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ll e obtait c/osel erpresstons lor scdar ntagnelic po-
lentials r |uc lo att arbi lrary slol ic cuftent densl ly J(x).
SintpLc prescriptions art eitcn.for Jorbid(len rqioni rilrcre
B+-f4,; lltest lorbi.llen, rcgions nal;e ttu: N,tential
singb tnlt t td tr lLerc i l  tarL l tr :  usetl .  l . ' ina?y, the coin1l. l .
tnul l ipolt  rsl ir tnsion of lht nagnetostal ic . fr tLl is t lcr i t t l
i r  n . frrc sirrrTlc slrTrs.

I .  INTRODUCTION

' l ' i r r '  
. t r L t i c  t n i r g t L (  l i (

1  l r c  | r j l l l r l l o r l :

Ar"ou .  \ 'o t  at l  r  I r )71

n r ,  r r  t l r . r r , j l r  J = 0 : t l , , r r l  t i r n  l , j r l l r :

l d=  - r tB . ( i l =  -  ( r "  i . )  l  J1S .J . ( :.] )

Tl rosc  conrp l i c l t i r )ns  r r tc  c l l s l l \ .  ovor r ( , r r rc .  t s
r re  s ln l l  s l ro r l  i r r  S , ' c .  I I ,  so  \ \ 'o  r re  r ro t  ob l ig t r l  to
g ivc  r rp  t l re  sc l l l t r  l ro te t r t i t l  l s  l t r  in tp r .ac t i c t l
cur ios i t \ ' .  f l r i s  i s  fo r t I ln l t c  fo r .  scvc t . r t l  rc l lo r r . .
I i l s f ,  i t  i s  c ls ie l  to  v is r r l l i zc  u  :cu l l r  po tcn t i i i l
t l l ru l  i !  \ ' cc to r  po tc l ] t i l l l .  S r r r f l rccs  o f  co l l s t i  l t  O
lu le  norn t r l  to  B .  l r r r r l  t l r c i r  s l l r c ing  is  i r rvc lse l r .
l ) ro l )o r t io l r r l  to  lB  j .  I l  r r rk l i t io l ,  i t  mur .  bc
Iu r r i l i c r  lo  c ( rn tp l l t c  i l  sc l l l r r  l ro tc r r t i l i l  i t r  sor l rc
c I s c s .  l f i r n l l r ,  t t s i l (  l t  s < l r l l L r  l ) . r t f l l l t l l t  o a l e  c t n
r l c l i vc  t l r l  nLr l t ipo le  c rpr r r rs io r r  o f  l l r c  n rugneto-
s l r r t i c  i i r ' l r l  i n  l  gcnr r . : i l  l r r l  s t r r r ig l r t fo l r r l r r r l  l .a l .
t l l l r t  | rLnr l l c ls  t l l c  t rc l r tn lc  t  o f  t l te  e lcc t ros t l t i r :
{ ie l l .  I t  bcco tncs  obv io r rs  th : r t  t l r c  n r lg r re t i c  lnc l
c lec t l i c  f i i , l i l s  o f  l r r  11 ,  r r i j  n ru l t i l ro lc  ru .c  s l )u t i t l l \ .
r , l ,  r r t i , . ' 1 .  r , l l  1 ,  r r  r r r , i r r , . , l  , L i - ,  r r - -  , , r ,  t i , l ) r . . : n r r t s  l t
{L rbr t rL r l  i l l  pc rLrgog ic l l  l l r l r . r r  r rcc .

II. TWO MAGNETIC SCALAR POTENTIALS

\ \ ' t '  c r L r r  u l i t e  B = - r d  r r ' l r c l r , r . c r  J : 0 .  T I r i s
( ' r l l l x t io l l  n r i i \ '  bc  i r r tegr l t r , r l  1o  g l \ -c  i in  c \ l ) Ies -
s iou  fo l  d :

d r x  r =  -  I  , / t . B r t r .
J -

( 3 )

t lrclc a i: i i  rrfetonce lloirrt. Trr.o lrcsiiblc iutegra-
t io l  l ) r l t l r s  b r , t l cc r r  a  lu t l  x  l re  dcp ic ted  iu  f ig .  l .

t ?
.' r rir',r -(

s . B : 0 .

l i t  l rL  i r r  vucur rnr  su t is l ies

s  x B : . h J ' c .  a l )

l l cc lL rsc  \ - .B :0 ,  t l r c  l i c l r l  i s  gcr re l r r l l l  r l c l i vc r l
f ron)  l l  ycc to r  l to tc l t i l l .  On t l re  o t l rc r  l r l r r t l ,
*h r r . r ' c r  J :0 ,  r , r rc  ) l i s  thc  op t ion  o f  t lo . i r . i r rg  B
f ro rn  l  sc r t l r i r  l )o tc  t i l i l ,  O .  L i t t le  uso  i .  n l l ldc  o f
t I r i s  l l t r . r ' l r i t t i \ . c  i r r  i t ' r t l tooks  or r  e lcc t  ron l l  gn  c t  i sn l
becr rusc  o f  l lo  cont I l i c r r l inns .  ' l ' l r c  

6 rs t  i s  t l ra t  i t
i .  t r i c l t !  to  u . r ' i t c  fo r r r r l r ] : r  l . c l l t t ing  O to  J  bocr r r rsc
t ) rc  sc r t l r t t  l )o l f l r t i l l  i i  , i .u lc .s  \ . l t c r .cv t , r '  J#0' f l t c  

s rcorLr l  ( ( ) l r l i i i { . r l ,  , r r  i .  r l r : r t  g  i s  in  gcr r t , r . l r l  l l
rn r r l t i l r l c - r ' lL luc r l  fLurc t io r r .  so  a  l r rescr i l r t ion  nr rs t
be  s r rp l t l i c r l  spcc i f l ing  r \ l le rc  O c l ln  :u r r l  can lo t  bc
rr-scrl. ' l lre 

occllr lcIlcc of nulti l t lc vrluerlrrcss
clu bc seen from thc integral form of ,\mpere,s
l l l l ,  sh ic l r  s t l tes  t i l t t  the  change i r r  f  a rount l  r
closed ptt h is prol)ort ionll to the encircletl currclt,

o
pa lnsfor lr,q. (3).
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Irrc.2. dr cannot bc u-ced r(herc Jl0, or in the shidcd

Path Cr i," ar lcceptllble p{rtlr bccrtuse J =0 on Cr'

l 'rt lr C,' can be usccl onlf if carc is t lkert to irtsurc

t l r r t  t l re  cur rc l i t  f lo$ ing  be tNcc t t  p l ths  Cr  and Cr

does not c|tnge as x i 's varied Tlri-s requirenlcnt

folkr*'s from l)r1 (2) and tlrc f&ct that t\\ 'o

l )o tcn t i r i l s  f  i ck l ing  B mu ' " t  t l i f fe r  b t  t  cons t ln t '

- \  po ten t ia l  s t r i t rb le  fo r  der iv i r rg  t l t c  n l t r l t ipo le

c tpn , r r io t t  rcsu l ts  f ron l  tLe  cbr - r i cc  a -c ' '  g - t ' i '

\ \ ' e  c r l l  th is  po ter l t i r l  d r .  a r td  i t s  pa t l i  o f  in teg l i -

t i r . r rL  i r r  I i r1 .  ( : l )  j s  x lo r rg  a  r rd ius  f rom in f i r r i t l

t r-r x. Clclrrlr ' . Or clnnot be rtsed for currelt

r l i s t l ibu t io r - .  \ ' h ic l i  cx tcnd to  in f in i t l '  S ince  t l re

\  l ro )e  i t t teg t  l t t  io t t  co l l l  o l l r  ) l lo !cs  $ i t  l l  x ,  0 I  can l lo t

bc  u - "e r l  i rL  r fg i r ) r l s  o f  s I l t cc  l l i ng  be tu 'cen  cur lc l l t s  '

rn r l  t l r c  o : ig r r t  r t s  s i to t t r t  in  l f ig  2  T l r i ' q  p rcscr iP-

tiotr ntl l ies gr singlc vrtlLred l l l tcre it cltr be u' 'ed'

\\ 'e usc tlrc sll i t l t l l td reprcsellt: l t iol l for B i l l

free spacc, and find:

x I d3t ' i . l  G,)  x  ( t i  -  x ' )

I  g i -  1 '  1 '

Y  [ '  
r t  ( 4 ,"  J _  I E . i _ x '  s

Thc in tcg l r l  ovcr  f  i s  c len lc r l ta r ) ,  and a f te r  a

l i t t i c  a lgcbr . r  r te  ob l r t in  t l re  fo rmrrL l

d '  (x )  =  c - '

. 1 3 . u ' J ( x ' ) ' ( x  x  x ' )
-
l x ' - x  I  [ r  l x - x '  * 1 1 - x ' x ' l

o ' (x )=-c ' [ 'a t

-  -  r '  I  a . t , 1 ( x ' ) .  ( i x x , ) c

( 5 )

Frc. 3. cl
regior.

We int cg
and inter

O r ( x )  : c

The erpr
lnregrnl

' This r
Energy C,

I scrt)ar potential trseful in the neighborbootl of

the  o l ig i r r .  a t t t l  t l te rc fo re  o f  aDl  l i r ) i t c  l )o in t ,  i s

ob ta i red  b1 '  c l toos i t tg  a=0.  t : i i  i n  I iq  (3 ) '

Th is  J ro ten t ia l ,  s l r i c l t  l c  c l l l  d : ,  c ln t io t  bc  used

in regic,,t" of sprtcc u)rich crtn be sighled fronl t l)e

origiu ottl l  bl looli irrg tlrrr-rr.tg)r current Tlre

forbidderr region is slroltt in | ig 3 $: is en'sil1'

fourd to bc

d s l J  I  x '  )  , t  x  x  x '  )  [ ] x .  x ' -  r r ] ( 6 )
O ,  ( x )  :  - c '  x ' -  x  [ ( x . x ' )  l x ' - x 1 s ' ( r . r / ) - r ' ? r r ] '

III. THE MIJTTIPOLE EXPANSION OF THE

MAGNETOSTATIC FIELD

\\'c rcvicrv tlrc dcrivation of the n.rult ipole

expll-. iorr of t lrc eicctto-ctatic f ield, bccause it

cs t lb l i s l res  t l rc  s t l l td l rd  o f  conc ise l l css  a t rd

genera l i t l  r ve  l i s l r  lo  emula tc .  \ \ c  beg i r r  s i t l r

t l re  e lec t ros t l t t i c  l rc t  cn t  ju l ,

d r ( x )  : J [ ' t ' . r ' ' P ( x ' ) / l  x ' - x  l ]  ( 7 )

In to  th is  wc  subs t i tu te  the  cxpat ls ro r r

Thc result is the nrultipole expansion of the

e lec t ros ta t i c  6e ld :

. : . - 4 t E no,(x) :  t  - I_,2 l+,  1,  r , - to.  ot .

9 ,^ = ! 1f r 'r ' tY n* (0, d pG') . (9)

To treat t l le magnetosttt is qasg $'e usc Sr,

u-hich is valid outside a localized current dis-

tribution. The first formula in Eq. (4) catt bc l ittt

in t lre form

t '  . lE I

0 r ( r ) = c - '  I  1 l r l t '
J .  \  

J

xU(r ')  x r ' l '  v '  I  t i -r '  l -r '  (10)
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o

Frc .3 .  C r  c rnno t  be  used
region.

Ehe re  J l o ,  o r  i n  t he

\ \ ' c  i r tegr r te  ovcr  thc  p r imed v i r i rb les
: , t , ' l  i t ' t n r c l ' r r t r A "  o t , l e r -  o l  i t r t p g r : L t i o r r  :

' [ x ' x J ( x ' ) ]

" I
' f l r c  

cxprL  s i r r r r  < - ,1  I , ) rq .  1S)  i s  no$ inscr te i l ,  r r r r r l  t l re
ln tegrL i  over  I  i s  cv t ) r r l ted  te rn t  l t !  te In r . ' l ' l re

'I'he 
llagnelic Scalar Potztrtial

rcsul t  is  t l rc  mul t ipo lc  cxpansiou of  61:
a | , ! ,-  Ir ,

d, rx )  :  t  t  . , ' -  
' #  Y ,^ to .  Qt ,

X (  l 2 )
( l f  I  ) c

' fo  
apprec i r tc  the  s in rp l i c i t l ' o f  th is  der iva t ion ,

shnded it should be comparerl s ith tlre relativell.al krvard
ml r t ipu la t ions  o f  the  vec tor  po ter r t ia l  g iver r  in
tex tboo l i s .  Those man ipu l r t ions  I iek l  on l l '  the
f i rs t  fe \ \ ' t c rms o f  t l te  expar rs ion ,  r r rd  fu r t l re l  n .o rk

par ts  i s  re r lu i red  to  sho$ t l re  ider r t i t l  o f  the  spat i l r l
d is t r ibu t ions  o f  t l re  e lec t r i c  a r rc l  magnct ic  f i c lds .
Here  or rc  l l r s  u  gcnera l  t rco tment ,  and t ) re  p l ra l le l
be t \ !eer i  t l l e  e lec t l i c  anr l  n ragnc t ic  cascs  is  im-
med; l tc l !  obv ious .  The express ion  fo r  , l /1 " ,  g iven
i r r  l i r1 .  (12)  i s  der ived  in  the  tex tboo l i s  on l l  a f te r
deve lop ing  t l te  fu l l  mach i r rc rv  o f  vec tor  s l r l re r ica l

( l l )  l r l rn ror r i cs . r  T l t i s  fo rnra l i sm is  no t  re r lu i led  fo r

v ' . [ x ' x J ( x ' ) ]

|  
, f t t ' t "Y ,^*1 l ' ' ,6 '1

' T l r i .  so rk  i s  \ L rppo f t e , l  i  pa r r  b ) . t he  U .  S . . { t om ic
l ' i rre|g! Commrssion under Contrrct A' l(30-l)-20SS.

t l l c  -s t . r l i c  p rob lem,  as  we I r l ve  seen.
It is a plelsLrre to aclinorlleclge lrelpful con-

ve lsltt ions s ith l)rofe-ssor I). Crle I)icl i, UDi-
versit l of l i t ah.

rJ. D. Jrckson, Classicol Electrod y nanr ics {\ \ ' i ley, \ew
York, 1362), Eq. ( 16.$6). See also the comments on p. 1.t5.


