(z,y). In view of Corollary 2.7 D(Q) is
closed in C(Q), and therefore f(z,y) € D, i.e., F(z,y) = ¢*(z) + ¥*(y).

It remains to show that f*(z,y) = f(z,y) —¢*(z) —9¥*(y) is a levelled function.
This is obvious when among the sequence of indices {n} there are infinite sequences
of both even and odd indices: indeed, f* = lim f,, , where f,, is vertically levelled
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when ny is odd and horizontally levelled when ny is even. If {nx} consists, say,
exclusively of even indices, we have

lim fp,,, = lim fp,

because fr,,, = fni — Gniy, and ||gn]| — 0 in view of Corollary 4.8. However, the
fn, are horizontally levelled and the fy,,, are vertically levelled, and we once again
arrive at the desired result.

One more monotonicity property for norms of the best approxima-
tions.

LEMMA 7.13 [10]. Let fo(z,y) = f(z,y) — @o(z) — %o(y) be a levelled func-
tion (e.g., fo = f* in Lemma 7.12). The following inequalities hold for sequences

{Gn(z)} and {H,(y)} defined by (7.3):
(7.56) IG1 = woll 2 [lHz = oll = |Gs — woll = |Ha — ol = -+ .
(According to (7.50), G1 = G2, G3 = Gy,...; Ho = Hg,....)

PROOF. Let n > 2 be an even number. Then f,(z,y) = f(z,y) — Gn(z) —
Hy,(y) = f(z,y) —Gn-1(x) — Hn(y) is a horizontally levelled function. Furthermore,

(7.57) fa(@,9) = fo(z,9) + ¢o(z) + %o(y) — Gn-1(2) — Hn(y),

where fo(z,v) is also a horizontally levelled function. According to Lemma 7.5, we
obtain the inequality

”Gn—l - ()00" 2 “Hn - 'l;bO” .
Similarly, in case n is odd we show that

IGn = oll < [|Hn-1 = %ol| -

COROLLARY 7.14. Each one of the sequences {Gn(z)} and {H,(y)} is uni-
formly bounded.

Now we can essentially strengthen Lemma 7.12.
The final theorem (Aumann) on the convergence of the algorithm.

THEOREM 7.15 [10]. Let Q = X x Y. The sequences {Gn(z)} and {Hn(y)}
defined in the levelling algorithm by (7.3) converge in C(Q) to the functions ¢*(z)
and ¥*(y), respectively. Moreover, the function o*(z) + ¢¥*(y) gives the best ap-
prozimation to f(z,y) among all functions p(x) + ¥(y). The function f*(z,y) =
flz,y) — o*(z) — ¥*(y) is levelled. The functions *(z) and ¥*(y) also satisfy
the following uniform continuity properties: given € > 0 and assuming that (7.51)
holds, we have

(7.58) " (z1) — ¢* (z2)] <&

whereas assuming that (7.51') holds, we have

(7.58) 1" (1) — 9" (32)] <e.
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ProOF. By Corollary 7.14 and Lemma 7.11 we can, according to Arzela's
theorem, extract uniformly converging subsequences {G,, (z)} and {H,,(y)} from
the sequences {G,(z)} and {H,(y)}. Let ¢*(z) and ¢*(y) be the limits of those
subsequences. According to Lemma 7.12, the function f*(z,y) = f(z,y) — ¢*(z) —
9*(y) is levelled. In view of the inequalities (7.56) in Lemma 7.13, where we replace
o by ¢* and g by 9*, we obtain

(7.59) ¢*(z) = nl:l_l;rgo Gn(z), P (y) = nli—r}olo Hi(y),

i.e., instead of limits of subsequences, we have limits of the sequences themselves.
According to Corollary 7.2 we obtain

E(f)=E() =11

Therefore, p*(z)+v*(y) provides the best approximation to f(z,y) in the subspace
D(Q). Inequalities (7.58) and (7.58) follow from Lemma 7.11 and (7.59).

Properties (7.58) and (7.58) of our best approximant ¢*(z) + 9¥*(y) can also
be expressed as follows: the modulus of continuity of ¢*(z) is not worse than the
partial modulus of continuity of f(z,y) with respect to the variable z, and the
modulus of continuity of 1*(y) is not worse than the partial modulus of continuity
of f(z,y) with respect to y.

Discontinuous functions. Now let @ C X xY, where X and Y are arbitrary
sets. For a function f € B(Q), consider the problem of best approximation:

(7.60) E(f)= o If = =¥l

YEB(Y)
As an attempt to solve this problem, we may try to set up the same levelling
algorithm described by the formulas (7.1). Max and min in these formulas now
have to be replaced by sup and inf.

THEOREM 7.16. Let Q contain a bar. Then the statement of Theorem 7.1 and
formula (7.8) with E(f) replaced by E(f) hold for f € B(Q). Any function F(z,y)
that is a limit point of a sequence {Gn(z)+ Hyn(y)} in the weak (x) topology of
the space B(Q) belongs to BD(Q) and gives the best approzimation in the problem
(7.60).

PROOF. For definiteness, assume that @ contains a horizontal bar passing
through the point (zg,yo). As in the proof of Theorem 7.1, construct a sequence of
points (z1,¥1),(Z1,¥2), (Z2,%2) 5.+ » (Tm+1,Ym+1)- Form a closed lightning bolt £
out of the points (z1,%0), (£1,¥2) -+ » (Tm+1,Ym+1) » (Tm+1,Y0). The rest is as in
Theorem 7.1. Now let F'(z,y) be a limit point of the sequence {Gn(z) + Hn(y)} in
the weak (x) topology of B(Q). (Since f, = f — G, — Hy, we have ||G,, + Hy,| <
2||f|l; hence the sequence {G, + H,} has a limit point.) For any closed light-
ning bolt L we then have r(F) = 0, because 7 (G, + H,) = 0. If 9¥(z,y) =
F(z,y) — F (z,y), then rp(¥) = rp(F) — r (F (z,y0)) = 0. Taking two points
and constructing a closed lightning bolt L: (z1,¥o), (z1,9), (2,¥), (z2,%0), we find
that ¥ (z1,y) = ¥ (z2,), and so 9 only depends on y. Thus, F(z,y) = ¢(z)+v(y)
(¢(z) = F(z,y0)). Since f — F is a weak (%) limit point for f — G, — H,, then
|f=F|| <lim||f — Gn — Hy,|| = £(f) and hence F provides the best approximation
to f in BD(Q).
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Estimate of the rate of decrease of ||g,|. Again, we keep the notation
9on+1(), gan(y) for the functions in (7.1).

THEOREM 7.17. For anye >0 there erists ng such that for n > ng

A +e)|lf
(7.61) lgnll < Sogyr
PROOF. Assume that (7.61) is false. Then there exist € > 0 and an infinite set
of indices J such that

(A +e)llfl

J.
logon ’ ne

(7.62) llgnll =

We take €1, 0 < €1 < ¢, and show that there exist sequences k; — 0o and m; such
that

(7.63) llgr; Il = [(1 = e)Ifll — O(1)]/ log, k;
and
(7.64) llgi; | = gy ms Il = O(G/He1),
where o &
. _ 08 F5|
My 1+e |~ 2.

If such sequences are constructed, then taking N = k;, m = m; in the inequality
(7.42) we obtain

11 >(E2 — 21( + )1 - O/ logs b

(7.65)
~ 2(22k;/ (e _yo(k;H/0+),

A+l

Clearly, when k; — oo the right-hand side in (7.65) tends to 1T e
1

This contradiction proves the theorem.

> |I£1l-

Thus, everything is reduced to constructing {k;} and {m;}. Choose an arbi-
trary index N, and choose n > N so that n € J. Insert between N and n a finite
number of indices q1,... ,q as follows. Set ¢y = n. If ¢ > g3 > -+ > ¢; are
constructed, choose ¢j, ; such that

log, q,'+1
(766) q.£+1 + 1—+;T = q;.
After that, set g;41 = [q{ +1]+1 ([] denotes the integral part). Terminate the process
at a point gps such that gpr+1 < N < gpr. Changing the notation, renumber all the
natural numbers g; according to their growth: N <p; < -+ < py =n. In view of
(7.66) it is clear that

log, p;
14¢

(7.67) 0<pi+

_pz 1 <2

From (7.67) we obtain
(7.68) Pit1 — pi < logy pi < logy 7.
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Hence
(7.69) M > (n—N)logyn and p; <N +ilog,n.

Choose €2, 0 < €2 < €1. Let

(7'70) Pi+1 € J, ”gpi ” “gpz+1 ” > p_l/(1+€2)
Then from (7.62) and (7.70) we obtain for N > Ny(e2)
(1+ )”f" p-V/(es) L+l

. > 2) 5 LT O
) lon > T s
Indeed, for N > Ny (e2) using (7.68) we obtain

1 Pz+1
A+ M (e = ooy ) < (1) oy 222 o

<@ +¢)||fllogze- ﬁ%f—”i/logépi

<(1+¢)lIf||log e - logy pi/pi logh pi < p; /H+).
So, if p;+1 € J and (7.70) holds, then p; € J. Since pyy = n € J, we have the
following alternative: either

(a) all numbers p,...,pn belong to J, or

(b) there exists p;4+1 such that

(7.72) I9p:ll = Ngpess | < i HO¥D piyy € .

Let us show that for sufficiently large n (a) is impossible. Otherwise, adding
all the inequalities (7.70) we would have obtained using (7.69) (8 = —1/(1 + €3)):
(7.73)

a2 3" 5 > Z (N +ilogy n)’ > / (N + zlogy ) do

i=1

=(B+1)7 (logym) ™ {[IV + M1log, n]** — [N + log, n**}

B+1
> (6+ 1) (log, ) {1 - e } [+ (0= WP+

As n — o0, the expression in braces in (7.73) tends to 1, whereas the entire right-
hand side of (7.73) tends to co. Thus, for sufficiently large n the inequality (7.73)
yields a contradiction. Therefore, for all sufficiently large n > N the possibility (b)
holds. Take a sequence of indices {N J } T 400. In view of our construction, there

exists a sequence {pf } T 400 such that

< (pg)—l/(Hsz).

Set k; = pl, m; = pl,; — pl. In view of (7.74) and the fact that p,,/p! — 1
(due to (7.68)), we obtain the inequalities (7.63). From (7.74) we also get the first
relation in (7.64). The second inequality in (7.64) follows from (7.67). The theorem
is proved.

(r714) PI>NI, plel,
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Bibliographical notes. The levelling algorithm for f € C(X xY) and f €
B(X xY) was studied in the paper [38] by Diliberto and Straus. Strictly speaking,
they considered X = [a,b] C R! and Y = [¢,d] C R!, but this is not important. As
noted in [38], the question of studying the problem of the best approximation of a
function of two variables by functions ¢(z) +¥(y) was (in a slightly different form)
posed by Rand Corporation. In that paper, the authors proved Theorem 7.1 and
the formula (7.9). Convergence of a sequence of functions obtained along the steps
of the algorithm to functions that solve the best approximation problem and simul-
taneously levelling the initial function was established somewhat later by Aumann
[10]. Diliberto and Straus only showed convergence of subsequences. Aumann
[9-11] had arrived at the study of this approximation problem independently of
[38]. Also, in [38] the authors showed that the best approximation ¢*(z) + ¥*(y)
obtained by the levelling process for a continuous function f(z,y) has continuity
properties that are not worse than those of the function itself.

‘We have already pointed out in §3,6 that the existence of the best approxima-
tion ¢*(z) + ¥*(y) and continuity properties of p*(z) + 9¥*(y) for f € C(X x Y)
had also been established by Kolmogorov (cf. the exposition in [113]). Although
[113] contains no systematic study of the levelling algorithm, this very natural idea
can be clearly seen in the proofs in [113].

In [38] there are given the estimates (7.42) and

(7.75) llgnll < (2+€)|If|l/logen, foralle >0, n> ng(e).

Both estimates are given without proof. (The authors point out that the proofs
were omitted in accordance with the referee’s suggestion, in view of the possibility
that those estimates were not sharp and yet required tedious calculations.) The
proofs of (7.42) and (7.61) given here are due to Eiderman [43]; the estimate (7.61)
is somewhat better than (7.75). In [38] it was conjectured that

(7.76) lgnll < C277,

but this is false (at least for bounded functions). In [91] an example is given for
which the estimate (7.76) does not hold. In the preprint [44] Eiderman proved the
following estimate for bounded functions on an arbitrary set Q@ C R2:

(r.17) lomnsall <151 (%7 ) 272~ ey

(the same asymptotic estimate holds for ||g2n+2]|) and constructed a bounded func-
tion for which equality holds in (7.77) for all n = 1,2,.... We chose not to present
these cumbersome results here.

In addition to the papers quoted in this section, let us mention the papers [64],
[56], [3], [132], and [23]. The monograph [94, Chapter 5| studies the levelling
algorithm but without estimates of the error terms (formulas (7.42), (7.61), and
(7.77)). Chapters 3,4,6,7 of [94] contain results (both positive and negative) on
generalizations of the levelling algorithm in other metrics, together with an exten-
sive bibliography.

In [38], Diliberto and Straus described (without detailed proofs; “by similar-
ity”) a “natural” extension of the levelling algorithm to several variables. A similar
extension is suggested in Golomb’s paper [64] in a more abstract situation. How-
ever, Aumann [13] showed that in three variables the levelling algorithm need not
lead to the best approximation. Unfortunately, this important negative result is
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not contained in [94]. Unaware of Aumann’s work, Medvedev [104] also showed
that when the number of variables n > 2, the Diliberto-Straus algorithm does not
always lead to the desired goal. (I learned about Aumann’s work from Professor
Pinkus at the Haifa conference in 1994, and use this opportunity to express my
sincere gratitude to him; cf. §3 in Chapter 3 below.)



CHAPTER 3

Problems of Approximation
by Linear Superpositions

§1. Properties of the sﬁbspace of linear
superpositions and its annihilator

Types of linear superpositions. Let X, X;,..., Xy be compact sets, and
®; : X — X, continuous mappings (cf. (1.1), §1, Chapter 2). Also, assume there
are given functions h'*(z) € C(X). We consider in C(X) a subspace D(X) = D of
functions

(1.1) h'(z) [g10 @1(2)] + -+ + bV (2) lgv 0w (2)],

where g; € C(X;), 41 =1,...,N, are arbitrary functions. The functions (1.1) will
be called linear superpositions. In C(X), consider the problem of approximation by
functions in the subspace D. If X, X;,... , Xy are arbitrary sets and ®; : X — X,
1=1,...,N, are mappings, then instead of continuous functions we may consider
bounded ones, and then in (1.1) h*(z) € B(X), gi(z) € B(X;) and we denote the
subspace of functions (1.1) by BD. In the subspace B(X) consider the problem of
approximation by functions in BD. For the moment we shall discuss the situation
with continuous functions, indicating the needed alterations for the case of bounded
functions at the end of the section.
Consider the product of compact sets X;:

(1.2) Y=X;x---xXn.

If the mapping

(1.3) U:X Y, U(z) = (®1(2),...,Pn(2))

is injective (or, equivalently, the system (®1(z), ..., ®n(z)) separates points in X),
the subspace D consists of functions

N
(14) @ gom@)+ - +hV@) gy omn(@)] = Y Ki(@)gi (z),

i=1

where z = (z1,... ,zy) is a point in Y, m;(z) = z; is the natural projection of Y’
onto X;, g; € C (X;) are arbitrary, h*(z) € C(Y). We shall sometimes call the sets
X, a basis.

The approximation problem then reduces to the following: in the space C(Q),
where Q@ C Y (Q = ¥(X)), study approximation by functions of the subspace D

127
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(i-e., by functions (1.4)). Let j = 1,... ,m be some indices, each corresponding to
a set (j) of indices i:

(1.5) (43) = (1,32, .- ,ix,) 1<41 <+ < <N.
Form partial (with respect to (1.2)) products
(16) Yj=Y(j)=X1;l X“-XXikj.

Denote by y; = (4, ... ,zikj) points in Y;. If h*(z) € C(Y) are given functions,
then the subspace D of functions '

(1.7) Y W (@)gi (@i wa,), 95 € C(Yy),
j=1

is of a more general nature than (1.4). The space (1.4) is obtained from (1.7) by
letting m = N, (j) = j, Y; = X;. The functions (1.7) (in particular, those in (1.4))
are also called linear superpositions. The functions h7(z) will sometimes be called
basis functions, and the g; will be called the coefficients in linear superpositions
(1.1), (1.4), or (1.7). The representation (1.7) for a given function w € D is, in
general, not unique.

Proper bases. A system of basis functions {h?(z)}, j =1,...,m, in (1.7) is
called proper in C(Q) if there exists a number ¢ > 0 such that for any function
w(z) of the form (1.7) the coefficients g; in the representation (1.7) of w on @ can
be chosen so that the inequality

m

(18) llg;ll < cllwllq
i=1

holds.

PROPOSITION 1.1. A system of basis functions is proper in C(Q) if and only
if the subspace D(Q) is closed in C(Q).

PROOF. Introduce another norm in D(Q) by setting

(1.9) ulg = inf Y _ llgill,

Jj=1

where the infimum is taken over all choices of {g;} that provide the representation
(1.7) for w on Q. It is easy to check that Jw|g is indeed a norm. In particular,
to check that |w|lg = 0 & w = 0, one has to use the estimate ||w|lq < Clwlg,
where C' = max ||h?|. That D(Q) is complete with respect to the norm (1.9) can
be proved along the same scheme as, e.g., the proof of completeness of quotient
spaces. For completeness we sketch the arguments here.

Let {w,} C D be a fundamental sequence with respect to the norm (1.9). We
can always extract a subsequence wy,, so that the series

[o0)
z:hunk+1 — Wn, | < +oo.
k=1
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Let functions gn, j, j = 1,...,m, be taken from the representation (1.7) for wp,,
while functions ¢n, j, = 1,... ,m, are taken from that for wy,,, — wn,. We can
assume that

[e o]
Zl‘pnk,jl<+00, ]=1, ,m.
k=1

Then the series

(e o]
[ Z‘Pnk.j = 3>
k=1
Jj=1,...,m, converge in C (Y;) to functions f; € C (Y;). If w € D(Q) is a function
representable in the form (1.7) with the coefficients g;, then |w — wy,|o — 0 and
hence |w —wp|g — 0. This proves that D(Q) is a Banach space with respect to the

norm (1.9).
Now let D(Q) be closed in C(Q). The identity operator mapping (D, |-|q) into
(D, |l - ll@) is continuous and according to the Banach theorem so is its converse,

i.e., the operator from (D, || - |lg) into (D,||q), which is equivalent to (1.8), and
so the system of basis functions is proper in C(Q). Let us show the converse: a
system of basis functions is proper. We need to show that D(Q) is closed in C(Q).
Let {wn} C D and w, — w in C(Q). Since the system {h?} is proper, by (1.8) it
follows that {w,} is a fundamental sequence with respect to the norm |-|g. Hence
it converges with respect to this norm to a limit wy € D; but then {w,} — wp in
C(Q) as well. Hence w = wp, and the proposition is proved.

Examples of proper and improper systems. In C(X; X X3) consider the
subspace D consisting of functions g (z1) + g2 (z2). Set h'(z) = h%(z) = 1 in
(1.1). From §2 in Chapter 2 it follows that the subspace D is closed, and therefore
the system {1,1} is proper. Now take N = 1, z; = [0,2], and h'(z) = 0 for
1<z <2 hl(z) >0when 0 <z < 1. The subspace D = {h!(z)g;(z)} with
the basis function hl(z) gives an example of a linearly independent but improper
system: there exist functions g; (z) with an arbitrary large norm so that ||hl 5N || <l1.
This example also shows that for linearly independent basis systems the properness
requirement does not reduce to the well-known equivalence of all norms on a finite-
dimensional space. Yet, if the variables in the basis functions A7 and functions g;
(see below) are separated, linear independence implies properness of the system
(Lemma 1.10 below.).

Separated variables. The most common case is when a basis function h?(z)
only depends on those coordinates of a point  that are not used in forming points
y;j in Y;. Denote by (5) the complementary set of indices to (). So, (j) consists of
all indices %, 1 < i < N, that are not used in (j). By 173 = Y5, denote the product

of all X; for which i € (5); §; are points in }~’J Then
(1.10) Y xY; =Y,

provided that from now on we agree on the following. In the expansion of the
product (1.10) factors X; in Y; and Y; are written in the same order as they appear
inY (i.e., in order of increase of indices ¢) independently of whether they belong to
X; inYj, orin Y;. Similarly, when writing z = (y;,%;) = (¥;,¥;), the coordinates z;
are written in the natural order without paying attention to whether a coordinate
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is taken from y;, or ;. For example, if y; = (2,5, Z¢), J; = (T1,%3,4,27), then
(yj’gj) = (gj:yj) = (wliz2’ Z3,24, $5a$6a$7)'

Let us denote by 7(;) a natural projection of Y onto Y; = ¥{;) and by 7(;) = m(5)
a natural projection on }73 Thus, if z = (y;,7;), then 7(;)(z) = y;, T()(z) =
mG) (z) = §;. Let H = H¥(Y;), j = 1,... ,m, be a finite-dimensional subspace in

C’(}”;,) Consider in C(Y') a subspace D defined by

(1.11) D=iHj®C(Y,-).

=1

Here, ® denotes the tensor product, while again, when forming from the functions
f1(§;) € H? and f2 (y;) € C(Y;) a function F(z) = fi ® fo = f2® f € C(Y),
coordinates of a point x appear in their natural order irrespectively to whether a
coordinate comes from y;, or §j;. Therefore, in particular, for us fi (§;) ® f2 (y;) =
f2 (y;) ® f1 (§;) and HI(Y;) ® C(Y;) = C(Y;) ® H¥(Y;). From now on whenever
we form tensor products we shall follow these rules.

The formula (1.11) even covers a more general situation when (j) and (3) in
it do not necessarily compliment each other, but are simply disjoint sets of indices.
To see that, it suffices to assume that functions in H7 in fact depend only on some
of the variables forming ¥(;y. Let hg(;i]j), 6=1,...,n4, be a basis of the subspace
HJ, j=1,...,m. Then the subspace (1.11) consists of the functions

m NG

(1.12) SN K@) ), 6 (w) eCY;).

j=16=1

The functions (1.12) are a special case of the functions (1.7).

The functions {hg}, j=1,...,m, 8 =1,...,n;, serve as basis functions for
the subspace (1.12). In each term of (1.12) the arguments y of a basis function
hg (9;) and of a coefficient gf (y;) are separated. We call this case the case with
separated variables.

Totally separated variables. In many situations it is convenient to admit
the following structure for the basis subspaces H’. There are ﬁnite—tiimensional
subspaces H: C C(X;), s = 1,...,N, and if (§) = (i1,... vig,)s e, ¥y = Xy x
cee X Xirc,-’ then

(1.13) H (17}) —H ' @H?® . -@H%.

The case when the H’ (173) have this structure is called the case of totally separated
variables.

The following situation is even more general. Let Z,...,Zs be some partial
products out of the product (1.2) and moreover, any two of them, Z; and Z,,
consist of different factors. Let H* be a finite-dimensional subspace in C (Zx),
k=1,...,s. Further, assume that each }7] is a product of some of the Z;, whereas

H (17']) is the tensor product of the corresponding H*:

(1.14) }A@:Zklx---kanj, H(Y;)=H"®...® H*,
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Clearly, the seemingly greater generality of (1.14) compared to (1.13) is an illusion.
If, from the very beginning, while forming products (1.2) one uses the blocks Z
instead of the factors X; then (1.14) coincides with (1.13). The case (1.14) will also
be called the situation with totally separated variables.

The annihilator of the subspace of linear superpositions.

LEMMA 1.2. Let D consist of functions (1.1). In order that a regular Borel
measure 1 on X belong to DL, it is necessary and sufficient that

(1.15) vi=®;0 [hi(z)u] =0, i=1,...,N.

In essence, this lemma repeats Lemma 4.1 in Chapter 2. A special case of
Lemma 1.2 is the following lemma.

LEMMA 1.3. Let D consist of functions (1.7) and p € C(Q)*. In order that
p € D(Q)*, it is necessary and sufficient that

(1.16) Vj = T(4) © [h’(z),u,] =0, ] =1,...,m.

Another characterization of D' when the variables are separated. In
case of separated variables, a condition for a measure to belong to D* can be
expressed in a different form. Denote by u|g the restriction of a measure p to a
set E.

LEMMA 1.4 ([98]). Let the subspace D have the structure (1.11). In order that
p € [H (Y;) ® C(Y;))?}, it is necessary and sufficient that for any Borel set A C Y;
the measure

(1.17) VJA =TG) ° [.U' Ax?j] € H (V)"

PROOF. For a function h (§;) € C(Y;) we have

(1.18) / hdu = /~ hdv}.
AXY; Y;

Now if h € HY(Y;) and p € [H7(Y;) ® C(Y;)]*, then m(j) o [hu] = 0 and hence

(1.19) / _ hdp = 7y [hu] (A) = 0.
AXY;
Therefore,
(1.20) /~ hdvf =0, ie. vite (H)".
Y;

Conversely, if vi* € (H7 )J' for all A CY, the integrals in (1.18) vanish, and hence
miy (] (A) = 0 for all A and p € [HI @ C (Y;)]".
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Product-measures in D' when the variables are separated.
LEMMA 1.5. Let a subspace D be defined by (1.11) and (1.13). Let
(1.21) Xieyy Xbgy oo 1 Xi,

be a collection of basis sets X;, i =1,... ,N, so that each productY;, j =1,... ,m,
includes at least one set (1.20) as a factor. If measures A, € C(Xi,)*, £=1,...,s,
satisfy M\, € H*¢(Xy,)* and X is an arbitrary measure defined on a product of sets
that are not included in (1.21), then

(1.22) B=Xy ® A, ® -+ ® A, ® A € DL

PRrROOF. Consider the subspace
(1.23) D; = H' ® C(Y;),

where ¥; and HY(Y;) are defined by (1.13). Let {h¢ (zi,),a = 1,...,n;} be a
basis in H"* (X;,),... ,{hfl_e y B=1,...,n;_} be a basis in H"™; (Xi; ). A basis in
5 g 5

HI (}7]) generates various products
(1.24) By (55) = b6, (20) ® - @ B (miy)
and Dj consists of all sums

(1.25) > R(G)9s(wi), 95 € C(Y;).
')

To fix the ideas, assume that the set X;, is included into (1.21), e.g., X;, = Xk, .
Then Ay, (h) = Ai, (hg;) = 0 by the hypothesis. Moreover, we have

’\k1®"'®)‘ks®’\[h§: ®“'®h€1.]
J
=X (h3) Mk, ® -+ ® A, @ A(hE, ® -+~ @ BY X g5)] = 0.
J

Obviously, Lemma 1.5 can be deduced from Lemma 1.4. For example, for any
A C Xi, we have

Tk, © ['/"’IAxfkl] = ’\kl[’\kz ®® ’\ks ® ’\](A)

Thus, we obtained a measure that differs from A, only by a constant factor and
hence is orthogonal to H*:(X},).

“Domino”-measures. If each measure in the product (1.22) has a finite sup-
port, then we shall call such a product a “domino”-measure (the term was sug-
gested in [93]). The simplicity of the structure of “domino”-measures makes them
attractive, whereas the fact that they form a sufficiently rich set is ensured by the
following proposition.
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PROPOSITION 1.6. Let a subspace D be of the form

N
(1.26) D=> H'X;)®C(Xy),

=1

where the H'(X;) are finite-dimensional subspaces in C(theX;) (X;,i=1,...,N,
are basis sets). In order that w € D it is necessary and sufficient that pu(w) = 0 for
any “domino”-measure :

(1.27) L=A® - QAn,
where \; € HY(X;),i=1,...,N.
Necessity is contained in Lemma 1.5. Sufficiency will be proved later on.

Approximation of measures in D! by measures with a finite sup-
port. As usual, to avoid extra notation we shall denote by the same letter a linear
functional and the measure representing it. Together with the usual characteristic
of a measure p
(1.28) lulp = sup |u(f)I,

feD
<1

its action on D can be estimated by the quantity

(1.29) lulp = sup |u(f)I-
feD
If1<1

Since || f|| < C|f|, we always have |u| < —é—,” ||, and in case of a proper basis system
the converse inequality also holds with an appropriate constant.

PROPOSITION 1.7. Let D be a subspace in C(Y') that consists of functions (1.7),
p€ DL, |lull =1, and ut (u™) the positive (negative) variations of u. There exist
nets of measures {ug} and {uy } with the following properties:

1. u;', Ko are positive measures with finite supports and, moreover, Il/,zg'll +
llg Il = 1.

2. {ug} ({ug}) converges in the weak (x) topology of C(Y)* to put (u7).

3. There exist nets of functions {h}"} C C(Y) and {h}"} C C(Y), j =
1,...,m, each of which converges in C(Y) to the function h? and

4. For each € > 0 there exists 6y(e) such that for 0 > 0y(e)

(1.31) luslp <&, po=ng —uy-

5. If a basis {h?, j = 1,... ,m} is proper, then for each € > 0 there exists 6 (¢)
such that
(1.32) lusllp <e when6>6o(e),  po=pg — g

Thus, a set of finitely-supported measures {y} that approximates p consists,
according to part 3 of the proposition, of measures “almost” orthogonal to D, while
parts 4 and 5 guarantee that such “almost” orthogonality holds uniformly on D.
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For the case of separated variables, we shall construct approximating measures that
are exactly, not “almost,” orthogonal to D.

PRrOOF. Consider all possible finite partitions of the basis sets X3,... , Xy into
Borel subsets. Let 65 = (U},...,Us®) be a partition of X,. For indices § we use
the set @ = (61,... ,0n) of such partitions of all basis sets. On the set § we define
the partial order relation similarly to how it was done in §4 of Chapter 2. With
this, {6} becomes a directed set. For a given 6 consider all “parallelepipeds”

(1.33) AN =UM x - x URR, Uv)eb,, s=1,...,N,

that form a partition of the space Y. Inside each set U+ choose (arbitrarily) a
point 7> and consider the system of points in Y’

(1.34) oW =g x a2 x e x ol = (27,232, ).
At every point 23" insert an atom uj and an atom p;
(M INY = (AN = — (AN
pg (4 ) =u" (45 ) pe = p~ (Ag )

so that luF |l + 5 | = latl + =l = flull = 1. Also, it is clear that {uj}
converges to ut in the weak (%) topology while {u, } converges weak (x) to pu~.
Relations (1.16) for u € D+ can be rewritten as follows:

(1.35) mgo Wt =mgoWpT]l, j=1,...,m

Let (j) = (41,... ,in). For a given 6 consider all parallelepipeds AJ'“"™ with the
indices fy?l yeon ,'y?n being fixed (taking certain admissible values) while the others
are arbitrary. Equations (1.35) yield

Jdyt = I diy—
(136) S [ P =T [

where the sum is taken over all (y1,...,7n) such that v, =~2,...,%, =2.
Equalities (1.36) hold for all choices of 4f,,...,7}.. Define Ryt (h)7) at a point
zg' ™ to be the mean value on AJ*™ of h/ with respect to the measure u*
(w™). Then (1.36) becomes

i+ gt o
(137 S [ =2 [

and this is equivalent to (1.30). For each € > 0 there exists 6y(e) such that for
0 > 6y (e) the oscillation of the function h? on any of the parallelepipeds A" is
smaller than €. Hence

W5t (23 ™) = W (a3 ™) <e;

(1.38) G (AN _ i (1IN
W5 (@3 ™) = W (ag ™) <e.

So far, the functions h{;'F and h{;_ are only defined at the points z}' 7. We can
extend them continuously in such a way that at every point z the inequalities

W5t (@)~ W (z) <&, |hy (2) W (a)l <e
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hold. Now it remains to prove parts 4 and 5. For a function w € D (of the form
(4.7)) we have

m
o)l =D D K (@3 ™) g5 (mzg ™) po (zg"™)
j=171...7N

I S g e ) [ )
=1
7 @] .

Here, 3 is taken over all (y1,...,vn) with fixed (72,...,72,), whereas 3" is
taken over all (9,...,7?.). Continuing the calculation and using (1.35)-(1.38),
we obtain

(1.39)

m
_ ZZI,QJ G )w'n ’YN E ¥ (w’“ w)[ﬂ (m’)'l INY g (:1:"" 'nv)]
j=1

m
= ZZHQJ W(,)we 7"’) Z’hj (z;llu-’YN) [/"’;- (xgl...'m) —uy (zgl...’yzv)]
j=1

m
=D g (mgymg ™) D0 (W (@) i (™)
=1

- B ) )]

m
Z lg;ll - (g || + [|eg ||) < Chwle.

The inequality (1.39) means that |ug|p < Ce. If the basis system is proper, (1.39)
also implies the estimate ||ug||, < Cie. The proof of Proposition 1.7 is now com-
plete.

REMARK 1.8. Clearly, one can assume that ||ue|| = ||ug —py || = 1. Indeed, on
one side [|uoll < Ilug || +[l4g || = 1. On the other side, ||ul| < lim||e|| and therefore
for an arbitrary € > 0 there exists 6o () such that 6 > 6y = ||ug|| > 1 — . Hence,
instead of {us} we could use fig = pg/||ue||- (In general, the equality ue = ug — piy
is not the Jordan decomposition of the measure ug.)

A reminder on projections. Let B be a Banach space and E C B a subspace
of B. A continuous linear operator P : B — F is called a projection (of B onto F)
if

(1.40) P(B)=E, P!=PoP=P
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(idempotence). If we set R = I — P, where I is, as usual, the identity operator,
then R is also a projection, and if we set £ = R(B), then

(1.41) B=E+E

+ means that every £ € B can be represented in the form z = =’ + z”, where
( y D )
z' € E, ' € £, and such a representation is unique). Moreover,

(1.42) E ={z: Rz =6}, E={z: Px =0}
hence E and £ are closed subspaces. Conversely, if (1.41) holds with closed sub-
spaces E and &, then P : B - E (Px = P(z' +2") = 2')and R: B — &
(Rz = R(z' + ") = ") are projections. Thus, for existence of a projection onto a
subspace it is necessary and sufficient that the subspace be closed and have a closed
complement (with respect to the sum (1.41)).

The projections P and R = I — P are called complementary. The projection R
is also called residual with respect to P.

LEMMA 1.9. Let P, : B — E;, i = 1,... ,n, be projections, commuting with
each other: P,P; = P;F;, 1 <4 < j <n. Then the operator

(1.43) P=> P-) PP+ > PPP+ - +(-1)"'P...P,
i i<j i<j<k

18 a projection of B onto

(1.44) Ei+Ey+---+ Enp.
If R; denotes the complementary projections for P;, i=1,... ,n, then
(1.45) R = R1R2 e Rn

is the complementary projection for P.

Lemma 1.9 is commonly used for n = 2 (cf., e.g., [40, p. 518]); the general case
follows by induction. It allows us to characterize the subspace D in our problems
by some finite difference-like conditions. Let us illustrate this by a simple example.

ExAMPLE. In the space C(Y) consider a subspace D that consists of functions

(1.46) a1(z2, ... ,2ZN) + g2(z1,23, ... yZN) + - +gn(T1, ... ,TN-1).
Let Dj, j =1,...,N, consist of all functions of the form

(1.47) 95 (%1, s Bj—1, Tjg1, .., EN)-

Fix a point (z9,... ,z%) and consider an operator P; : C(Y) — D; defined by
(1.48) P;: f(z1,... ,20) = f(z1,... ,:122,... yZn)-

P; is a projection of C(Y) onto D;. The complementary projection R; = I — P; is
defined by
(1.49) f(z1,...,zn) = f(z1,... ,2zN) — f21,. .. ,:1:?,... JEIN)

and Dj consists of all f € C(Y") for which the finite difference (1.49) vanishes. The
operators Pj, j =1,..., N, commute, so that D consists of all functions f € C(Y)
for which

(1.50) RiRy...Rn(f) =0.
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Moreover, the operator R; ... Ry turns out to be a finite difference of order N.

Separated variables. Projections on D;. Consider the subspace D (1.11).
Let D; be the subspace

(1.51) D;=H\({Y)eCY;), ij=1,...,m
Take an arbitrary basis hg (),6=1,...,n;, for H (?J) The subspace D; consists
of functions

(152) S W), o €Oy,
6=1

Denote by /\g linear functionals that are biorthogonal to the basis { hf- }. A functional

X8 is represented by a measure on ?} Consider a linear operator P = P; : C(Y) —
D; defined by

(1.53) fecw)m gxﬁ |7 (530) | W @),

where indicates the variables that are assumed constant (parameters) under

the action of the functional /\g .

LEMMA 1.10. The operator P = P; is a projection of C(Y') onto D;. Moreover,
for any f € C(Y) the function F' = Pf satisfies the interpolational conditions

o ) ()]

and is the unique function in D; satisfying (1.54). The system of the basis functions
{hg}, 6=1,...,n;, is proper in C(Y).

PROOF. Let ® be an arbitrary function in Dy,
nj
(1.55) 2@ =Y 0 (%) ), o eC¥y).
6=1
We have

w [‘I’ <’7f’£/f,)] =328 (88 () ° 0]
(1.56) a:jl
=1

From (1.56) it follows that the representation (1.55) of any function ® € D is
unique and the coefficients g° (y;) at A (§j;) are found by the formula (1.56). There-
fore, for an arbitrary ® € D; we have

Po = §A$ o (50.3) | 09 - fljjhﬁ (55) 96 (v5) = @,

Thus, P[C(Y)] = D; and P? = P. Combining (1.53) and (1.56) we get (1.54). Since
the representation (1.55) is unique, Pf is the unique function in D; that satisfies
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the interpolational conditions (1.54). From the uniqueness of the representation
(1.55) and formulas (1.56) it also follows that the system {hg} is proper.

Commutativity of projections. Let (j) and (k) be two sets of indices (1.5).
Assume that they may overlap but cannot completely contain one another. There-
fore, the same holds for the complementary sets (j) and (k). Denote

)=@nkE, (@=G{nk), {(O\o)= (),
D\ = (2), (@) = (K1),  (W\(s) = (ka).

A complete set of indices N can now be represented as follows:

(1.57)

(1.58) (N) = (s) U (j2) U (o) U (j1) = () U (k2) U (o) U (ka).
It is easy to see that
(1.59) (G2) = (k),  (41) = (k2).

Indeed, (k3) N (j2) = 0; otherwise, (s) could not be the intersection of (7) with (k).
Therefore, (kz) C (j). If there existed an index i € (o) N (k2), then ¢ € (k), which
cannot happen because (k3) C (k). So, (k2) C ()\(¢) = (j1). Yet, along the same
lines (j1)N (k1) = @ and (51) C (k)\(s) = (k2). We have proved one of the equalities
(1.59); the second is proved similarly.

Consider in C(Y") the subspaces

0 D = D; = H(Y(;) ® C(Y;);
D = Dy = HY3)) ® C(Yry)-

The subspaces H are assumed to have the following structure:
(161 H(Yj) = H(Y;)) = H(Y9) ® H(Y(s));
h(Y(x)) = H(Y ) = H(Y(5)) ® H(Y(xy)),

where all H are finite-dimensional subspaces of continuous functions of the variables
in parentheses. Consider some bases in those subspaces:

(1.621) {c*(ys)},  a=1,...,£—abasis in H(Y());
(1.627) {dﬁ(y(jz))}, B=1,...,n—abasis in H(Y;,));
(1.623) {€" (W)} ¥=1,...,r - a basis in H(Y{x,)).

The systems
{* W) @ P (y,))} and  {c*(y(s) ® € (Yek,))}

are bases in H(Y(;)) and H(l?(k)), respectively. Also, let {\*}, o =1,...,¢, {uf},
B=1,...,n, {¥©'},y=1,...,r, be the systems of linear functionals biorthogonal
to the bases (1.62;), (1.622), and (1.623), respectively. The functionals A\* are
represented by measures on Y(y), uP are represented by measures on Y(j,), V7 are
represented by measures on Y{;,). Measures {\*® ©P} form a system biorthogonal

to the basis chosen in H (}';(j)), while {A* ® v} form a system biorthogonal to the
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basis in H (?(k)). Consider projections P: C(Y) » D=Djand P:C(Y) » D =
Dy, defined by

)] ¢ (¥0)) @° (i) 5

Yi)
~~

)] & (Ys)) € (Yia)) -

Y(k)
~~.

P:feC¥)m Y xe@u’ [f (y(s)’y(jz)’
a,B

(1.63)
PifeC¥)- ) XNev [f ('y(s)ay(kz)’
8y

LEMMA 1.11. Whenever H ()70)) and H (?(k)) have the structure (1.61), the
projections P and P commute

First of all, note that we can permute actions of the linear functionals A%, u?,
V7. To see that, it suffices to take their Riesz representations and apply the Fubini
theorem. Set

(1.64) ¢“WM=WW%W&Q:VWﬁP@w%w%Q]
~~
Using biorthogonality of {\*} and {c*}, we have
(1.65)
PPf) = N v {Z 0™ (Y1) ®c*(y(s)) ®° (y(:iz))} ®c (y(s)) @€ (Y(s))
by a,B
=2 {‘Pw (y(a)’y(kz))} ® ¢’ (ys)) ® & () ® € (ko)) -

7,8 ~

But

(1.66) v {‘Pw (y(a) ’y(kz))} =1 N eu’ [f (y(a),y(s),y(j,),y(k2)>] .
~ ~

Calculating P (Pf) and using (1.65)—(1.66) (with an opposite order of action of
functionals), we arrive at the same result. Since actions of functionals commute,
PP =PP.

Totally separated variables. Projections onto D. Consider the situation
(1.13) with totally separated variables. If {h¢ (z;)}, @ = 1,...,n;, is a basis of
H!(X;),i=1,...,N, then bases H’ (}71) are formed by the functions hf- (g;) that
are given by products (1.24). If {A\?}, @ = 1,...,n;, are linear functionals in
C (X;)* biorthogonal to the basis {h¢}, (5) = (i1, ... 1tk ), then all possible tensor
products )

(1.67) ﬁ=@=m®m®&5

give the system of linear functionals in C (171)* which is biorthogonal to the basis
(1.24). As above, set

. - m
(1.68) D;H (%;)®C(¥;), D= D

Jj=1
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and define P; : C(Y) — D;, j = 1,... ,m, by formulas similar to (1.53):
(1.69) fec)—Pi(H) =) L [f (yJ Ui )] h3 (35) -
3 -

THEOREM 1.12. P; is a projection of C(Y) onto Dj;, j =1,... ,m. Any two
operators P; commute. The operator P defined by (1.43) is a projection of C(Y')
onto D. If the R; are complementary projections for the P;, then the operator R
defined by (1.45) is the complementary projection for P. For any f € C(Y) the
function F = Pf satisfies the interpolational conditions

R T R

and is the unique function in D satisfying (1.70). The system of basis functions
{r (@), i=1,...,m,6=1,...,N;} is proper in C(Yj).

PROOF. The fact that P; is a projection from C(Y) onto D; is proved in
Lemma 1.10. Since the variables are totally separated for each pair P; and Py, the
assumptions of Lemma 1.11 hold and therefore P; and P commute. The operator
P defined in (1.43) is a projection onto D by Lemma 1.9, whereas R in (1.45) is the
projection complementary to P. To establish the interpolation identities (1.70), fix
an index j. The equalities (1.54) of Lemma 1.10 can be rewritten in the following
form: for each f € C(Y) we have L3[®] = 0, where we set ® = f — P;f = R;f.
Now, for all f € C(Y) let ® = f — Pf = Rf. In view of (1.45),

®=Rj[Ry...Rj_1Rjy1...Rnf]l =R} [Ry...R;_1Rjy1 ... R f]
=R;[Ry...Rj_1R;Rj41 ... Ry f] = R;[Rf],
so either Lg[R fl=0or Lg [f — Pf] = 0. We have proved (1.70) by using idempo-
tency of the projection R; and commutativity of the projections under considera-
tion. To prove the remaining statements, turn to the identity (1.43) and rewrite it
as follows:
P=P+P,(I-P)+P(I-P,—-P,+PPR)
++PpI—-P—-+—Pp_1+PiPo+ -+ Pp_2Ppn_1— P P,P;
— o= P3P gPmo1+ -+ (1) 2Py ... Pyl

Using (1.45) for complementary projections, we can rewrite the latter identity in
the following form:

(1.7].) P=P +PRy+PsRiRy+ -+ P,RiRy... Rp—1.
Therefore, for all f € C(Y) we have

w=Pf=w +wy+- -+ wpy, where

wy = P f € Dy,

wy = PoRyf € Do,... ,wj=P,~R1...Rj_1f€Dj,...
Wy = PpRy... Rp—1f € Dp,.

Whenever f =w € D, instead of f everywhere in (1.72) we can put w = Pw.

(1.72)
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Repeating the arguments in the derivation of the interpolation identities (1.70)
we obtain, in view of the structure of terms wj; in (1.72), the following formula:

LS (wy) = L8 (w3) = - - - = LS (wy) =0, §=1,...,Ny;
(1.73) LS (w3) = LS (wg) = - -+ = L (wy) =0, §=1,...,Ny;
L8 (wn)=0, 6=1,...,Np_;.

Now let w* € D be an element such that

(1.74) Ly(w*) =L(f), j=1,...,m, 6=1,...,N;
and let
(1.75) w* =wi +ws+--+wh,

be its (1.72) decomposition into D;-components. Since L{(f) = L¢ (w*) and the
values of the functionals L§ completely determine an element in D, w; = w}. Also,

L3(f) = L3 (w1) + L§ (wn) = L] (w*) = L§ (w}) + L§ (w5),

and so L§ (w*) = L§(wz). However, the values of the functional L§ uniquely
determine elements in Dj; hence wi = wy. Continuing in this fashion with the
functionals L§, we see that w} = ws, etc. (In all arguments with Lg the index 6
runs over all the values 1,... ,N;.) Thus, w = Pf = w* and we have proved that
Pf is the unique element in D satisfying the interpolational conditions (1.70).

Now, let us show that a combined system of bases {hg} is proper. From (1.72)
it follows, in particular, that

(1.76) lwill < Cllwll,  5=1,...,m,

with an appropriate constant C. Since for all j the system {hg}, 6=1,...,Nj,is
proper (Lemma 1.10), (1.76) yields that the combined system {hf}, ji=1,...,m,
6 =1,...,Nj,is also proper. The latter could also be proven by a simpler argument
based on Proposition 1.1: if there is a projection from C(Y’) onto D, then D is a
closed subspace and hence the system of basis functions is proper.

A special case: point-evaluation functionals. For the linear functionals
in the formulas considered above one can take point-evaluations. A linear functional
relating to a function f its value at a fixed point z in its domain of definition will
be, for brevity, denoted by %, or . So,

(1.77) &(f) = f(2).

Such a functional is represented by the delta-measure 6, supported at the point z.
The following two facts are almost obvious and well-known.

LEMMA 1.13. Let ¢1(z),... ,n(z) be linearly independent functions on a set

X. Then there exist n points z; € z, i =1,... ,n, such that
o1 (1) o1 (zn)
p2 (z ¥2 (Tn)

(1.78) 2 (o) o2 (@

Pn (:1:1) ‘Pn (zn)
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PROOF. Since ¢1(z) # 0, take x; with ¢ (z1) # 0. Consider the determinant

p1(z1) p1(z)
w2 (z1)  p2(=)

If Az(z) = 0, p2(z) would be a scalar multiple of ¢;(z), which cannot happen.
Hence, there exists a point z2 with Aj (z2) # 0. Consider the determinant

l p1(z)
Aa(:l:) — Ay (:1:2) ‘PZ(w)

03 (1) 3 (z2) P3(z)

Az (:I:) =

and, similarly, find a point z3 at which Ag (z3) # 0, etc.

COROLLARY 1.14. Let H be an n-dimensional space of functions defined on
a set X. There exist n points z; € X, i = 1,...,n, such that the linear func-
tionals T1,... ,Zn are linearly independent over H and there exists a basis in H
biorthogonal to {Z;, i=1,... ,n}.

PROOF. The points where (1.78) holds satisfy the corollary. A basis biorthog-
onal to {Z;} is found among linear combinations of a given basis {¢;(z)} by solving
a system of equations expressing biorthogonality.

COROLLARY 1.15. The statement of Lemma 1.10 holds if A§ = @3, a =
L,...,nj, 9% € Y;, while {h% (§;)} is a basis in H’ (17,) biorthogonal to linearly
independent functionals §3'. The statement of Theorem 1.12 also holds when Ay =
Z¢ are linearly independent functionals, =5 € X;, and {h{ (z;)}, i = 1,...,N,
a=1,...,n; is a basis in H* (X;) biorthogonal to it.

Thus, in (1.54) and (1.70) we are now dealing with the ordinary point interpo-
lation.

The nature of continuity and smoothness of projections on D. Let A}
be a linear functional on C(Y;). Then, the function

)

obviously has continuity with respect to the variables y; (the parameter, with re-
spect to the action of A}) that is not worse than the original function. Thus, under
projections (1.53) or (1.72), characteristics (moduli) of continuity are inherited by
properties of a function f and basis functions { h;"} The same can be said about
smoothness properties whenever f and {h$} have any.

PROOF OF PROPOSITION 1.6 ON “DOMINO” -MEASURES. As noted above, ne-
cessity follows from Lemma 1.5. Let us prove sufficiency. Let =, oo = 1,... ,n;,
i=1,..., N, be points in the basis sets X; such that the functionals Z are linearly
independent over H* (X;), and let {h®(z;)} be a biorthogonal basis in H*(X;). Let
the projection P from C(Y') onto D be defined by (1.45) and (1.69), where now

A¥ = Z¢. Construct the measure y; on X; (¢ =1,...,N) as follows:
s
(1.80) p=> afE¥ +al) € H (X,)",

a=1
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where z{ is an arbitrary point in X;. This can always be done so that a? # 0. Then
the measure p = p; @ o ® - -+ ® un is a domino-measure.
Apply Theorem 1.12, setting

L8 =13, §=1,...,n; h§ = hf (z;).

Let the function f € C(Y) be orthogonal to u. But in view of Lemma 1.5 the
function F' = Pf is always orthogonal to u. Therefore, ® = f — Pf1u. We have

(1.81) 0=pu(®) = Za‘f...a?\,@(x‘l" X 28 x - x z}) +aa3...aQ®(2? ... 2%),

where the summation is extended over all admissible sets of indices (e, 3, ... ,v) #
(0,0,...). The interpolation conditions (1.70) now imply that ® vanishes on each of
the hyperplanes z; = 2§, =1,... ,n1; 22 = mg,ﬂ =1,...,n9...;ZN =T}, Y=
1,... ,ny. Therefore, the first sum in (1.81) vanishes. Hence, ® (z9,...,2%) =0
at every point (9,...,z%) and f — Pf =0.

COROLLARY 1.16. Under the assumptions of Proposition 1.6 any measure u €
D+ is a weak (%) limit of a net {ug} of measures that are (finite) linear combinations
of “domino”-measures.

The statement follows from general functional-analytic considerations (e.g.,
[40], or [118]). Unfortunately, general considerations cannot guarantee that a net
{ue} can be chosen so that ||ug| — ||u|| (cf., e.g., [118]), which is important for
applications.

Interpolation and norms on subsets. Functions in the unit ball of the
subspace D need not, generally speaking, be equicontinuous. However, as we shall
show below, there still exist some substitutes for this obvious (when compared with
the case of separated variables) loss. Recall that F'|g denote the restriction of a
function F' to a set E.

LEMMA 1.17. Let a subspace D; have the form (1.51), and let R be an arbitrary
subset in Y(;y. There exists a linear operator T : C(Y') — C(Y') with the following
properties:

1. (Tf—f) RxY; =0;
(182) 2 A < Wfllpy,
3. T(Dj)C Dj.

PROOF. Let R = {y},...,y}. Take disjoint neighborhoods V¥, k=1,...,v,
of the points y¥ € V*. Construct functions ®* (y;) C C(Y;) with the following
properties:

(1.83) ok (yf) =1, @F(y)=0, yeY,\V5 [@F =1,

and define an operator T by setting

(1.84) fFeC)»Tf=)Y @)@ f(§yf)-
k=1
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Let us verify that the properties (1.82) hold. If y = (§;,y5), then according
to (1.83) Tf (%,y¥) = f (%,y¥) and property 1 is proved. Let us prove prop-
erty 2 in (1.82). If (%i,y;) ¢ 17' X UV" then ®* (y;) =0, k = 1,...,v, so that

Tf (§5,9;) = 0. U y; € VF (yF), then ®° (y;) =0, s # k. Therefore, [T'f (§;,¥;)| =

lq’k (yJ)l If (y],y,)| “f(yJ’yJ ”y f (yj,yj)"Rij So, |ITfl| < ”f”nyj
Now, let f € Dj, i.e.,

F=Y K@)’ (y;) for some o’ (y;) € C(Y;).
1

Therefore
n;
£ @ns) = SR @) () € 17 (7).
1

and T'f € D;. The lemma is proved. (The operator T', generally speaking, need
not be a projection.)

Now let us consider the subspace D assuming that variables are totally sep-
arated: D is defined by the formulas (1.12)-(1.13). In each basic set X, find
points z},... ,zs’ and a corresponding basis {h%}, @ = 1,... ,n,, in H®, so that
the functionals Z% and {h%} are biorthogonal. As in Proposition 1.7, considering
partitions ©, of the set X,, ©, = {U?+} and taking a point z2+ in each US* we
agree to include among those points the fixed points zl,...,z7. Clearly, when
O; is sufficiently large, i.e., for sufficiently fine partitions, this can be done. Sim-
ilarly to Proposition 1.7, as the set of indices we consider the set of all partitions

=(04,...,0;,...,0n) of the basis sets Xj.

Fix © and let A; be a (finite) set of points in X, obtained by taking a point
in each U’ (with the above agreement concerning inclusion of the set A* =
{z§,... 27} into As; : A* C A;). Denote A = A; X --- x Ay. Let us prove
the following theorem on interpolation.

THEOREM 1.18. In the structure of D, let the variables be totally separated.
There exist an absolute constant M and ©g such that for all © > O and allw € D
one can find w' € D with the following properties:

(1.85) w|A. = w’|,4., A= Al X X AN, ||w’|| < M||w||,4

PrOOF. Take an index j, j =1,...,m, and let
(@) = Gr-oigy)y ) = (e by

Consider the products
Ay = Agy = Aiy X0 X Ay,

A(j) =Agl X X Agkj;
* * *
A(,) Aj X XA%,.’
Al = A X X Ay

(1.86)
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Clearly, A’(*]-.) C Agys A’(*j) C Ay, AG) X Aj) = A. Define projections P; : cy)—

Dj, j =1,...,m, according to the formulas (1.67)—(1.69), where we now set
A‘?:Eﬁ@"’@&\%.cj:iz')("'xx%j, maq X.'Ln GA(])CA(j).

First of all, using the fact that the support of P; is A% Gy’ let is estabhsh the following
statement.

ASSERTION. Let B be an arbitrary subset in Y(;). For all f € C(Y') we have
(1.87) 1P fllg, x5 < IRl Alla, o < IPIIfllaGyxs-

(G)xB
First, let f € C(Y(j)). In this case, let us establish the inequality
(1.88) 1P fllg, = sup [P;f1 < P50,
#i €Y

Surround points x6 6 =1,...,N; in the set A(J) by disjoint neighborhoods Vf.
Define a function F' € C (Y(j)) that coincides with f on A:i)’ vanishes on H, (j)\UVf
5

and is such that ||F||}~, = ||f||,4*, . Then, P;f = P;F and
1P fllg, = 1B Fllg, < 1B NIEI = 125 11.f Nl ag;,-
Now, let f(y) = f(y;,7;) € C(Y). We have

1 (o) |-z o)

I1P;fllg, x5 = sup

Uj EYJ vi€B
y;€B
~') j - P .f A*.
< sup 1511 (3.3 ) o VA,
The assertion is proved.
In particular, for B = A(;) as in (1.87) we obtain
(1.89) 1P fllg,xay, < IBIIALS (A= 4G x Ap)
and, moreover,
(1.90) 1P fll o < I1P5 1 1A]l-

Now, let P be a projection from C(Y’) onto D obtained from P; according to the
formula (1.43). For all w € D in view of the formulas (1.71)-(1.72) we obtain
w=w, +:+ Wy, where
w; = Pyw,
(1.91) wy = P (w— Piw) = P (w—wy),
w3z =P (w—w; —wy),...,
wj=Pj(w—w — - —wj_1),..., ji=1,...,m.
From (1.90) and (1.91) we obtain that

lwilla < 1Pl lwllay  Nlwalla < P2l (lwlla + llwill ) < 12l (24 P ool
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Continuing this chain, we arrive at a constant M; such that
(1.92) llwjll 4 < Milw]la-

According to Lemma 1.17 (where we have to take R = A;)), for all j there exists
a function wy € D; such that

(1.93) W oty =i,
(194 gl < 1951 7,
Consider the function
(1.95) w=w 4+ +w,.
In any case, all equalities (1.93) hold in the set A = A(j) X A;); hence
wla=w|,.
In view of equicontinuity of the basis functions
{r, j=1,...,m; 6=1,...,N;}

and properness of the basis, we can assume © to be so large (and consequently all
partitions of X;,i=1,...,N, and YG)’ j=1,...,m, so fine) that

(1.96) lwill gy x i,y < 2lwillagxag, = 2lw;lla.

Combining (1.92)—(1.96), we obtain (1.85) with an appropriate constant M.

REMARK. The role played by points z},... ,z] that we are bound to include
into A; is not as significant as it may appear from the proof. Indeed, by considering
the determinant (1.78) it is not hard to see that if we define the operators P; not
based on those points but on sufficiently close points :1;21, ..., z;™, then the norms
of the corresponding operators P]’ can be assumed to be bounded by constants that
do not depend on the choice of points. And only this point is crucial for the proof.
Therefore, if a partition ©; of the set X; is sufficiently fine, then among the chosen
points there will necessarily be points sufficiently close to z},...,z]* and whence
we can choose points arbitrarily in each set of the partition ©;.

Totally separated variables. Approximation of measures in D' by
finitely-supported measures. In the case of totally separated variables, Propo-
sition 1.7 can be significantly refined.

THEOREM 1.19. If in the structure of D = D(Y) the variables are totally
separated, then every measure u € DL, |u|| = 1, is a weak (%) limit of a net of
measures {\g} C D, each of which has a finite support and, moreover, ||\¢| = 1.

For the proof we shall need the following lemma related to the duality of ex-
tremums.
LEMMA 1.20 ([93]). Let G be a subspace in a Banach space B, let V C B* be

the linear hull of some linear functionals ®x, ||Pk||=1,k=1,...,t, and ® C V.
Then, the distance dist(®,V NGL) from ® to V N G* satisfies the inequality

(1.97) dist(®,VNGH)<  sup  |®(g)-
9€G,|@x(9)I<1
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PROOF. Consider a mapping ¥ : B — R? defined by

(1.98) g€ B—Y(g)=(21(9),-- , P:(9))

and let G’ = ¥(G). In (R*)* consider linear functionals u = (uy, ... ,u;) on R? that
form G't. Clearly, u € G'* if and only if

(1.99) u1®1(g) + - +u:Pe(g) = 0.

¢
Thus, u € G'* & Zukék € G*NV. In R, take the £°-norm. Then, (R?)* is
1

m
equipped with the ¢!-norm. Let & = Zakék. To the functional ® there corre-
1

sponds in (R?*)* the functional a = (a3,...,a:). Applying the duality relation, we
obtain

dist (8, VNGL) = inf |®—o|= i
st )= it N2 —vll = inf,

Z (ar — uk) P
1

¢
< inf 21: lak — uk| = c(l;ls;; (a,G"F)

TucGt

= sup |a(¢)= sup 12(g)|.
g'eG’ g€G,|®Pk(9)|<1,k=1,... ¢t
llo'll <1

PROOF OF THEOREM 1.19. According to Proposition 1.7, for u € DL, ||u| =
1, there exists a net of measures {ug}, ||uol| = 1, weak (x) converging to u. The
order of indices is determined by the set of partitions {6} of the basis sets X;.
The measure g is supported on a set that coincides with the set A = Af in
Theorem 1.18. Since, in view of Theorem 1.12, the system of basis functions is
proper, Proposition 1.7 shows that for 8 > 6(e) we have

(1.100) luellp < e.

Estimate the distance d in C(Y)* from ug to the subspace of measures supported on
A and annihilating the subspace D. In order to use Lemma 1.20 we set B = C(Y),
G = D, & = Ty, =, € A% (t is the number of points in A%), ® = ug. Then, by
Lemma 1.20 we have

(1.101) d< sup |ug(w)|= sup |ug(w)l.
weD weD
[wl 46 <1 [lwll 40 <1

According to Theorem 1.18, for w € D there exists w’ € D such that

(1.102) wlgo =0, W] < Mlwllgo.

Therefore, if ||w|| 40 < 1, then ||w'|| < M and in view of (1.101), (1.102) we have
(1.103) d<  sup |uo(w)| = sup |ue (w')| < Me.

w'€D
lwll 46 <1 flw' (<M
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Thus, there exists a measure Ay € D+ supported on A° and such that

[l — Aoll < Me.

It is clear that the net { } satisfies all the requirements.

2l

Subspaces of sums. Let all H (173) be one-dimensional and consist of con-
stants, = 1,... ,m. Then, the subspace D consists of functions

(1.104) > 9 »), 9 €CH).

As above, assume that we cannot have inclusions (j) C (k) for j # k, although it is
possible to have (j) N (k) # 0. A system biorthogonal to the basis of H(Y;) consists
of any measure p; on Y; for which

(1.105) /~ du; = 1.
7

Projections P; : C(Y) — D; = {g; (y;)} and the complimentary projections R; are
given by the formulas:

(1.106) Pj: f (y(j),y(j)) — /17-f (@,y(g)) duj; R f(y) - fly) —

In particular, for u; we can take the 6-measure at a fixed point y?}) € }7(j), and
then

(1.107) Bif@) = f (v0:8%), Rt F@) = F0) — £ (v ;)

are extensions of the formulas (1.48)—(1.49). Since the assumption of total separa-
tion of variables is obviously satisfied when D has form (1.104), we can formulate
the following corollary.

COROLLARY 1.21. The operator P constructed out of operators P; ((1.106) or
1.(107)) according to (1.43) is a projection of C(Y') onto D that consists of functions
(1.104). The subspace D consists of those and only those functions F € C(Y) for
which (see (1.45))

(1.108) RF =0, where R=R;...Rn, R; -P;, j=1,.
For all f € C(Y) and F = Pf the interpolational identities hold:

(1.109) /?, [f ((y(j) ’ y(;)) -F (y(j),y(g))>] dp; =0, j=1,...,m,
and, in particular, for the case (1.107),

(1.110) f (95,95) = F (y5,95) =0.
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Bounded functions. Now let us deal with bounded functions instead of con-
tinuous ones. B(T) (£>°(T)) is the space of bounded functions with the uniform
norm on a set T. Let X, X;, 7 =1,...,N, be arbitrary sets, ®; : X — X; some
mappings. By BD we denote the subspace in B(X) that consists of functions

N
(1.111) Y hi(@)gi o ®i(a),
i=1

with g; € B(X;) and the basis functions hf(z) € B(X). We obtain an analogue
of the subspace in (1.1). Similarly, we form analogues of the subspace D in the
situations (1.4), (1.7), (1.11)—(1.12), (1.51), and (1.68):

The analogue of (1.4):

(1.112) iv:hi(a:)gi (z3), h*€ B(Y), ¢ € B(X)).
1
The analogue of (1.7):
Gy YW@, WeBW), seB)
The analogue of (1.11), (1.68):
(1.114) BD=iHj®B(Yj), HI = HY (17]) cB(ffj).
j=1

Here, as in (1.11), the H7 are finite dimensional subspaces.
The analogue of (1.12):

m mj

(1.115) Y )W), heB(%), deB).

j=16=1

The analogue of (1.51):
(1.116) BD;=H'®@B(Y;), H cB(%).

(We have given a complete list of those subspaces for convenience in future
references.) The definition of a proper basis system {h-’} does not change, nor do
those of separated and totally separated variables.

PROPOSITION 1.22. The statements of Proposition 1.1, Lemma 1.10, Theo-
rem 1.12, and Corollary 1.2 also hold for the subspace BD.

Since the space B(T) is dual to £!(T") (see §2 in Chapter 1), Lemmas 1.2-1.5,
Propositions 1.6-1.7, and Theorem 1.19 can be applied to the description of the
annihilator (BD)1 that consists of all u € ¢}(T) for which (u,w) = 0, w € BD
({(p, w) denotes the action of the functional w on the element p, i.e., the integral
of the function w with respect to the measure ). Weak () convergence in Propo-
sition 1.7 and Theorem 1.19 means convergence over every continuous function,
which is weaker than weak convergence in the space ¢1(T') (that is, convergence
over all bounded functions).
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Bibliographical notes. Subspaces like those in (1.12) in connection with
approximation of functions of several variables (with various goals) have been con-
sidered in many papers. In particular, for H? spaces of ordinary polynomials of a
given degree and splines were used.

Consideration of the projections P; in (1.53), (1.69), and the projection P con-
structed from P; using (1.43) is the essence of the “blending” method developed
in a number of papers by Gordon; see, e.g., [66], [67]. In these papers formulas
(1.43), (1.45), (1.71), (1.72) are widely used together with other relations asso-
ciated with the Boolean distributive structure of commuting (and in some cases
even noncommuting—e.g., [68]) projections. Blending (of variables) occurs when
a projection P; : C(X;) — HI(X;) originally defined in a space of functions of one
variable is extended to the whole space C(Y') of functions of several variables, and
the variables different from x; are treated as parameters.

For applications to numerical methods in boundary value problems for differ-
ential equations, operators similar to P; and P are considered in spaces of differ-
entiable functions. For D; one can take the subspace of solutions of the ordinary
differential equation d;f = 0 with the linear differential operator d; (with respect
to the variable z;); and then, according to (1.45), D consists of the solutions of the
partial differential equations d; ...d,,f = 0.

Linear functionals used in constructing the projections P; are chosen so that in-
terpolation conditions (1.54), (1.70) would be helpful for a boundary value problem.
The method is also used for numerical integration and solving integral equations,
and some other problems.

Brudnyi [24] arrived at the considerations associated with the Boolean struc-
ture of the set of projections almost at the same time; he was investigating subspaces
similar to (1.12) in connection with approximation of various classes of functions
given by their differential properties. The approximation was conducted not only
in the uniform metric, but in the integral metrics as well. For basis functions hf- in
[24] ordinary algebraic or trigonometric polynomials were taken, and every product
Y{;) contained the same number of factors X; that provided a “homogeneity” of
functions in D. For the latter situation, problems of uniform approximation by
the subspace D were also studied by Vaindiner [139]. One of the main results
in [139] was establishing Corollary 1.15 for that case, yet a proof was not given
there. Theorems 1.18 and 1.19 are most important from our viewpoint. For the
case of two variables they have been proved by Cheney and Light [93], together
with Lemmas 1.17 and 1.20, and Proposition 1.6.

The presentation in this section mainly followed the scheme in [93], although
the general case naturally turned out to be more complicated.

§2. On the existence of best approximations

THEOREM 2.1. If a basis system is proper in B(Q), then the subspaces in
(1.111)—(1.116) are closed in the weak (x) topology of the space B(Q), @ C Y
(B(X) for (1.111)), and are proziminal. In particular, the subspace BD (1.114)
is weak (x) closed and proziminal in B(Y), provided that the variables are totally
separated.

PROOF. Since the subspace B(Q) is dual to £1(Q), we need only prove weak (%)
closedness. Keep the notation of (1.113). Let {wg} be a net of functions in BD(Q),
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i.e., functions

We = Z W (z)gje (y;),  gie6 € B(Y;),

=1
that converges in the weak (%) topology to a function w, and ||wg|| < M. Since the
lzo|| are bounded and the basis A’ is a proper system, the ||g;oll, 7 = 1,...,m,

are also bounded. In view of the Alaoglu theorem, taking a subnet if necessary,
assume that {g;¢} converges in the weak (x) topology of B (Y}) to g; € B(Y;),
j=1,...,m. But then it is clear that

w=Y"W()g; () € BD,  |lwl] <M,
1

We have proved weak (x) closedness of the intersection of BD(Q) with any closed
ball. But then BD(Q) is weak (%) closed (see, e.g., [40]), and the proof is complete.
According to Proposition 1.22 and Theorem 1.12, the assumption (1.114) about
total separation of variables yields properness of the basis system in B(Y).

COROLLARY 2.2. The subspace of sums
@D Y 9i(w), g €B;), (5)¢ (k) provided that j # k
j=1

is closed in the weak (%) topology of B(Y') and is proziminal (cf. §3 in Chapter 2).

Approximation by sumsonsets QCY. Let QCY =X;x---x Xy bea
set. Naturally, properties of the subspace BD(Q) of restrictions to @ of functions
from BD(Y') depend on geometry of Q). We consider these questions for a subspace
made out of functions (2.1), thus continuing certain considerations in §§2, 3 in
Chapter 2.

Bars (cf. §§ 2.3 in Chapter 2). Let (j) be a set of indices in (1,...,N) and
yfj) € Y(;), a fixed point. By Qy?j) we denote the cross-section of @ by the hyper-
plane y(;) = yz’j). Thus,

(2.2) Que,, = {W(),vi) € Q-
(Of course, for a given point Y05 € Yi) ngj) may turn out to be empty.) Let (k)
be another set of indices and (k) C (7). (Recall that (7) is the complementary set

to (§).) By a bar of the passport [(5), (k)], or simply a [(5), (k)]-bar, we mean a
cross-section Qe such that

(2.3) (k) [ngj)] = Tk [Q]-

Of course, such bars do not necessarily exist. The following lemma is obvious.
LEMMA 2.3. If a cross-section Qye. s a bar of the passport [(5), (k)], then it

is also a bar of a passport [(j), (r)] whenever (r) C (k).

PROOF. According to the assumptions, (2.3) holds. But since (r) C (k), we
have
T Qugy = Tr) © T(k) Qugy, = T(r) Q-
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THE MAIN LEMMA. Let (j) and (k) be two sets of indices. We shall say that
there exists a bar of the passport [(5), (k)]* in Q if Q contains at least one bar of
either the passport [()\(k), (k)] or the passport [(k)\(5), (4]

LEMMA 2.4. Let Q contain a bar of the passport [(j), (k)|*. Then the following
hold:
1. If a net of functions {F,},

(2.4) Fo = a(yg)) + Yaym),

converges to a function F' in the weak (%) topology of the space B(Q), then @, and
o can be replaced by functions ¢, (y(j)) and ¥, (Yk)) such that

(2.5) Fo = ¢4 (y4)) +¥a (yw))

and, moreover, {¢}, (y(;))} and {¥, (yx))} weak (x) converge.
2. A subspace of functions

(2.6) F=o(yp) + ¢ m)
is closed in the weak (%) topology of B(Q), and therefore is proximinal.

PROOF. Let (r) be a set of indices. First of all, it is clear that if a net of
functions {®q (y(r)) } weak () converges in B(Q) to a function ®, then & depends
on y, only. Indeed, let (y(,),y(lN)\(r)) and (y(r),ny)\(r)) be two points that differ
only by coordinates with indices inside (N)\(r). Then

@ (y(r),y(lm\(r)) = lim &g (y()) = @ (wr» y(zN)\(r)) ,

so that ® depends only on y,). Now, let {F,} be a net of the form mentioned in

the lemma. Consider the functions
o Yo (Y6) YoNG)) = Fa (46) YnG) — ¥Ya (Uky) »
' Vo (yx) = F (y?j)\(k)»?J(j)n(k)’y(k)\(j)) :

Here, y(;y\ (x) is the point for which the cross-section ngj)\ W 52 bar of the passport
[(5)\(k), (k)]. (We conduct the argument for that case. When there exists a bar of
the passport [(k)\(5), (j)], the arguments follow modulo obvious symmetric changes
with respect to (k) and (j).) From (2.7) it is clear that ¥/, (y(x)) indeed depends
only on the variable y(). Let us show that the function ¢/, in (2.7) depends only
on y(;) and not on y(x)\(j)- Take two points in Q where

t1 = (y(j)ay(lk)\(j)’y(ls)) = (y(j)\(k)’y(j)ﬂ(k)’y(lk)\j’y(ls)) ’
- 2 2 ) _ 2 2
(2.8) ty = (y(j),y(k)\m»y(s)) = (y(j)\(k»y(j)n(k)’yw)\(j)’y(s))’
where (s) = (])/G_(/k) is the complement to (j) U (k).

These points differ by coordinates with indices in (k)\(j) and (s), but the latter are
unnimportant in view of the above remark. Since Qy?j)\ W 58 bar of the passport
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I\ (k), (k)], there exist two points
J

—_— o 1 3
29 lg = (y(j)\(k)’y(j)n(k)’y(k)\(j)’y(s)) ’

ty= (y?j)\(k)’y(j)ﬂ(k)’y(k)\(j)’y(S)) ’

whose coordinates with indices in (k) coincide with those of ¢; and ¢z, respectively.
For a function ® on @ set

(2.10) AD = (t;) — B (t) + D (ta) — B (t3).

Since 1, and 9, only depend on y(x), whereas ¢, depends only on y(;), we find at
once that

A, =0, Ayl =0, Apy =0, AF, =0.
Therefore, Apl, = AFy —Ay!, = 0 as well. But the latter equality can be rewritten
in the form

(2.11) O (y(j)ay(lk)\(j)) = ¥, (y(j)’y(zk)\(j)> ’

Thus, ¢/, is a function of y(;) only. Since {F,} converges weak (x), so does {4,}.
But then {¢}} also converges in this topology. Thus, using once again the remark
made in the beginning of the argument, we have proved that

F =lim Fo, = lim ¢, +lim e, = ¢ (y()) + 9 (yw)) -

This completes the proof of the lemma.

Depending on the structure of the sums (2.1), one can by Lemma 2.4 choose
various geometric requirements on @ that would provide weak (%) closedness of the
subspace BD(Q) and hence its proximinality. Let us give one example.

Geometry of () and proximinality of a subspace of sums.
THEOREM 2.5 ([83]). Let Q contain bars of the following passports:

[(QUE)U---U(m), Q) : (2.12;)
(3YU(4)U---U(m), (2] : (2.125)

[m,m —1]* (2.12,,-1)

(2.12)

Then the subspaces of functions (2.1) is weak (%) closed and proziminal in B(Q).

PROOF. Let a net of functions {Fy},
(2.13) Fo =} (yuy) + 02 (yz) + - + 07 (Yom)) »
converge weak (x) in B(Q). In view of (2.12;) and the preceding lemma we have
Fo=, +Fy,
where, in view of the structure of F,, (formula (2.13)), F has the form

(2.14) Fy =i (yw) + -+ 5™ (ym) »
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while {¢},! (y1))} and {F1} converge in the weak (x) topology. Because of the
existence of the bar (2.12;), we again apply Lemma 2.4, etc. After the (m — 1)st
step we obtain that

Fo =93 (yn) + %2 () + - + 97 (yem))

(¥L = ¢l etc.), and each one of the nets {9 (yx))}, £ = 1,... ,m, converges
weak (*).

The universal set of bars. Let us point out a sufficient condition which
guarantees that for any set of index groups (j), (j) = 1,... ,m, the subspace of
sums (2.1) is proximinal.

THEOREM 2.6. For all i = 1,...,N, let there exist z7 such that the cross-
section Qge of the set Q by the hyperplane z; = x is a bar of the passport
[4,(Q,...,i—=1,i4+1,... ,N)]. Then, for any set of index groups (j), the subspace
BD of functions (2.1) is closed in the weak (x) topology and is proziminal.

A proof is obtained by using Lemma 2.3 in order to show that in Q there exist
bars for all passports and then applying Theorem 2.5.

Approximination of continuous functions by sums. The question con-
cerning existence of the best approximation in the space of continuous functions is
more complicated.

THEOREM 2.7. The subspace of sums (1.104) is proziminal in C(Y'), provided
that any two sets of indices (j) and (k), j # k, are disjoint. For a function f €
C(Y) there exists a best approzimation in the subspace (1.104) that has modulus of
continuity over each group of variables y(;y not worse than that of f.

PRrROOF. Consider approximation of f in B(Y') by a subspace (2.1) that differs
from (1.104) in that it allows bounded, not merely continuous functions. According
to Theorem 2.5, f has the best approximation

o1 (y)) + -+ + @m (Ym)) € BD(Y).

Consider a family of functions of y;):

F(yay--»Ym) = f (y(l),y(z),u- ,y(m)) = 0i (uy)
(A r

for which the variables y(2),... ,¥(m) are parameters. All functions in the family
are equicontinuous with respect to y1). Set
(2.15)

1 .
¢l (vw) =5 y(z)fg%(m)F(y(l),...,y(m))+y(2),}}}fy(m)F(ya),.-.,y(m)) :

Then, for all y¢;) we have

sup | F (yay,- - »¥m)) — 91 ()|
Y(2)---Y(m)

< suwp |F(yay---¥my) — 1 ()|
Y(2)-+-Y(m)
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and hence

IF =@t (wry) =02 () =+ = om (yemy) | =sUP  sup  |F — 0 (yw))|
Y1) Y(2)---Y(m)

f- Z‘PJ

Therefore, the sum 7 (y(1)) + ¥2(¥2)) + - - + ©m(Y(m)) also gives the best approx-
imation to f in B(Y). Now, starting with it, we deal with the second group of
variables y(a), etc.

We obtain the best approximation of f in B(Y') by a function ¢} (y(1)) + - +
@ (Y(my) With continuous summands. Moreover, from (2.15) and similar formulas
for other summands and properties of the operator M (see Lemma, 6.13 in Chapter
2) follow the statements concerning the nature of continuity of the best approxi-
mation.

<sup sup |F - (yw)|=
Y1) Y2)-+(m)

Theorem 2.7 was established in [113], and it generalizes the existence theorem
of Diliberto and Straus, and Kolmogorov for two variables (Theorem 6.14 in Chapter
2).

Duality relations. Theorem 1.19 allows us to somewhat simplify ordinary
duality relations for that situation.

PROPOSITION 2.8. For the subspace D (1.11) with totally separated variables
(1.13) and f € C(Y'), we have

(2.16) dist(f,D) = sup |u(f)l= sup [u(f)]
weD peD N}
lleli<1 ' lell=1

Here, dist(f, D) is the distance from f to D, and £}, (as in §3 in Chapter 1) is
the set of measures with finite support.

Equality of distances from a continuous function to subspaces D and
BD. In a more general situation than that in Theorem 1.19 one can successfully
apply the not-so-sophisticated Proposition 1.7.

THEOREM 2.9. Let X1,...,Xn be compact sets, h'(z),... ,hM(z) be contin-
wous functions on Y that form a basis in D and BD, where D and BD are the
subspaces defined by (1.7) and (1.112), respectively. For f € C(Y), we have

(2.17) dist(f, D) = dist(f, BD).

PROOF. According to the ordinary duality relation, there exists a regular Borel
measure y € D4, ||u|| = 1, such that

(2.18) p(f) = dist(f, D).

According to Proposition 1.7 we can construct a net {ug} of measures with finite
supports that converge weak (*) to p in C(Y)*. Each measure pg is in £, hence
acts on all bounded functions. It is easy to see that the relation (1.32) proven in
Proposition 1.7, saying that limg |ug|p = 0, can be replaced by a stronger one:
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Indeed, in the proof of (1.32) we only used continuity of h* and boundedness of g;.
Let wo € BD be the best approximation to f in BD. It exists because BD(Y) is
proximinal (Theorem 2.5). Since

po(f) = po(f —wo) + pe(wo),  |ue(wo)| < |pelzplwo| — 0,
we obtain

dist(f, D) = u(f) = lim pe(f) = lin po(f — wo)
< lleellll f — woll = I|f — woll = dist(f, BD).

Since the converse inequality is obvious, the theorem is proved.

REMARK. In [92], [94] the theorem was proved for N = 2 and in a less general
situation (separated variables for N = 2 are always totally separated) by totally
different arguments based on the Michael theorem on continuous selections (see,
e.g., [L05—106]). Attempts to apply these arguments to our situation would have
required more severe restrictions than in Theorem 2.9: it is necessary that any two
groups of indices (j) and (k) be disjoint when j # k.

Further results on existence of best approximations. Convenient re-
sults based on properties of a function that would guarantee existence of the best
approximation in a general subspace (1.1), (1.7), or (1.11)—(1.14) are still lacking
in the case of N > 2 variables, even for the simplest geometric case when ap-
proximation is carried out on a product X; X .-+ X Xy. For N = 1 (subspaces
H(X;) ® C(X3) in C (X1 x X3)) and N = 2, a survey of results can be found
in Chapter 2 of [94], where metrics different from C and ¢* are also considered.
Among the investigations that have appeared since that book was published, let us
point out, the following negative result.

THEOREM 2.8 ([46]). The subspace
D=H'(X:)®C(Xs) + H? (X2) ® C(X1),

where X1 = Xo = [0,1], H*, H? are two-dimensional spaces of linear polynomials,
is not proziminal in C (X1 X Xs).

Also, let us point out a survey [50] where the connection of those problems to
the theory of Chebyshev centers is given.

In the case when D and BD consist of sums (all basis functions A9 = 1), in
[54a] geometric conditions for sets @ C X x - - - x Xy that guarantee proximinality
of D and BD in C(Q) and B(Q), respectively, were studied. These conditions
generalize criteria from §3 of Chapter 2, where the results of [54] were presented.
The geometric conditions considered in [54a] are of a different character than those
used in Theorem 2.5.

In [88] Konyagin gave a rather general result concerning proximinality in LP,
1 < p < oo (in particular, in £*°), of sets of a certain class defined by special
functional equations. Some linear subspaces, linear superpositions, and also some
nonlinear sets fall into that class. The spaces LP themselves are products and, in
particular, £*° is considered on X X --- X Xy.
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§3. Effective construction of best approximations

On Chebyshev’s theorem. The complexity of the geometry of the supports
of measures in D~ is the reason why direct analogues of Theorem 6.1 in Chapter
2 are lacking for the approximation by the subspaces (1.7)—(1.13), or even by sub-
spaces of sums (1.104) when the number of variables N > 2. Of course, general
methods of characterization of the best approximation via functionals in D+ apply
(see Theorem 6.2 in Chapter 2); however, their specialization that would take into
account the structure of the subspace D is hampered by the geometry of the sup-
ports of measures in D*. Let us give an e-version of a characterization of the best
approximation that may be useful in view of Lemmas 1.2-1.4.

PROPOSITION 3.1. Let D satisfy the assumptions of Theorem 1.19. In order
that a function ¢ € D give the best approzimation to a given function f € C(Y)
it is necessary and sufficient that for each € > 0 there exists a measure pe € D+,
lzell = 1, that has a finite support S, and satisfies the condition

(3.1) lue(DI 2 If =l —e.

PROOF. If ¢ € D is the best approximation to f, then according to Theo-
rem 6.2 in Chapter 2 there exists a measure u € DL, ||u|| = 1, with u(f) = ||f — |-
For p. it suffices to take a measure with an appropriate index from the sequence
{ue} described by Theorem 1.1 weak (%) converging to p. If for p. (3.1) holds and
llze|| = 1, then for all ¢ € D we have

(3.2) e () = |pe(f =) < IIf =,
and combining (3.2) and (3.1) yields that || f — | < ||f — ¥|-

In the general theory of best approximation there is another type of character-
ization theorem different from Theorem 6.2 in Chapter 2, the Kolmogorov criterion
(see, e.g., [120]). Naturally, it applies to our problems as well. However, its spe-
cialization that would use effectively the specific structure of the subspace D is still
difficult.

For certain classes of functions in case of a subspace of sums one can directly
point out best approximations. We now present an interesting result of Babaev
((19], [21]).

Monotonicity of functions of several variables. Let Y be an m-dimen-
sional parallelepiped in R™:

(3.3) Y={z€eR™:q;<z<b, i=1,...,m}
which we shall denote by II(a, b) or, in a more expanded form,
[ bi...b;m J .
aj...am
Let Pj,...,Pom be the vertices of II(a,b). For functions f € C(II(a,b)) consider

the linear functional

(34) L(f,(a,b)) =27 i(—l)“”k’f(Pk),

k=1
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where §(Py) is the number of coordinates a; for the vertex Py. (For example,
8(b1,-.. ,bm) =0,6(a1,...,am) =m, 6(a1,a2,as3,bs,... ,bm) =3.) Clearly, ||L|| =
1.

For an arbitrary parallelpiped II(a, 3) C Il(a,b) we can similarly construct a
functional L(f,II(e, B)). If we set h; = b; —a;, i =1,... ,m, it is easy to calculate
that

(35) L(f71-[(aa b)) = 2_mAh,1h.2...hm (f)’

where Ap, hs...h,,, (f) is the mixed finite difference of order m of the function f at the
point @ = (ay,... ,am) determined by the increments of the variables hi,... , hp.
A function f € C(II(a, b)) is called monotone if

(3.6) L(f,II(,, 8)) > 0 for all II(e, B) C II(a,b).

We denote the class of such functions by M (Il(a,b)).

An extension of the class of monotone functions. Now we introduce a
weaker monotonicity condition extending the class of monotone functions. Intro-

duce the notation
(37) m=1,...,m, Iy ={i1,...,ip},01 <+ < ip,
’ Jo={J1,---1datrd1 <+ <Jq I, J, C e, pg=m\ (I, UJ,).

Therefore I, and J, are ordered subsets in 7 containing p and g numbers, respec-
tively. Set

[m/2]

T
b1,...,mil,...,xizk,...,bm .
NN =3 X p(s | s e ln ),
38) 1 k=0 I;;CT™
3. z [m+1/2] b w z b
— 1yeee yLggyeee yLigp_q19:++ yUm .
LR oD I (A vt )
where £ = (Z1,... ,Zm) € II(a,b). Let us comment on these formulas. Each one of

the parallelepipeds used in (3.8) has a (“running”) fixed point z as one of its vertices,
while all other vertices are located on the faces of the main parallelepiped II(a, b)
and one of them coincide with a vertex of II(a,b). For k = 0 the corresponding

term in (3.8) has the form
biy... ybm
L (f’ [a:l,... ,:vm]) ’

We consider a class W of functions in C(II(a, b)) for which

xz

(3.9) feWes i(f) >0, Y (f)=0 forallzell(a,b).
1

2
Clearly, M C W.

The subspace D. The subspace D of approximants consists of sums of func-
tions, each depending on m — 1 variables

(310) D={p1(z2,.-. ,Zm) +@2(21,Z3y--- yTm) + - -+ ©m (1, ,Tm—1)}-
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LEMMA 3.2. The following conditions are equivalent:

(1) FeD.
(2) L(F\II(e, 8)) =0, TII(a,B) CII(a,b).
(3.11) @  Y.(hH=o
1

@ Y (hH=o
2

PRrROOF. The implication 1 = 2 follows at once from our previous results con-
cerning the structure of measures y € D* (cf. Lemma 4.1 in Chapter 2, and Lem-
mas 1.2-1.4). Clearly, 2 = 3 and 2 => 4. We show that 3 => 1. In parallelepipeds

T
participating in the formula (3.8) for Z(F) the vertex z = (z1,... ,Zm) appears
1

[m/2]
Z (g;c) times, and in any such parallelepiped §(z) = m — 2k, (—1)%®) = (-1)™.
k=0

z [m/2]
Hence, E(F) contains the term (—1)™/2™ Z (;;:) F(z1,...,Zm), while each of
1 k=0

z

the remaining terms depends on fewer than m variables. Hence Z(F) = (0 implies
1
F € D. Similarly, one can prove that 4 = 1.

The best approximation of monotone functions. Let E(f) = dist(f, D)
be the distance from f € CII(a,b)) to the subspace D (3.10).
THEOREM 3.3. If f € W, then
(312) E(f) = L(fa H(a" b))’
and the function
- b T z b
_ _ _ 3+m 1y y 7:1""’ i’...,m
313) o) = fla) = Y0t 3 (g, i )
s=0 I,Cm
gives the best approzimation to f.

This theorem is due to M.-B. A. Babaev. For the proof we need the following
lemmas.

LEMMA 3.4 (Additivity of L as a function on parallelepipeds). If a paral-
lelepiped I1(a, b) is represented as a union of parallelepipeds Il(a;, B;),

S
H(a" b) = U H(a’iaﬁi))
i=1
with pairwise disjoint interiors, then

(3.14) L(f,T(a, b)) = ) L(f, (s, Bs))-
=1
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The proof is elementary, so we omit it.
LEMMA 3.5. The following identity holds for all z € II(a,b):
= b z T b
3.15 L(f,1I(a,b)) = L(f, | DT a®iaesm | )
( ) (f ( )) Z_:X:_ <f [a:l,...,ail,...,ais,...,wm]>
s=0I,Cm
PrOOF. Fix z. Any two parallelepipeds appearing on the right-hand side of
(3.15) do not have common interior points, since there is at least one coordinate for
which the intervals in those two parallelepipeds in which it varies have no common

interior points. Moreover, the union of all those parallelepipeds is II(a,b), and it
remains to refer to Lemma 3.4.

PROOF OF THEOREM 3.4. Let f € W. Consider the function

biyoee yTiyyeee yTiyenn,b
3.16 F= 1)stm ’ 1 Liyy s Ligs »Om )

From the proof of Lemma 3.2 (3 = 1) it follows that
(3.17) F(z) = f(z) —p(z),  ¢(z)€D.

m

Indeed, the number of parallelepipeds in (3.16) equals Z (T) = 2™, and each of
s=0

them contributes a term 2~™ f(z) to (3.17) while the remaining terms belong to D.

The minus sign in front of p(z) is of no importance. Let us show that

(3'18) “F” = L(f’ H(a'» b)) = L(F»H(a, b))
The latter equality in (3.18) follows because
(3'19) L(Fa H(aa b)) = L(f’ H(a" b)) - L((p’ H(a’ b)) = L(fa H(a‘a b))

since ¢ € D and L € D' according to Lemma 3.2. For convenience, denote
L(f,1I(a,b)) = E. In view of (3.15) we have
z T
(3.20) E=)(N+> (=0, zelab),
1 2
whereas from (3.16) it follows that
T T
(321) F(z) = (-1)™ (Z(f) - Z(f)) :
1 2
Using (3.20) in (3.21), we obtain
T T
(3.22) F(z)=(-1)™ (E - 2Z(f)) ,  Fl@)=(-)" (2 Y(hH- E) :
2 1
Let m be even. Using the definition of the class W, we conclude from (3.22) that

F@)+E=2Y ()20, F@)+E=25(7)20,
2 1
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whence |F(z)| < E. If m is odd, then (3.22) gives
F@z)+E=2) ()20, F(@)-E=2) (f)>0,
2 1

and again |F(z)| < E. So,
(3.23) I|Fll < E = L(f,11(a, b)) = L(F,II(a, b)) < |ILIIIF|l = | Fl-
From (3.23) we obtain that

(3.24) IEll = 1If = ¢l = L(f,I(a, )

and, according to the general characterization of the best approximation, ¢ € D is
the best approximation to f in D. Thus, we have proved (3.12) and (3.13) (which
follows from (3.16) and (3.17)), and Theorem 3.3 follows.

Note that (3.24) implies that || f — ¢|| is attained at all vertices of II(a,b) with
alternation of indices in accordance with factors (—1)(7) in (3.4).

An alternative expression for the best approximation. Let I, and J,
be two intersecting subsets of 71. By

(@)1, 8)ss o]

we denote a point whose coordinates with indices in I, coincide with those of

a = (ai,...,an), whose coordinates with indices in J; coincide with those of
b= (b1,...,bn), and the rest of whose coordinates coincide with the coordinates
of the running point & = (z1,... ,Z,,) with indices in 72\ (I, U J;). The expression

for the best approximation (3.13) now becomes

m

(325)  el@)= > (-DPHHr e S fl(a)y,, b, )

pt+g=1 IJ,Ccm
Corollaries.

COROLLARY 3.6 (A characteristic property of the class M(Il(a,b))). In order
that f € M(I1(a,b)), it is necessary and sufficient that for any I(a,B) C I(a,b)
we have

(3.26) E(f)n(ap) = L(f, (e, B)).

Here, E(f)n(a,s) is the best approximation of f by the subspace D (3.11) in
the C(II(a, B))-metric.

Proor. If f € M(II(a,b)), then, of course, f € M(II(a,[)) and, in view
of Theorem 3.3, (3.26) holds. If (3.26) holds, then L(f,II(c,3)) > 0 and f €
M(II(a,b)).
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THEOREM 3.7 (Flatto [48]). Let a function f defined on II(a,b) have a con-
tinuous mized partial derivative

o f

(3.27) Do On >0.
Then the statements of Theorem 3.3 hold.
Indeed,
omf

L(f,I(c, B)) = 2™ / dzy ... do,

I(a,B) 6a:1 e me

so f € M(Il(a,b)). Theorem 3.7 generalizes Corollary 6.12 in Chapter 2.

Note in conclusion that for z;, ¢ = 1,... ,m, in Theorem 3.7 we can take not
merely coordinates but disjoint groups of coordinates. By means of the function L
in [21] a two-sided estimate of E(f) was also obtained for all f € Cla,b].

Approximation of products. Let D have the structure (1.11):
m .~
(328) D =Y Hi(Y;)®C(Y)),
j=1
where the sets }7} are pairwise disjoint (the H7 are still finite dimensional subspaces
in O(F))).

THEOREM 3.8. Let
m ~
(3.29) F=116G), fHi@)ec®), i=1,...,m,
1

and let the p; (§j;) € HY be the best approzimations to f; in C(?,) by subspaces Hj,
whereas EI = ||f; — ¢;|| is the magnitude of that approzimation for j = 1,...,m.
Let E(f) be the magnitude of the best approzimation of the function f by the sub-
space D in C(Y). Then

(3.30) E(f) =[] B,
j=1
and
(3.31) p=f-][(fi-¢)) €D
1

is the best approzimation to f.

PRrOOF. First of all, it is clear that ¢ indeed belongs to D. Furthermore, ac-
cording to the general criterion for the bgst approximation (Theorem 6.2 in Chapter
2) there exist linear functionals \; € H¥+ C C (Y;) with the following properties:

Ml =1, X (F) =I5 —eillo,y =B, i=1...,m.
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The functional A = A1 ® - - - ® A, belongs to C(Y)*, ||A|| = 1, and by Lemma 1.5,
X € D*. We have

0=A(p) = A1 =TT [fs — i
1

=M= T115 = eillo,) =MD = 1If = ellow),
1

ie.,
(3.32) A1 =1f = ellow)-
From (3.32) all statements of the theorem follow.

Theorem 3.8 is due to Shapiro [118a]. A more abstract version can be found
in [24].

A problem in L2, Digressing from our earlier agreement not to consider
metrics other than C' and ¢°°, we now consider a problem of approximation by
sums in the L2-metric. The reason is that a beautiful result obtained in that
problem stems from the Boolean properties of projections closely related to the
approach developed in §1 of this chapter. Only this time we are speaking about
orthogonal projections—a natural object in the Hilbert space theory (see, e.g., [118],
[40]). The above-mentioned result also deserves our attention here because it was
probably the first for which an explicit formula for the solution was obtain in a
rather general problem of approximation by sums of functions of a smaller number
of variables.

Let X1,...,Xn be sets, and on each X;, i =1,..., N, let there be a o-algebra
of subsets M; on which there is defined a probability measure u;:

(3.33) u; >0, du; = 1.
X
So, (X;, M, 11;) are measure spaces with probability measures. If Y = X; x -+ x
XN, then we define a measure on Y by setting
(3:34) B=p1 X e XN
If (§) = (41,... ,in) is a subset of indices in N = {1,... ,N}, ¥{;) = X;; x--- x X,
then there is an induced measure on Y(;
(3.35) B(G) = Big Xooe X gy

(When considering different products we keep the same conventions about the order
as in §1.) Asin §1, (5) denotes the set of complementary indices to (j). The spaces
L?(Y(;), ;) can be naturally embedded as subspaces into L?(Y, ). For a function

f € L*(y, 1), f(y)) denotes its mean over ¥(;):

(3.36) Flvw) = /Y Fdug).

[6)
A direct calculation (here and below everything is based on the Fubini theorem)
yields:
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LEMMA 3.9. The formula (3.36) defines an orthogonal projection P; : L2(Y, p)
— L2(Y(j),,u,(j)). The complementary orthogonal projection R; is defined by the
formula f — f (y(5))-

LEMMA 3.10. Let E be a Hilbert space, Er,...,E, C E closed subspaces,
Py : E — Ey, orthogonal projections, and Ry, orthogonal projections complementary
to Py, k=1,...,m. If the projections Py, k = 1,... ,m, commute pairwise, then
(1.43) defines an orthogonal projection P of E onto Ey + -+ + Ep,, while (1.44)
defines the complementary projection.

The proof is obtained by induction, making use of elementary properties of
orthogonal projections.

LEMMA 3.11. Let (§) and (k) be two sets of indices in N and, moreover, (j) ¢
(k), (k) & (4). Then, the projections P; and Py defined by the formula (4.46)
commute, and for f € L?(Y,u) we have

(3.37) PuP;i(f) = PiPi(f) = f (yo)nwy) = /

Fdu .
G HOUE

In particular, if () N (k) = 0, then f (y(j)n(k)) = const = /fd,u.
Y

Let (41),...,(jm) be subsets in N such that (jx) ¢ (j¢) when k # £, k,£ =
1,...,m. Consider in L?(Y,u) the problem of best approximation to a function
f(y) € L*(Y, u) by functions from the subspace

(3.38) L?D = {1 (i) + -+ Pm H6m) } -

THEOREM 3.12 (Mordashev [106—107]). The unique function in the subspace
L2D with the least deviation from a function f € L?(Y,p) is given by
(3.39)

Fly)= > fuo)— D f@eonG)

1<k<m 1<k<t<m
+ ) FGonGonGa) o+ CD™ T (YG0nGan-nGm)
1<k<e<r<m ‘

A proof follows at once from the fact that the function least deviating from f
must be an orthogonal projection of f on the approximating subspace (this follows
from well-known properties of Hilbert spaces) and, according to preceding lemmas,
must be of the form (3.39). Uniqueness of the best approximation in a Hilbert
space is also well known.

Let duy = dpg = dx = dy be the ordinary Lebesgue measure on I = [0,1]. For
L? (I 2dz® dy) consider the problem of best approximation by functions ¢(z) +

Y(y).

COROLLARY 3.13 (Denisyuk [37]). The function least deviating from a given
function f(z,y) is unique and is given by the formula

F= /I F@,u)dy + /, f(@,y)dz - /I fdsdy.

In [69], [70], certain problems of the best approximation in the L!-metric were
more effectively solved by using ideas similar to those presented above.
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On the Diliberto—Straus algorithm when the number of variables is
greater than 2. The levelling algorithm of Diliberto and Straus studied in §7 of
Chapter 2 gives an effective method of constructing the best approximation of a
function of two variables by sums ¢(z)+%(y). In the case of three or more variables
it may not succeed. This was first discovered by Aumann [13], whose paper does
not appear to be widely known, and was repeated in [104].

A counterexample to the algorithm in R3 ([104]). For the sake of clarity,
first consider the problem of approximating a continuous function f (z1,z2,z3) on
the unit cube I3, I = [0, 1], by sums ¢(z1) +%(z2) +x(z3). Our goal is to construct
a function f(z1, 22, z3) for which a natural extension of the levelling algorithm does
not lead to the construction of a best approximation. Define a continuous function
on [0, 3] by setting

1, 0<t<1;
F(t) =< linear, 1<t<2;
1, 2<t<3

and let f(z1,22,23) = F (21 + 22 +23) on I3 (||f|| = 1). Also, define a function
F(t)=F(t) — (t — 3/2). Then

f (@1, 22,23) = F (31 + 22 + 23) = f (21,72, 23) — [(T1 — 3/2) + (22 + 73))].
Let us show that the sum
@ (z1) + 9 (z2) + x (z3) = (1 — 3/2) + 22 + 73

is the best approximation to f (z1,z2,z3) among all sums ¢(z1) + ¥(z2) + x(z3).
Note that ||F|| = 1, and if we construct the functional L(f, I3) by (3.4), then

L(f,1%) = 5 = Il

which proves the above assertion, since L € {¢ + 9 + x}*. (The values of f at the
vertices of the cube equal +1, and the signs coincide with those of the charges at
these vertices.) The function f takes the value —1 on all the edges emanating from
the vertex (0, 0,0) and the value 1 on the edges emanating from the vertex (1,1,1).
Therefore, on any cross-section of I® by a plane z; = z its maximum equals 1,
while the minimum equals —1. Therefore, it is levelled with respect to the variables
(z2,23). (Similarly, it is levelled with respect to (z1,z2) and (z2,z3).) Starting the
levelling process, we have to take

1 .
@ (z) = 3 [ma,x [ (z1,22,23) + min f(il?l,l'z,ws)] =0, f—p=1,
(z2,%3) (z2,3)

and, similarly, ¥ (z2) =0 and x (z3) = 0. So, the levelling process will not move
away from the already-levelled function f and we will not approach the magnitude
of the best approximation, equal to %

A counterexample to the algorithm in R" [104]. Consider an extension
of the above example to IV. Consider on [0, N] a continuous function

-1, 0<t<l,
F(t) = ¢ alinear function (= 275,—‘-_%), 1<t<N-1,
1, N-1<t<N
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and 2t— N 1
FO)=FO) - F—p  IFl=g5=7
Set
f(CUl,... ,a:N)=F($l+...+a;N);
f(xl,... ,:BN) =F($1+"'+IBN).
Clearly,

) N
F=F=> gi(m)
1

and we show that f has the least norm among all functions that have such a form
(Il = 745 )- To do that, construct a functional L with the following properties:

(3.40) ILI=1, Lef{pr(@)+-+onn)} s L) =l
To construct L, place nonnegative charges a,as,... ,an at the vertices
(0,0,...,0),(0,1,...,1),(1,0,1,...,1),...,(1,1,...,1,0)
(at these vertices f assumes its maximum +5) and nonpositive charges —b, —by,
...,—bn at the vertices
(1,...,1),(1,0,...,0),(0,1,0,...,0),...,(0,0,...,1),

where f assumes its minimum (equal to —ﬁ) To satisfy the requirements in
(3.40) we set

N -2 1
(341) a=b= mv—_—l), ai—bi—m.
For the functional L corresponding to these charges we obtain
N
N -2 N
LI —a+b+;(ai+bi) =D Taw_ ~

The second requirement in (3.40) holds, provided that in every hyperplane z; =
const, 1 = 1,..., N, the total charge equals zero (cf. Lemma 4.1 in Chapter 2 and
Lemmas 1.2-1.4 in this chapter). There are no charges in a hyperplane z; = ¢,
0 < ¢ < 1. Calculate the charge in the hyperplane z; = 0. In view of (3.41) it
equals

0.

N
N-2 1 N-1
“*“"‘#%;1”"‘4(1\/'—1) tav-D) T av-D "

Similarly, in the hyperplane z; = 1 we have

N
—b—b; + Z a; =0.
J#ij=1

So, L € {p1(z1)+---+¢n (zn)}". Finally, in view of the choice of signs of

charges in L we obtain
1

L(f) = 55 = Il
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However, for the same reasons as in the case N = 3 the levelling algorithm for
the function f cannot change that function. Hence, it does not lead to finding the
magnitude of the best approximation.

Discussion. From the above example it follows that for a function f to be
levelled with respect to all groups of (N — 1) variables, it is not sufficient that f
have the minimal norm among among all functions f — (g1 (z1) + -+ + gn(zN)) as
was the case for N = 2 (cf. §6 in Chapter 2). Nevertheless, it would be interesting to
know whether every function can be levelled. In other words, we ask if an arbitrary
function f can be represented in the form

N
f(zl"" ,ilIN) =F($1)'°' ’xN)+Zgi(xi)»
1

where F is a corresponding levelled function. In Aumann’s paper [13] it is also
shown that even for approximation in C(I2) by functions

o(z1, z2) + Y(21,73) + X(T2,T3)

the levelling algorithm need not be successful.






10.

11.

12.

13.

14.

15.

16.

17.

18.

References

. R. A. Aleksandryan and E. A. Mirzahanyan, General topology, “Vysshaya Shkola”, Moscow,

1979. (Russian)

. N. I. Akhiezer, Lectures on approzimation theory, 2nd rev. ed., “Nauka”, Moscow, 1965;

English transl. of 1st ed., Ungar, New York, 1956; German transl. of 2nd ed., Akademie-
Verlag, Berlin, 1967.

. A. A. Anikevitch and A. B. Gribov, The approzimation of elements of a matriz by the sum of

corresponding components of two vectors, Operations Research and Statistical Simulation,
Vyp. 1, Izdat. Leningrad. Univ., Leningrad, 1972, pp. 3-9. (Russian)

. V. 1. Arnold, On functions of three variables, Dokl. Akad. Nauk SSSR 114 (1957), 679-681;

English transl, Amer. Math. Soc. Transl. (2) 38 (1963), 51-54.

, On the representation of continuous functions of three variables by superpositions
of continuous functions of two variables, Mat. Sb. 48 (1959), 3-74; English transl., Amer.
Math. Soc. Transl. (2) 28 (1963), 61-147.

, Some questions of approzimation and representation of functions, Proc. Internat.
Congr. Math. (Edinburgh, 1958), Cambridge Univ. Press, Cambridge, 1960, pp. 339-348;
English transl., Amer. Math. Soc. Transl. (2) 53 (1966), 192-201.

, On the representability of functions of two variables in the form x(p(z) + ¥(v)),
Uspekhi Mat. Nauk 12 (1957), no. 2, 119-121. (Russian)

, On representability of functions of several variables in the form of superpositions
of functwns of fewer variables, Mat. Prosveshchenie 1958, no. 3, 41-61. (Russian)

. G. Aumann, Uber approzimative Nomographie. I, Bayer. Akad. Wiss. Math.-Nat. KI. S.-B.

1958, 137-155.

, Uber approzimative Nomographie. 11, Bayer. Akad. Wiss. Math.-Nat. Kl. S.-B.
1959, 103-109.

, Uber approzimative Nomographie. 111, Bayer. Akad. Wiss. Math.-Nat. Kl. S.-B.
1960, 27-34.

, Linear Approzimationen auf einem Gefled, Arch. Math. (Basel) 10 (1959), 267—

272.

, Approzimation by step functions, Proc. Amer. Math. Soc. 14 (1963), 477-482.

, Approzimation von Funktionen. 1. Theoretische Grundlagen, Mathematische
Hilfsmittel des Ingenieurs. Vol. III (R. Sauer and I. Szabo, eds.), Springer-Verlag, Berlin,
1968, pp. 320-446.

M.-B. A. Babaev, Approzimation to functions of several variables by functions of a smaller
number of variables, Approximation and Function Spaces (Z. Ciesielski, ed.), North Holland,
Amsterdam, 1981, pp. 44-50.

, Approzimation of polynomials of two variables by sums of functions of one vari-
able, Izv. Akad. Nauk Azerbaidzhan. SSR Ser. Fiz-Tekhn. Mat. Nauk 1971, no. 2, 23-29.
(Russian)

, Approzimation of functions of several variables by sums of functions of fewer
variables in the complex domain, Special Questions on Differential Equations and Function
Theory, “Elm”, Baku, 1970, pp. 3-44. (Russian)

, Approzimation of polynomials of two variables by functions of the form p(z)+v(y),
Dokl. Akad. Nauk SSSR 193 (1970), 967-969; English transl., Soviet Math. Dokl. 11 (1970),
1034-1036.

169



170

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.
37.

38.

39.

40.
41.

42.

43.

REFERENCES

, Eztremal elements and the value of the best approzimation of a monotone function
in R™ by sums of functions of fewer variables, Dokl. Akad. Nauk SSSR 265 (1982), 11-13;
English transl., Soviet Math. Dokl. 26 (1982), 1-4.

, Best approzimation by functions of fewer variables, Dokl. Akad. Nauk SSSR 279
(1984), 273-277; English transl., Soviet Math. Dokl. 30 (1984), 629-632.

, Extremal properties and two-sided estimates for approzimation by sums of func-
tions of fewer variables, Mat. Zametki 36 (1984), 647-659; English transl., Math. Notes 36
(1984), 821-828.

L. A. Bassalygo, On the representations of continuous functions of two variables by means
of continuous functions of one variable, Vestnik Moskov. Univ. Ser. I Mat. Mekh. 1966,
no. 1, 58-63. (Russian)

T. E. Bogatkina and V. A. Dozorov, Approzimation of a function of two variables by a
sum of functions of linear combination of arguments, Avtomat. i Telemekh. 1968, no. 11,
156-159; English transl., Automat. Remote Control 29 (1968), 1861-1863.

Yu. A. Brudnyi, Approzimation of functions of n variables by quasi-polynomials, Izv. Akad.
Nauk SSSR Ser. Mat. 34 (1970), 564-583; English transl., Math. USSR Izv. 4 (1970), 568—
586.

R. C. Buck, Approzimate complexity and functional representation, J. Math Anal. Appl.
70 (1979), 280-298.

, Approzimation theory and functional equations, J. Approx. Theory 5 (1972), 228-

237.

, Approzimation theory and functional equations. II, J. Approx. Theory 9 (1973),
121-125.

, On the functional equation p(z) = g(z)®(B(z)) + h, Proc. Amer. Math. Soc. 31
(1972), 159-161.

A. S. Cereteli, Approzimation of functions of several variables by functions of the form
®3(z1) + - - + ®n(zn), Thilisi Sahema Univ. Srom. Mekh.-Mat. Ser. 129 (1968), 397-409.
(Russian)

E. W. Cheney, The best approzimation of multivariate functions by combinations of uni-
variate ones, Approximation Theory. IV (C. Chui, ed.), Academic Press, New York, 1983,
pp- 1-26.

, Recent progress in multivariate approzimation, Constructive Theory of Functions
(Proc. Internat. Conf., Varna, 1984; Bl Sendov et al., eds.), Publ. House Bulgar. Acad.
Sci., Sofia, 1984, pp. 208-213.

, Algorithms for approzimation, Approximation Theory, Proc. Sympos. Appl. Math.,
vol. 36, Amer. Math. Soc., Providence, RI, 1986, pp. 67-80.

L. Ciobanu, Approzimation of continuous functions of two variables f(z,y) by polynomials
P(z), where z = zy, Bull. Inst. Polytech. Iagi (N. S.) 13(17) (1967), 135-138. (Russian)
L. Collatz, Approzimation by functions of fewer variables, Conf. Theory of Ordinary and
Partial Differential Equations (Dundee, 1972), Lecture Notes in Math., vol. 280, Springer-
Verlag, Berlin, 1972, pp. 16-21.

L. Collatz and W. Krabs, Approzimationstheorie. Tschebyscheffsche Approzimationen mit
Anwendungen, Teubrer, Stuttgart, 1973.

M. M. Day, Normed linear spaces, 2nd ed., Springer-Verlag, Berlin, 1973.

I. N. Denisyuk, Analytic methods of approzimate correlation and corresponding functional
problems, Moskov. Gos. Univ. Uchen. Zap. 28 (1939), 27-42. (Russian)

S. P. Diliberto and E. G. Straus, On the approzimation of a function of several variables
by the sum of functions of fewer variables, Pacific J. Math. 1 (1951), 195-210.

R. Doss, On the representation of continuous functions of two variables by means of addi-
tion and continuous functions of one variable, Colloq. Math. 10 (1963), 249-259.

N. Dunford and J. T. Schwartz, Linear operators. Part I, Interscience, New York, 1959.
N. Dyn, A straightforward generalization of Diliberto and Straus’ algorithm does not work,
J. Approx. Theory 30 (1980), 247-250.

R. E. Edwards, Functional analysis: theory and applications, Holt, Rinehart and Winston,
New York, 1965.

V. Ya. Eiderman, On the levelling algorithm for approzimation of a bivariate function by
sums of univariate functions, Voprosy Mat. i Mekh. Sploshn. Sred, Moscow Inst. Civil
Engrg., Moscow, 1984, pp. 67-84. (Russian)




44.

45.

45a.
46

47

48

49.

50.

51.

52.

53.

54.

54a.

55.
56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

REFERENCES 171

, On the algorithm of Diliberto and Straus for approzimation of bivariate functions

by sums g(z) + h(y), Sibirsk Mat. Zh. 28 (1987), no. 5, 223-224. (Russian)

, On the algorithm of Diliberto and Straus for approzimation of bivariate functions
by sums of univariate functions, Voporsy Mat. i Mekh. Sploshn. Sred, Moscow Inst. Civil
Engrg., Moscow, 1987, pp. 92-96. (Russian)

. L. I. Epstein, Nomography, Interscience, New York, 1958.

. Guohui Feng and M. von Golitschek, On the failure of prozimality of tensor-product sub-
spaces, J. Approx. Theory 62 (1990), 340-349.

. S. D. Fisher, The decomposition of Cr(K) into the direct sum of subalgebras, J. Funct.
Anal. 31 (1979), 218-273.

. L. Flatto, The approzimation of certain functions of several variables by sums of functions

of fewer variables, Amer. Math. Monthly 74 (1966), 131-132.

C. Franchetti and E. W. Cheney, Minimal projections in tensor-product spaces, J. Approx.

Theory 41 (1984), 367-381.

, Simultaneous approzimation and restricted Chebyshev centers in function spaces,

Approximation Theory and Applications (Z. Ziegler, ed.), Academic Press, New York, 1981,

pp. 65-88.

, The embedding of proziminal sets, J. Approx. Theory 40 (1986), 213-225.

B. L. Fridman, An improvement in the smoothness of function in the Kolmogorov superpo-

sition theory, Dokl. Akad. Nauk SSSR 177 (1967), 1019-1022; English transl., Soviet Math.

Dokl. 8 (1967), 1550-1553.

D. R. Fulkerson and P. Wolfe, An algorithm for scaling matrices, SIAM Rev. 4 (1962),

142-146.

A. L. Garkavi, S. Ya. Khavinson, and V. A. Medvedev, On the ezistence of the best uniform

approzimation of a function of two variables by the sums p(z) + ¥(y), Sibirsk. Mat. Zh.

36 (1995), 819-827; English transl., Siberian Math. J. 36 (1995), 707-713.

, On the existence of the best uniform approzimation of a function of several variables

by sums of functions of fewer variables (to appear).

J. B. Garnett, Bounded analytic functions, Academic Press, New York, 1981.

M. von Golitschek, An algorithm for scaling matrices and computing the minimum cycle

mean in a digraph, Numer. Math. 35 (1980), 45-55.

, Approzimating bivariate functions and matrices by nomographic functions, Quan-

titative Approximation (R. de Vore and K. Scherer, eds.), Academic Press, New York, 1980,

pp. 143-151.

, Remarks on functional representation, Approximation Theory. III (E. W. Cheney,

ed.), Academic Press, New York, 1980, pp. 429-434.

, Approzimation of functions of two variables by the sum of two functions of one

variable, Numerical Methods of Approximation Theory (L. Collatz et al., eds.), Birkh&user,

Basel, 1980, pp. 117-124.

, On the existence of continuous best approzimations in tensor-product subspaces of

univariate functions, Approximation Theory. IV (C. Chui, ed.), Academic Press, New York,

1983, pp. 475-481.

M. von Golitschek and E. W. Cheney, On the algorithm of Diliberto and Straus for ap-

prozimating bivariate functions by univariate ones, Numer. Funct. Anal. Optim. 1 (1979),

341-363.

, The best approzimation of bivariate functions by separable functions, Topological

Methods in Nonlinear Functional Analysis (S. P. Singh et al., eds), Contemporary Math.,

vol. 21, Amer. Math. Soc., Providence, RI, 1983, pp. 125-135.

, Failure of the alternating algorithm for best approzimation of multivariate func-

tions, J. Approx. Theory 38 (1983), 139-143.

M. Golomb, Approzimation by functions of fewer variables, On Numerical Approximation

(R. Langer, ed.), University of Wisconsin Press, Madison, WI, 1959, pp. 275-327.

H. M. Gonska, Degree of simultaneous approzimation of bivariate functions by Gordon

operators, J. Approx. Theory 62 (1990), 171-191.

W. Y. Gordon, Blending-function method of bivariate and multivariate interpolation and

approzimation, SIAM J. Numer. Anal. 8 (1971), 158-177.




172

67.

68.

69.

70.

71.

72.

72a.

73.
74.

75.

76.

77.

78.

79.

80.

81.

82.

83.

84.

85.

86.

87.

88.

REFERENCES

, Distributive lattices and the approzimation of multivariate functions, Approxima-
tion with Special Emphasis on Spline Functions (J. Schoenber, ed.), Academic Press, New
York, 1969, pp. 223-277.

W. Y. Gordon and E.W. Cheney, Bivariate and multivariate interpolation with noncommu-
tative projectors, Linear Spaces and Approximation (P. L. Butzer and B. Sz.-Nagy., eds.),
Birkhauser, Basel, 1978, pp. 381-387.

W. Haussman and K. Zeller, Uniqueness and non-uniqueness in bivariate L!-approzima-
tion, Approximation Theory. IV (C. Chui, ed.), Academic Press, New York, 1983, pp. 509—
514.

, Blending interpolation and best L' -approzimation, Arch. Math. (Basel) 40 (1983),
545-552.

T. Hedberg, The Kolmogorov superposition theorem, Appendix II to H. S. Shapiro, Topics
in Approzimation Theory, Lecture Notes in Math., vol. 187, Springer-Verlag, Berlin, 1971,
pp. 267-275.

D. Hilbert, Mathematische Probleme, Nachr. Akad. Wiss. Gottingen 1900, 253-297; re-
printed in his Gesammelte Abhandlungen, Vol. 3, Springer-Verlag, Berlin, 1935, pp. 290—
329; English transl., Bull. Amer. Math. Soc. 8 (1902), 461-462; reprinted in Mathematical
Developments Arising from Hilbert Problems, Proc. Sympos. Pure Math., vol. 28, Amer.
Math. Soc., Providence, RI, 1976, pp. 1-34

W. Hurewicz and H. Wallman, Dimension theory, Princeton Univ. Press, Princeton, NJ,
1948.

J.-P. Kahane, Séries de Fourier absolument convergentes, Springer-Verlag, Berlin, 1970.

, Sur le théoréme de superposition de Kolmogorov, J. Approx. Theory 13 (1975),
229-234.

V. A. Kaminskii and V. I. Makarov, On the problem of the conditional levelling on a
discrete grid, Voprosy Mat. i Mekh. Sploshn. Sred, Moscow Inst. Civil Engrg., Moscow,
1979, pp. 137-142. (Russian)

M. Katétov, On real functions in topological spaces, Fund. Math. 38 (1951), 85-91.

C. T. Kelley, A note on the approzimation of functions of several variables by sums of
functions of one variable, J. Approx. Theory 33 (1981), 179-189.

J. L. Kelley, General topology, Van Nostrand, New York, 1955.

S. Ya. Khavinson [Havinson], A Chebyshev theorem for the approzimation of a function of
two variables by sums of the type o(z) + 1 (y), Izv. Akad. Nauk SSSR Ser. Mat. 33 (1969),
650-666; English transl., Math. USSR Izv. 3 (1969), 617-632.

, On the representation of functions of two variables by the sums ¢(z) + ¥(y), Izv.
Vyssh. Uchebn. Zaved. Mat. 1985, no. 2, 66-73; English transl., Soviet Math. (Iz. VUZ)
29 (1985), no. 2, 81-90.

, On representation and approzimation of functions of two variables by linear super-
positions, Voprosy Mat. i Mekh. Sploshn. Sred, Moscow Inst. Civil Engrg., Moscow, 1987,
pp. 89-92. (Russian)

, The annihilator of linear superpositions, Algebra i Analiz 7 (1995), no. 3, 1-42;
English transl., St.-Petersburg Math. J. 7 (1996), 307-341.

, Certain approzimate properties of linear superpositions, Izv. Vyssh. Uchebn. Zaved.
Mat. 1995, no. 8, 63-73; English transl., Russian Math. (Iz. VUZ) 39 (1995), no. 8, 60-70.
, On interpolational properties of outer functions in Kolmogorov’s superpositions,
Mat. Zametki 55 (1994), no. 4, 104-113; English transl., Math. Notes 55 (1994), 406-412.
A. N. Kolmogorov, On the representation of continuous functions of several variables by
superpositions of continuous functions of fewer variables, Dokl. Akad. Nauk SSSR 108
(1956), 179-182; English transl., Amer. Math. Soc. Transl. (2) 17 (1961), 369-373.

, On the representation of continuous functions of several variables by superpositions
of continuous functions of one variable and addition, Dokl. Akad. Nauk SSSR 114 (1957),
953-956; English transl., Amer. Math. Soc. Transl. (2) 28 (1963), 55-59.

A. N. Kolmogorov and V. M. Tikhomirov, e-entropy and e-capacity of sets in function
spaces, Uspekhi Mat. Nauk 13 (1959), no. 2, 3-86; English transl., Amer. Math. Soc.
Transl. (2) 17 (1961), 277-364.

S. V. Konyagin, On proziminality of some sets in LP, 1 < p < oo, Abstracts Second
Internat. Conf. Functional Analysis and Approximation Theory, Univ. Basilicata, Potenza,
Italy, 1992.




89

90

90a
91

92.

93.

94.

95.

96.

97.

98.

99.

100.

101.

102.

103.

104.

105.
106.
107.

108.

109.

110.

111.

112.

113.

REFERENCES 173

. M. G. Krein and A. A. Nudel’'man, The Markov moment problem and extremal problems,
“Nauka”, Moscow, 1973; English transl., Amer. Math. Soc., Providence, RI, 1977.

. B. K. Kripke and K. B. Holmes, Approzimation of bounded functions by continuous func-
tions, Bull. Amer. Math. Soc. 71 (1965), 896-897.

. M. Kuczma, Functional equations in a single variable, PWN, Warsaw, 1968.

. W. A. Light and E. W. Cheney, On the approxzimation of a bivariate function by the sum
of univariate functions, J. Approx. Theory 29 (1980), 305-322.

, Some best approzimation theorems in tensor-product spaces, Math. Proc. Cam-

bridge Philos. Soc. 89 (1981), 385-390.

, The characterization of best approzimation of tensor-product spaces, Analysis 4

(1984), 1-26.

, Approzimation theory in tensor-product spaces, Lecture Notes in Math., vol. 1169,

Springer-Verlag, Berlin, 1985.

G. G. Lorentz, Metric entropy, widths and superpositions of functions, Amer. Math.

Monthly 69 (1962), 469-485.

, Approzimation of functions, Holt, Rinehart and Winston, New York, 1966.

, The 13th problem of Hilbert, Mathematical Developments Arising from Hilbert

Problems, Proc. Sympos. Pure Math., vol. 28, Amer. Math. Soc., Providence, RI, 1976,

pp. 419-429.

, Superpositions, metric entropy, complexity of functions, widths, Bull. London

Math. Soc. 22 (1990), 64-71.

D. E. Marshall and A. G. O’Farrell, Uniform approzimation of real functions, Fund. Math.

104 (1979), 203-211.

, Approzimation by a sum of two algebras, the lightning bolt principle, J. Funct.

Anal. 52 (1983), 353-368.

V. A. Medvedev, On optimal representation of functions by sum of two compositions, Izv.

Vyssh. Uchebn. Zaved. Mat. 1991, no. 5, 41-49; English transl., Soviet Math. (Iz. VUZ)

35 (1991), no. 5, 42-51.

, On the sum of two closed algebras of continuous functions on a compact, Funk-

tsional. Anal. i Prilozhen. 27 (1991), no. 1, 33-36; English transl., Functional Anal. Appl.

27 (1991), 28-30.

, On representation of functions by a sum of several compositions, Mat. Sb. 182

(1991), 1379-1392; English transl., Math. USSR Sb. 74 (1993), 119-130.

, Refutation of a theorem of Diliberto and Straus, Mat. Zametki 51 (1992), no. 4,

79-80; English transl., Math. Notes 51 (1992), 380-381.

E. Michael, Continuous selections, Ann. of Math. (2) 63 (1956), 361-382.

, Selected selection theorems, Amer. Math. Monthly 63 (1956), 233-238.

V. M. Mordashev, Approzimation of a functions of several variables by a sum of functions

of fewer variables, Dokl. Akad. Nauk SSSR 183 (1968), 778-779; English transl., Soviet

Math. Dokl. 9 (1968), 1462-1463.

, The best approzimation of a function of several variables by a sum of functions of

fewer variables, Mat. Zametki 5 (1969), 217-226; English transl., Math. Notes 5 (1969),

132-137.

V. P. Motornyi, On a problem of the best approzimation of functions of two variables by

functions of the form ¢(z) + ¥ (y), Izv. Akad. Nauk SSSR Ser. Mat. 27 (1963), 1211-1214.

(Russian)

, On a problem of the best approzimation of functions of two variables by functions

of the form ¢(z) + ¥(y), Studies in Modern Constructive Function Theory (Proc. Second

All-Union Conf., Baku, 1962), “Elm”, Baku, 1965, pp. 66~72. (Russian) )

I. P. Natanson, Theory of functions of a real variable, 3rd ed., “Nauka”, Moscow, 1974;

English transl., Vols. I (1st ed., Chaps. I-IX), II (2nd ed., Chaps. X-XVI, XVIII), Ungar,

New York, 1955, 1961.

A. G. O’Farrell, Five generalizations of the Weierstrass approzimation theorem, Proc. Royal

Irish Acad. 81A (1981), 65-69.

Yu. P. Ofman, On the best approzimation of functions of two variables by functions of the

form o(z) + ¥(y), Izv. Akad. Nauk SSSR Ser. Mat. 25 (1961), 239-252; English transl.,

Amer. Math. Soc. Transl. (2) 44 (1965), 12-29.




174

114

115

116

117

118
118a

119

120

120a.

121

122.

123.

124.
125.
126.
127.
128.
129.
130.
131.
132.
133.
134.
135.

136.

137.

138.

139.

REFERENCES

. P. A. Ostrand, Dimension of metric spaces and Hilbert’s problem 13, Bull. Amer. Math.
Soc. 71 (1965), 619-622.

. J. R. Respess and E. W. Cheney, Best approzimation problems in tensor-product spaces,
Pacific J. Math. 102 (1982), 437-446.

. T. Rivlin and R. Sibner, The degree of approzimation of certain functions of two variables
by a sum of functions of one variable, Amer. Math. Monthly 72 (1965), 1101-1103.

. V. A. Rokhlin and D. B. Fuks, Beginner’s course in topology: geometric chapters, “Nauka”,
Moscow, 1977; English transl, Springer-Verlag, Berlin, 1984.

. 'W. Rudin, Functional analysis, McGraw-Hill, New York, 1973.

. H. S. Shapiro, Some theorems on Cebysev approzimation. II, J. Math. Anal. Appl. 17
(1967), 262-265.

. M. R. Shura-Bura, Approzimation of functions of several variables by functions depending
on one variable, Vychisl. Mat. 2 (1957), 3-19. (Russian)

. 1. Singer, Best approzimation in normed linear spaces by elements of linear subspaces,
Springer-Verlag, Berlin, 1970.

. L. G. Schnirelman, On some properties of closed curves, Uspekhi Mat. Nauk 10 (1944),
34-44. (Russian)

. D. Sprecher, On the structure of continuous functions of several variables, Trans. Amer.
Math. Soc. 115 (1965), 340-355.

, A representation theorem for continuous functions of several variables, Proc. Amer.

Math. Soc. 16 (1965), 200-203.

, On the structure of representations of continuous functions of several variables by

finite sums of continuous functions of one variable, Proc. Amer. Math. Soc. 17 (1966),

98-105.

, An improvement in the superposition theorem of Kolmogorov, J. Math. Anal. Appl.

38 (1972), 208-213.

, A survey of solved and unsolved problems of superpositions of functions, J. Approx.

Theory 6 (1972), 123-134.

, On similarity in functions of several variables, Amer. Math. Monthly 76 (1969),

627-632.

, On best approximations in several variables, J. Reine Angew. Math. 229 (1967),

117-130.

, On best approzimations of functions of two variables, Duke Math. J. 835 (1968),

391-397.

, On the existence of best approzimations and representations in several variables,

J. Reine Angew. Math. 234 (1967), 153-162.

, On functional complezity and superpositions of functions, Real Anal. Exchange 9

(1983/84), 417-431.

J. P. Sproston and D. Straus, Sums of subalgebras of C(X), J. London Math. Soc. 45

(1992), 265-278.

Y. Sternfeld, Dimension theory and superpositions of continuous functions, Israel J. Math.

20 (1975), 300-320.

, Uniformly separating families of functions, Israel J. Math. 29 (1978), 61-91.

, Superpositions of continuous functions, J. Approx. Theory 25 (1979), 360-368.

, Dimension, superposition of functions and separation of points in compact metric

spaces, Israel J. Math. 50 (1985), 13-53.

, Uniform separation of points and measures and representation of sums of algebras,

Israel J. Math. 55 (1986), 350-362.

V. M. Tikhomirov, Kolmogorov’s work on e-entropy of function classes and the superpo-

sition of functions, Uspekhi Mat. Nauk 18 (1963), no. 5, 55-92; English transl., Russian

Math. Surveys 18 (1963), no. 5, 51-87.

V. N. Trofimov and L. R. Khariton, On the error in uniform approzimation of functions of

two variables by sums of functions of one variable, Izv. Vyssh. Uchebn. Zaved. Mat. 1979,

no. 8, 70-73; English transl., Soviet Math. (Iz. VUZ) 21 (1979), no. 8, 71-74.

A. J. Vaindiner, Approzimation of continuous and differentiable functions of several vari-

ables by generalized polynomials (finite linear superpositions of functions of fewer vari-

ables), Dokl. Akad. Nauk SSSR 192 (1970), 483-486; English transl., Soviet Math. Dokl.

11 (1970), 648-652.




140.

141.

142.

143.

144.

145.

146.

REFERENCES 175

Y. A. Vainstein and M. A. Kreines, Sequences of functions of the form f[X(z) + Y (y)),
Uspekhi Mat. Nauk 15 (1960), no. 4, 123-128. (Russian)

A. G. Vitushkin, On Hilbert’s thirteenth problem, Dokl. Akad. Nauk SSSR 95 (1954), 701-
704. (Russian) _

—, Theory of transmission and processing of information, Pergamon Press, New York,
1961. ’

» Representability of functions by superpositions of functions of fewer variables, Proc.
Internat. Congr. Math. (Moscow, 1966), “Mir”, Moscow, 1968, pp. 322-328; English transl.,
Amer. Math. Soc. Transl. (2) 86 (1970), 101-108.

» On representation of functions by means of superpositions and related topics, En-
seign. Math. (2) 23 (1977), 255-320.

» On the 13th problem of Hilbert, The Hilbert problems (P. S. Aleksandrov, ed.),
“Nauka”, Moscow, 1969, pp. 159-169; German transl.,, Ostwalds Klassiker Exakt. Wiss.,
vol. 252, Akademische Verlag. Geest & Portig, Leipzig, 1971.

A. G. Vitushkin and G. M. Khenkin, Linear superpositions of functions, Uspekhi Mat.
Nauk 22 (1967), no. 1, 77-124; English transl., Russian Math. Surveys 22 (1967), no. 1,
77-125.




Selected Titles in This Series

123
122

121

120
119

118
117
116

115
114
113

112
111
110

109
108
107

106
105
104

103
102

101

100
99
98

97
96
95
94
93

92
91

(Continued from the front of this publication)

M. A. Akivis and B. A. Rosenfeld, Elie Cartan (1869-1951), 1993

Zhang Guan-Hou, Theory of entire and meromorphic functions: Deficient and asymptotic
values and singular directions, 1993

‘1. B. Fesenko and S. V. Vostokov, Local fields and their extensions: A constructive

approach, 1993

Takeyuki Hida and Masuyuki Hitsuda, Gaussian processes, 1993

M. V. Karasev and V. P. Maslov, Nonlinear Poisson brackets. Geometry and quantization,
1993

Kenkichi Iwasawa, Algebraic functions, 1993

Boris Zilber, Uncountably categorical theories, 1993

G. M. Fel’dman, Arithmetic of probability distributions, and characterization problems
on abelian groups, 1993

Nikolai V. Ivanov, Subgroups of Teichmiiller modular groups, 1992

Seiz6 Itd, Diffusion equations, 1992

Michail Zhitomirskif, Typical singularities of differential 1-forms and Pfaffian equations,
1992

S. A. Lomov, Introduction to the general theory of singular perturbations, 1992

Simon Gindikin, Tube domains and the Cauchy problem, 1992

B. V. Shabat, Introduction to complex analysis Part II. Functions of several variables,
1992

Isao Miyadera, Nonlinear semigroups, 1992

Takeo Yokonuma, Tensor spaces and exterior algebra, 1992

B. M. Makarov, M. G. Goluzina, A. A. Lodkin, and A. N. Podkorytov, Selected problems
in real analysis, 1992

G.-C. Wen, Conformal mappings and boundary value problems, 1992
D. R. Yafaev, Mathematical scattering theory: General theory, 1992

R. L. Dobrushin, R. Kotecky, and S. Shlosman, Wulff construction: A global shape from
local interaction, 1992

A. K. Tsikh, Multidimensional residues and their applications, 1992

A. M. I'in, Matching of asymptotic expansions of solutions of boundary value problems,
1992

Zhang Zhi-fen, Ding Tong-ren, Huang Wen-zao, and Dong Zhen-xi, Qualitative theory of
differential equations, 1992

V. L. Popov, Groups, generators, syzygies, and orbits in invariant theory, 1992

Norio Shimakura, Partial differential operators of elliptic type, 1992

V. A. Vassiliev, Complements of discriminants of smooth maps: Topology and
applications, 1992 (revised edition, 1994)

Itiro Tamura, Topology of foliations: An introduction, 1992

A. 1. Markushevich, Introduction to the classical theory of Abelian functions, 1992
Guangchang Dong, Nonlinear partial differential equations of second order, 1991

Yu. S. IVyashenko, Finiteness theorems for limit cycles, 1991

A. T. Fomenko and A. A. Tuzhilin, Elements of the geometry and topology of minimal
surfaces in three-dimensional space, 1991

E. M. Nikishin and V. N. Sorokin, Rational approximations and orthogonality, 1991
Mamoru Mimura and Hirosi Toda, Topology of Lie groups, I and II, 1991

(See the AMS catalog for earlier titles)






ISBN 0-8218-0422-7

4223

91780821180




