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1. Objeet of Papror.

The object of the present paper s to show that when any number of
eleetrons are moving in any manter the functions which define the result- /
ine electrodvuamie tield, mmely. the three components of dielectrie dis- '
placement in the ather and the three components of the magnetic force at
every point of the field, ean he expressed in terms of the derivates of two
scatar potential funetions.  (Previons writers ave expressed them In terms
of a seatnr potential function and a veetor potential funetion, which are

&
®

equivalent to forr sealar potentinl fanetions) These two scalar potential
funetions are explivitly evithiated in tevas of the charges und co-ordinates
p of the electrons, 1t is then sbown that from these results the general
functional form of an clectrodynamic disturbance due to clectrons ean be
derived.

2. Erplanation of Notation, and Summary of previously known Resuls.

The work of previous writers, so far ns it coneerns the present in-
vestization and explains the notation used, may be briefly summarized as
follows :—

Lt p be the volume density of eleetricity at any place and time, and
let 1,, ., v: be the components of its velocity, and ¢ the veloeity of light in
the sther. L%t d,, d,, d. be the three components of the dielectric dis-
placement in the ather, and 7, /&, % the three components of the
magnetic force. Then the fundamental equations of electrodynamics may
he written in Lorentz's form (the units being suitably chosen):
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In place of dod. dy by by, o owe ean define the field by o sealar
potential function ¢ aud three functions «.. a, «. which are usually
regarded as the three components of n vector potentinl.  The quantities
day d, diy B s Jr.arve given in terms of ¢, a,. ¢, - by the equations
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and four similar equations for d.od. h, b
The sealar potential and the three components of the vector potential
satisfy the system of equations
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For the fundamental ease, namely, that in which the nield 1s due to

any number of electrms moving in any way, the sealar poientinl and the
three components of the vector potential are given by the equatious

(;;lf.y,z,t):.‘.‘—(r— - B
’ dw cr4receosie, r}

w r r,
“im er4rrcos(r, )

,oa e,y n ) =

and two similar equntious for a, aud ., where ¢ 1s the charge on a typical
electron, r is its distance from the point (e, y, 2, 1 is its velocity, (., a2
the compornents of #, (¢, 1) the angle between the direction of r and r, and
the bars over the letters mean that the position of the electron considered
is that which it oecupied ot a time t—7jc; and the swmuation is taken
over nll the electrons.  We shall assume thronghout the paper that the
velocities of all the electrons are less than the velocity of radiation.

3. Introduction and Evaluation of the tiee Scalar Dotentials.

Now let (1), 4 (), 2'10) devote the position of the eleetron cat time £:

’

and let 7 le used to denote FU—TFi, so thaty 2, g 2 are known
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funetions of r, y. z, f. when tho motiom of the clectrons are known; we : |
hive 7= (¢ —.rV —+—w — =2, 2 and therefore !
3
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i ¢ or :
Cr el —ur
O _ = — T .
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' More generally, if £ he any function of the three quantities =y,
T—z, and if £, £, fy dencte its derivates with respect to these three
arguments respeetivelv, we easily find that
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where the snmmation is taken over all the electrons.  Using the formule g
just obtained for the devivates of a funetion of the kind 7, we find that
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Combining thes Fesnlte with the E‘X])l‘(‘%sinns already foanul Lor ¢y d,. o
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Substitnting these poaatlts for ¢ ot et in the equations ol the type
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which give e compatients of the dicleetrie displacentent and the mametie
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Phese gt o fheet fle sir componerts of the dicleetric displace
et el diee ru:rg;wih-‘,"ufw vt e f‘.rpj'f‘.~'.~‘uf in ternes of e derivictes of

o seadar poteat ol and €5, degined by the prations
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v deere the s itk orer all the electrons in the ficld.

1 can withont ditiicnlty he chown that, if any pumber of clectrons
whose total charge 15 oo e INOVINE BN any manuner s5oas to remain
alwavs in the vicinity of @ aiven point {Ge., to e in stationary motion’,

then the cleetrmmacenetie ficld thus generated s of the type given by

Pl (r~ Ly, a=0
, v
wheve » = the diztanee from the poiut and f1s an arblirary funetion ; or,
more generally, ol a liehl of this type superposed on fields of the same
type, bat rolated to the axes of g and o in the sune wiy as this is related
' to the pyis of o Thix is perhaps of some interest in conneetion with the
view advoeated by sone physicists  that the atoms of the chemical
elements comsist of cols of cloctrons, whose total charge 18 2ZCro, in !

stationiry motiot.
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4 Diveussion of the Appurent Asymmetry of the preceding Result,
and ths Veetor Erpression,

The formaia thus abigined are not symmetrieal with respect to z, y,
and z Inorder to disenss their relation Lo synnetrieal formula, we
abserve that they can he written in the fornn of veetor equations

d = curl emyl f—f—cm'l'ﬁl- g. = curl l_)'.’——('nrl el g,
(" [

where d and A arve the electrie and maghetic vectors, and £ and g are
vevtors direced parallel to the axis of o whose wmagnitudes are Fand ¢
respectively. These vector equations are quite s¥nnnetrieal, and our
residt i that, i, iesdemd of recarding the electrommanetic field ag defitted
by the veetors @ and f we recard 1L ns defined by veetors fand g, eon-
nected with & and A In the above veelor cquations, then f and g are
stple functions of the coordinates of the electrons, whereas o and g nre
complieated functions of their velocities aceelerations ; and we have
alsa obtained the yesult that without loss of generality we ean take £ and
g to be evervwhere, and ab all times, parallel to some fixed direction in
space (e.g.. the uxis of 2, a fuel whieh makes j4 possible to specify them
by two sendar quantities ouly.

It might be asked whether vectors S and g exist which satisfy the
above veetor eguations and which are perfectly symmetricnl—the answer
to this ix in the negative : in fact, although the cquations are themselves
invindantive, and ean therefore be expressed in the vector notation, yet
they do not possess mvariant solutions » just as the veetor equation

arad (L) = ewrla
"
twheve o 0s the sealar distance from the oricin and g i< a veetor to e
determined) possesses nn indinite number of solntions g, whiel ean readily
be found. bt oach of which is specially velated to =ome line in space, so
that no sohitiog i« svmmetrieanl,

Ao Deduction of ihe General Functional Form of an Electrodynamir
Disturbance in the I 6her.

Having now shown that an electrodynnmic field due to electrons is
completely characterized by two sealar potential functions nmnd G, we
can proeeed to deduce its general funetional form.

The furctions P and ¢ have singalarities at those points which are
actually ocenpicd by electrons: at qll other points we find by direct
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ditferentiation. or by substituting in the original electrodynamie equations
the vahues of  the comporents of diclectric displacement and magnetic
foree in terms of £ and G, that Fand ¢ satisfy the partial differential

eqrationg
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Writing down the general solation of these latter equations,* we obtun
the vesult that the most general type of electrodynamic disturbance at
place i the wther not oceupied by an clectron is that for which the com-
ponents of the divlectric displacement «nd magnelic force are represented

by the equations
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G = \ J g rsin w cos v 4y sin e sin vz cos wutef, w, edudr,
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and fand g are arbitrary functions of theiy arguments.

* Cf. apaper by the nuthur in Math, Ann., Vol. L¥IL, pp. 333-800, 1903.

¢




