The Magnetic Scalar Potential*

J. B. BRONZAN

Laboratory for Nuclear Science

and

Department of Physics

Massachusells Institule of Technology
Cambridge, Massachusetls 02139
(Iieeeived 30 Deceinber 1970)

We oblain closed expressions for scalar magrelic po-
tentinls due lo an arbitrary static current density J(x).
Simple prescriptions are given for forbidden regions where
B — V¢, lhese forbidden regions make the potential
stngle valued where it can be used. Finally, the complete
mullipole cxpansion of the magnetostatic field is derived
in a few simple steps.

I. INTRODUCTION

The =tatic magnetic leld in vacuum siatisfies
the equations

T.B=0, VxB=dr]rc ()

Because Y-B=0. the field is generally derived

from « veetur potentinl. On the other hand,
wherever J=0. one huas the option of deriving B
from o =calar potential, ¢. Little use ix made of
thix alternative in textbooks on electromagnetism
beeause of two complications. The first is that it
1= tricky to write a formnla relating ¢ to J beeise
the sealar potentind is vseless wherever J=0.
The =eeond compiicatinn i~ that @ is in general a
multiple-valued funetion, so a preseription must
be supplicd specifying where ¢ can and cannot be
used. The oceurrence of multiple valuedness
can be seen from the integral form of Ampere’s
law, which states that the change in ¢ around n
closed pathis proportional to the encircled current,
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even though J=0 along the patli:
._\¢=HfB-(n’l=_(47r‘f(')ffd's'J. e

These complications are easilv ove: come, ns
we shall show i See. L so we are not ubliged to
give up the sealur potentinl as an impractical
curiosity, This 15 fortunate for several reasons.
First, it ix easier to visualize a scalar potential
than o vector potential. Surfuces of constant )
are normal to B, and their spacing is inversely
proportional 1o | B! In addition, it mav be
handier to compute a sealur potential in <ome
cases. Finally, using a sealar potentinl one ean
derive the multipole expunsion of the mugneto-
statie field in a general and straightforward way
that parallels the treatment of the electrostatic
field. It beeomes vbvious that the magnetic and
electric fields of an (2, m) multipole are spatially
’lentieal. Sueh w unified diseus<ion represents a
substuntial pedagogieal adsunee.

II. TWO MAGNETIC SCALAR POTENTIALS

We can write B=—Y¢ wherever J=0. This
ceuiation may be integrated to give an expres-
s10n for ¢:

PIX)=— j dg-B(Ej, {3}
where a ix a reference point. Two possible integra-
tion paths between a and x are depicted in Fig. 1.
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Fi1c. 1. Possible integration paths for Eq. (3).
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Fin, 2. & cannot be used where J#0, or in the shaded
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Path €y is an acceptable path because J=0on .
Path C. can be used only if care is taken to insure
that the current flowing between paths €y and C.
does not change as x is varied. This requirement
foliows from L. (2) and the fact that two
potentials vielding B must differ by a constant.
A potential suitable for deriving the multipole
expansion results from the choice a—e, E=§F
~We call this potential ¢, and its path of integra-
tion in . (3) is along a radius from infinity
to x. Clearly, ¢ cannot be used for current
distributions whieh extend to infinity. Since the
" whole integrution contour moves with x, ¢ cannot
be used in regions of space Iving between currents
and the origin, as shown in Fig. 2. This preserip-
tion makes ¢ single valued where it can be used.
We use the stamdard representation for B in

@' (x ) (xxx ) [2xx'—2%]

frec space, and find:

$i(x)=—c"" f df

x

P’ J(x') % (£ —x')
X ,[ [gx—x' 2

1

=—c! fd"’.r'_](x’) (rxx)

y dt
*J T

The integral over £ is elementary, and after a
little algebra we obtuin the formula

$rix) =c”’
Br'T(x ) (x xx’)
X f | x'—x

e lx—x [+2—xx]

(8)

A sealar potential useful in the neighborhood of
the origin, and therefore of any finite point, 1s
obtained by choosing a=0, §=£{% in Eq. (3).
This potential, which we call ¢., cannot be used

. in regions of space which ean be sighted from the
origin only by looking through current. The
forbidden region is shown in I'ig. 3. ¢:1s easily
found to be

) I
& (x) ¢ [I'|X'—X|[(x'x’} !x’—x|+.1:'(x-x‘)—a:21’]'

111. THE MULTIPOLE EXPANSION OF THE
MAGNETOSTATIC FIELD

We review the derivation of the multipole
expansion of the electrostatic field, because it
establishes the stundard of conciseness and
generality we wish to emulate. We begin with
the electrostatic potential,

bu(x) = [[Prp(x) /| X' —x {]. (7)
Iuto this we substitute the expansion
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tet met 21 !

X Ylm (8, ¢) ij* (6’1 ¢’) (S)
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The result is the multipole expansion of the
electrostatic field:

bl ! 4‘!’ E[m
¢E(x) = Eo ,,E:_; A+1 F—I: Ylm(er ¢)l
Em=[d2'z'Y 1n* (8, ¢) p(X'). {9)

Ta treat the magnetostatic case we use ¢,
which is valid outside a localized current dis-
tribution. The first formula in Eq. (4) can be put
in the form

d(x)=c¢c"! f:d—:/d’x’

X[J(x") xx']-¥' | gz—x' 7. (10)
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F1g. 3. ¢. cannot be used where J»0, or in the shaded
regiomn.

We integrate over the primed variables by parts
and mterchange urders of integration:

(X)) =¢! f A [x x J(x') ]

X/I“‘——L ()
JElgi—x

The expansion of I2q. (31 is now inserted, and the
integral over & is evaluated term by term. The
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result is the multipole expansion of ¢:

= ' 4r M.
H(x)=T T .

1o memt 201 2™

Ylm(ea ¢) !

Min=— j’rlsr’z”ng*(G’, ¢’
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To appreciate the simplicity of this derivation,
it should be compared with the relatively awkward
manipulations of the vector potential given in
textbooks. Those manipulations yield only the
first few terms of the expansion, and further work
is required to show the identity of the spatint
distributions of the electric and magnetic fields.
Here one hus o general treatment, and the parallel
between the electric and magnetic cases is im-
mediately obvious. The expression for ), given
in l2g. (12) is derived in the textbooks only after
developing the full machinery of vector spherical
harmouies.! This formalism is not required for
the statie problem, us we have seen.
It is a pleasure to acknowledge helpful con-
versations with DProfessor B. Gale Dick, Uni-
versity of Utah.

tJ. D. Jackson, Classical Electrodynamics {Wiley, New
York, 1362}, Eq. (16.96). See also the comments on p. 145.
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